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Preface 


Those of us who use q-series in our mathematical research are often asked the 
question, “What is a qg-series?” The quickest and simplest (but not so accurate or 
informative) answer is: “It is a series with q’s in the summands.” More informa- 
tively, we might say q-series contain products (a;q)n, where 


(0.1) (@qjot=1,. (a3@)nc=] 0 —a)0 = ag) aq"), ifn >t. 


This is not entirely accurate, because in such series one often lets parameters tend 
to 0 or oo, and so products of the type (0.1) may no longer appear. Theta functions 
frequently arise and so are also thought of as q-series, even though they contain 
no products of the form (0.1). Lambert series, or generalized Lambert series, of- 
ten make appearances, especially in applications to number theory, and are also 
regarded as part of the subject of g-series. In arithmetic applications of modular 
forms, which include theta functions, one often needs their g-expansions. Thus, a 
component of the vast theory of modular forms also has a home in the theory of 
q-series. In conclusion, to paraphrase a senator who once claimed that he could 
not define pornography, but he knew it when he saw it, most of us working with 
q-series cannot give a good definition of a q-series, but we know a q-series when we 
see it. 

The subject of g-series can be said to begin with Euler and his pentagonal num- 
ber theorem. In fact, g-series are sometimes called Eulerian series. Contributions 
were made by Gauss, Jacobi, and Cauchy, but the first attempt at a systematic 
development, especially from the point of view of studying series with the products 
(0.1) in the summands, was made by E. Heine in 1847. In the latter part of the 
nineteenth and in the early portions of the twentieth centuries, two English mathe- 
maticians, L. J. Rogers and F. H. Jackson, made fundamental contributions. Their 
work was largely ignored by the mathematical community, and so for many years the 
subject of g-series was considered to be an unimportant, obscure topic on the fringes 
of respectable mathematics. To illustrate the humble position occupied by the sub- 
ject for several years, we offer two testimonies. In 1940, G. H. Hardy, on page 222 
of his famous book, Ramanujan, described what we now call Ramanujan’s famous 
1Y; summation theorem as “a remarkable formula with many parameters.” This is 
now one of the fundamental theorems of the subject, but Hardy, as well as other 
mathematicians during his time, could not foresee its importance. T. W. Chaundy, 
in his obituary of F. H. Jackson (J. London Math. Soc. 37 (1942) 126-128), uncivilly 
claimed, “The problem [q-series] is very much that of unscrambling an egg.” 

Despite such humble beginnings, the subject of q-series has flourished in the 
past three decades. There are several reasons for this. It took mathematicians 
several years before most of Rogers and Ramanujan’s contributions to g-series were 
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appropriately appreciated, and now the subject is a fundamental and active branch 
of analysis. Many theorems in the theory of hypergeometric series have analogues 
in basic or qg-hypergeometric series, and undoubtedly Chaundy was referring to 
what he considered to be the esoteric pastime of finding such qg-analogues. But 
irrespective of whether g-analogues exist or not, the subject is replete with beautiful, 
elegant, and sometimes surprising theorems. Secondly, beginning with the work of 
Jacobi, g-series have found applications to number theory, and the closeness of 
these two subjects continues to be ever stronger. ‘Thirdly, increasingly numerous 
applications to combinatorics are being made, especially in the theory of partitions. 
Fourthly, through the pioneering work of Rodney Baxter, Barry McCoy, and other 
theoretical physicists in the past three decades, q-series are now a necessary tool in 
their subject. 

During the year 2000, the Mathematics Department at the University of Illi- 
nois embraced The Millennial Year in Number Theory. In view of the increasing 
importance and visibility of g-series, it seemed appropriate that as one of the events 
in this auspicious Year, a conference, q-series with Applications to Combinatorics, 
Number Theory, and Physics, should be held. On October 26-28, sixty-two math- 
ematicians representing twelve countries gathered at the University of Illinois to 
lecture about and discuss the latest findings. It also seemed appropriate to em- 
phasize survey lectures to help us better chart a course for the future. A total of 
thirty-nine lectures, highlighted by five plenary survey talks, were given. The ple- 
nary lecturers were Scott Ahlgren, George Andrews, Richard Askey, Anne Schilling, 
and Dennis Stanton. All four aspects (analysis, combinatorics, number theory, and 
physics) of the subject were featured in these five lectures, as well as in the shorter 
talks. All the participants helped to make the conference a very successful one, and 
we thank all of them for their participation. These proceedings contain nineteen of 
the papers presented at the conference. We hope that they will convey to readers 
the richness, beauty, and efficacy of the subject. 

Special thanks are given to Christian Krattenthaler for a superb evening piano 
recital. His program can be found before the first paper in this volume. 

Many organizations graciously helped to finance the conference. In particular, 
we are grateful to the National Science Foundation, the National Security Agency, 
the Number Theory Foundation, The University of Illinois, the Alfred P. Sloan 
Foundation, and the David and Lucile Packard Foundation for their generous sup- 
port. 


Bruce C. Berndt 
Ken Ono 
July, 2001 


q-Series Piano Recital: Levis Faculty Center 


Christian Krattenthaler 
8 p.m., Friday, October 27, 2000 


PROGRAM 


Joseph Haydn (1732-1809) Sonata in D major, Hob. XVI/37 


Allegro con brio 
Largo e sostenuto 
Finale. Presto ma non troppo 


Franz Schubert (1797-1828) 4 Impromptus, D 899 


c minor 

E flat major 
G flat major 
A flat major 


Intermission 


Sergey Rachmaninov (1873-1943) Morceaux de Fantaisie 
(Phantasy Pieces), op. 3 
Elégie 
Prélude 
Mélodie 
Polichinelle 
Sérénade 
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Congruences and conjectures for the partition function 


Scott Ahlgren and Ken Ono 


1. Introduction 


The topic of congruences for the partition function p(n) has been widely stud- 
ied. The purpose of this paper is threefold. In the first part we give an account 
of some of the contributions which the two authors have made to the area in the 
past several years. In the second part we present a new construction of certain 
modular forms related to the partition function; this gives a new (and particu- 
larly simple) framework in which to consider congruences for the partition function 
modulo primes ¢ > 95. Finally, we will pose some conjectures which we hope will 
clarify some of the interesting remaining questions on the congruential distribution 
of values of p(n). 


2. Recent results 


A partition of a positive integer n is a non-increasing sequence of positive in- 
tegers whose sum is n. Let p(n) denote the number of partitions of n (we define 
p(0) = 1 and p(a) = 0 if a ¢ Zso). We are concerned with the topic of linear 
congruences for the partition function; i.e. relations of the form 


p(An+ B)=0 (mod M) for all n, 


where A, B, and M are integers. Such congruences were, of course, first discovered 
by Ramanujan. Throughout the paper, & > 5 will denote a prime number, and 0d, 
will denote the integer 


é2 — 4 
2 = ——. 
(2.1) de Ti 
With this notation, Ramanujan’s famous congruences take the form 
(2.2) p(én —6¢)=0 (mod £) if £=5, 7, or 11. 


1991 Mathematics Subject Classification. Primary 11P83; Secondary 05A17. 

Key words and phrases. Ramanujan-type congruences for the partition function. 
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Ramanujan conjectured (and in some cases proved) extensions of these congruences 
to powers of 5, 7, and 11. In fact, after his work [Be-O, R1, R2, R3] and 
subsequent work of Watson [Wal] and Atkin [At1], it is now known that if 24m = 1 
(mod 5°7°11°), then we have 


(2.3) p(m) =0 (mod 5%7L+2)/21 44°), 


Since the work of Ramanujan, further examples of congruences involving primes 
é < 31 have been found (see the works of [At2, At-O, At-SwD1, At-SwD2, N4, 
L-O, W]). The first systematic treatment of such congruences came only recently, 
when the second author [O2] proved that for any prime @ > 5, there exist infinitely 
many (non-nested) congruences of the form 


(2.4) p(An+ B)=0 (mod @) for all n. 


The first author extended the method to prove that if 2 > 5 is prime and m is a 
positive integer, then there exist infinitely many congruences of the form 


(2.5) p(An+ B)=0 (mod @”) for all n. 


In fact, it is shown that such congruences exist for any modulus M which is coprime 
to 6. 

The residue class —d¢ (mod £) has always played a distinguished role in the 
theory. Indeed, all of Ramanujan’s congruences and their extensions (2.3) lie within 
the progressions n — 6g. Further, all of the congruences (2.4) and (2.5) whose 
existence is proven in [A2, O2] necessarily lie within this progression. To further 
highlight the importance of this class, we mention work of Kiming and Olsson 
[K-O], who proved that if 2 > 5 is prime and 


p(én+B)=0 (mod @) for all n, 


then 3 = —d¢ (mod 8£). 

However, some of the examples alluded to above—in particular those given in 
[At2, N4j-—illustrate that congruences may indeed lie outside of this class. Atkin 
[At2], for example, proved that 


p(17303n + 237) =0 (mod 13). 


These examples call into question the true importance of the class —d¢ (mod £). 
In a recent paper [A-O], the two authors have shown that congruences for p(n) 
are much more widespread than was previously known. In fact, they show that the 
class —dg (mod £) is just one of (€ + 1)/2 residue classes modulo ¢ in which the 
partition function has similar congruence properties. 
To state the main result in |A-O] requires some notation. For each prime @ > 5, 
define the integer eg € {+1} by 


(2.6) ee (+). 


and let S, denote the set of (€+ 1)/2 integers 


(2.7) Se= {Ge {0,1,...,6-1) ; (A") =0 or ~axh 


Then we have 
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THEOREM 1. Jf € > 5 is prime, m is a positive integer, and GB € Sz, then a 
positive proportion of the primes Q = —1 (mod 24€) have the property that 

Q?n+1 

=. Od 

for alln =1— 246 (mod 24¢) with gcd(Q,n) = 1. 


} =0 (mod £™) 


We remark that the case when @ = —d¢ (mod £) contains the main results in 
[O2] and [A2]. Further, we note that given G € S, and a prime Q as in Theorem 1, 
fixing n in an appropriate residue class modulo 24@Q gives a Ramanujan-type con- 
gruence within the progression £n + 3. This yields the following 


THEOREM 2. If £> 5 1s prime, m is a positive integer, and 3 € S:, then there 
are infinitely many non-nested arithmetic progressions {An+ B} C {én + B} such 
that 

p(An+ B)=0 (mod é”) 


for every integer n. 


Finally, we note that if M is an integer coprime to 6, then Theorem 2 and the 
Chinese Remainder Theorem guarantee the existence of infinitely many congruences 
modulo M. The results in [A-O] provide a theoretical framework which (to our 
knowledge) explains every known partition function congruence. 


3. A new construction 


All of the results in [A-O] rely on the construction of half-integral weight 
modular forms whose coefficients capture values of p(n) modulo ™. In this section 
we present an alternate construction in the case m = 1 using the theory of modular 
forms modulo ¢ as developed by Serre and Swinnerton-Dyer [SwD]. This approach 
yields an elegant proof of Theorem 1 in the case when m = 1, and is particularly 
convenient for constructing examples. The main advantage of this approach is that 
it allows us to work with modular forms on SL2(Z); although the construction in 
[A-O] is more general, it requires the use of modular forms of much higher level. 
Throughout we use the notation g := e?7**, and we adopt standard notation from 
the theory of modular forms. Define the character x12 by x12(d) := (+2) . Our aim 
in this section is to prove the following: 


THEOREM 3.1. Suppose that € > 5 is prime. Then there exists a cusp form 
Po(z) an S(e2—2) /2(1'0(576), x12) a Z|(q]|] such that 


Py(z) = 2s p(n — Sa +2 3 p(n — YO cial (mod £). 
n=0 (mod £) (F)=—ee 
We recall (see, for example [S-St]) that if f(z) = 07-1 a(n)q”™ € S41 (Ti (N)), 
and r and t are positive integers, then 
>> a(n)q” € Sy 41 (Ti (N2?)). 
n=r (mod t) 


Let Pe(z) be as in Theorem 3.1, and suppose that GB € Sz, where Sy is defined in 
(2.7). Extracting those terms from P:(z) whose exponents are congruent to 246 —1 
(mod £), we obtain the following corollary, which implies Theorem 2.1 of [A-O] in 
the case m = 1. 
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COROLLARY 3.2. Suppose that € > 5 1s prime and that @ € Se. Then there 
exists a cusp form Fy.g(z) € Sie2_—2)/2(P'1(576£7)) A Z[[g]] for which 


Fyg(z)= S— p(én £. Big eeo (mod 2). 
n=0 

Applying the arguments in Section 3 of [A-O] (which rely on certain facts 
arising from the theory of Galois representations associated to modular forms and 
Shimura’s theory of half integral weight modular forms), the forms given in Corol- 
lary 3.2 yield a proof of ‘Theorem 1 in the case when m = 1. 

Before beginning the proof of Theorem 3.1, we briefly recall certain facts about 
the theory of modular forms modulo ¢ (see [Sw-D] for details). If k is an even 
integer, then let M;, (resp. S;) denote the C-vector space of weight k modular 
(resp. cusp) forms with respect to SL2(Z). Let My, ¢ and S;¢ denote the Fe-vector 
spaces given by 


Mpe:= {it2) = Sone (mod 6) : ji) emeozta} 


a(n)q” (mod @) : f(z) € SEN ata 


As usual, let E;,(z) denote the normalized weight k Eisenstein series on SL2(Z). 
Using the fact that 
Fe_-i(z)=1. (mod £), 
one sees that the set of modular forms modulo ¢ forms a graded algebra. 
We recall that if f(z) = }>°°, a(n)q” is a modular form with integral coeffi- 
cients, then w¢(f), the filtration of f modulo £, is defined by 


we(f) = min{k : f (mod t) € Mx. ¢}. 


Also, if f(z) = >, a(n)q” has integral coefficients, then the Ramanujan theta 
operator is defined by 


Oe(f) := >_ na(n)q” (mod £). 
n=0 


Finally, we record the following 


PROPOSITION 3.3. [Sw-D, §3, Lemma 5] Suppose that f(z) = >, a(n)q” 


i 


is a modular form with integral coefficients and that we(f) #0 (mod £). Then 
we(Oe(f)) = wel f) ++ 1. 


PROOF OF THEOREM 3.1. We begin by recalling Dedekind’s eta function 
(3.1) n(z) :=q'/*4 [] (1 -q”). 
n=1 


If ¢ > 5 is prime, then define f(z) = )->~_, ae(n)q” by 


(3.2) fel2) = So ae(n)g” = TE. 


n=1 
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Using classical facts (see, for example [G-H, N1, N2], we see that fe(z) is a 
modular form in M(¢_1)/2 (To(2), ($)) with integral coefficients. We have (see, for 
example, [An, Th. 1.1]), the generating function 


S-p(n)a" = TJ 
n=0 n=1 


Using this with (3.1) and (3.2), we find that 


(3.3) > ae(n)q” = (>: nina). IT i=9" 
n=1 n=0 n=1 
Recall that 52 = (€2 — 1)/24. We have fe(z) = A(z) (mod £), where 
A(z) = **(z) 


is the unique normalized cusp form of weight 12 on SL2(Z). By [SwD, §3, Lemma 
6], we see that we(A%*) = (€? — 1)/2; therefore Proposition 3.3 implies that 


ii fe 2 (Ase (z)) ~~] 


qr 


Further, notice that 


of? (A*(z)) = So (5) ae(n)q" (mod £). 


n=0 


Therefore, there is a cusp form Po ¢(z) in Sgz_; 1 Z[[q]] for which 


Poe(z) = 2 (7) ap(n)q” (mod £). 


n=0 


Let Pi.¢(z) € Sgz_1 NZ||[q]] be the cusp form defined by 
Pra(2) = (ey Be 
Define the cusp form P2 ¢(z) in Sgz_1  Z||q]] by 
P2 o(z) = Py,e(z) — €ePo,e(z). 


Using (3.3), we obtain 
(3.4) 


P22 = S- p(n — d¢)q” +2 S- p(n — de)q "P TLa~ ay (mod @). 


n=0 (mod £) (F)=-ee 


By construction, the first exponent in P2¢(z) € Sy2_, whose coefficient could be 
non-zero is 6g +1. Since S,2_, has a basis of the form 


{ A(z) Ea(2) = 


we see that there exists C(z) € Mye2_25)/2 9 Z|{q]] such that 


. (a4 
-1sjs SH}, 


Po o(z) = A%t*(z) - C(z). 
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It follows that 
Po e(z)/n° (2) = 7° (z)C(z). 
Recall that 7(24z) € $y/2(I'9(576), x12), and that n°(¢z) = né (z) (mod £). Using 


these facts together with (3.4), we conclude that there exists a cusp form Pe(z) in 
S(e2—2) /2 (I'9(576), X12) ‘a Z\(q|| for which 


Po(z) = S- p(n — bp)qran—© +2 p(n — “ae (mod £). 
n=0 (mod @) (F)=-ec 
This gives Theorem 3.1. LJ 


4. Examples 


Here we present examples of Theorem 3.1 for the primes @ = 5, 7, and 11. 
Using [SwD, §3, Lemma 6], one can verify that 


P25 = 2A? (mod 5), 
P27 = 2A°E} +6A* (mod 7), 


Py 11 = 2A° EG? + 10A°E? + 8AS ES + 2A° FE? + 5A? (mod 11). 


Consequently, we have 


CO 


(4.1) S— p(n + 1)giZrres 4 S— p(5n 4+ 2)qi20n+47 = 723 (242) (mod 5), 


n=0 n=0 


CO 


(4.2) S- p(7n + 1)qi68r+23 4 S*p(7n $3) qiosnt71 4 Ss p(7n $4) ql6an+98 


n=0 n=0 n=0 


= n°? (24z) E3(24z) + 3n*"(24z) (mod 7), 


CO 


DPC + 1)q74" +23 +S p(iim + 2)q7n447 + S~ p(1in + 3)q?ent74 


n=0 n=0 n=0 


i S= p(1in {2 5) q264n+119 ae S> p(1n ue 8)q264n+191 


— n=0 


0 
= °° (24z) Eq? (24z) + 54" (24z) EB? (24z) + 4n” (24z) E98 (24z) 
(4.3) 
+ °° (24z) E3(24z) + 8n'19(24z) (mod 11). 


5. Conjectures 


We conclude with a variety of conjectures and open problems. We begin with 
questions related to the existence of further Ramanujan-type congruences. 
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CONJECTURE 5.1. (Subbarao [Su]) Jf A and B are integers withO < B < A, 
then there are infinitely many integers n for which 


p(An+ B)#0 (mod 2). 


This conjecture is known for every arithmetic progression B (mod A) for which 
there is at least one n with p(An + B) =1 (mod 2) [Th. 2, O1]. The conjecture 
is also known for every arithmetic progression B (mod A) where A is a power of 2 
[Th. 1, B-O}. 

Unfortunately, very little is known about the partition function modulo 3. For 
example, it is not even known that there are infinitely many n for which 3 | p(n). As 
an analogue to Conjecture 5.1, it seems reasonable to make the following conjecture. 


CONJECTURE 9.2. If A and B are integers with 0 < B < A, then there are 
infinitely many integers n for which 


p(An+ B)#0 (mod 3). 


Apart from Ramanujan’s original congruences (2.2), (2.3), no others are known 
where the modulus of the congruence equals the modulus of the arithmetic pro- 
gression. In view of this and the work of Kiming and Olsson mentioned in the 
introduction, we pose the following. 


CONJECTURE 5.3. Jf 2 > 13 is prime, and 6 is an integer, then there are 
infinitely many integers n for which 


p(én+B)#0 (mod £). 
Based on the results in [A-O], it seems reasonable to make the following conjecture. 
CONJECTURE 5.4. Suppose that € > 5 is prime and that 
p(An+ B)=0 (mod £) 
for every integer n. Then there exists 3 € Sp such that {An+ B} C {én +4 BP}. 
We recall the following important conjecture of Newman [N3]. 
CONJECTURE 5.5. If M is a positive integer, then for every residue class r 


(mod M) there are infinitely many integers n for which p(n) =r (mod M). 


Although the results in [A2, O1] provide a simple criterion for deducing Conjec- 
ture 5.5 for any M coprime to 6, it remains open. In fact, Conjecture 5.5 has not 
been proven for infinitely many M. 

The remaining conjectures and problems are devoted to questions involving the 
distribution of p(n) modulo integers M. 


CONJECTURE 5.6. If[0 <r< M, then define 6,(M, X) by 


OR #H{O<n<X : hss (mod M)} 


1. If0<r<M, then there is a real number 0 < d,(M) <1 for which 
jim 6,(M,X) = d,(M). 
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2. Ifs>1 and M = 2°, then for every 0 <i < 2° we have 


1 
d; 2° = 
3. Ifs >1 and M = 3°, then for every 0 <i < 3° we have 
1 
d;(3°) = —. 


4. If there is a prime £ > 5 for which £| M, then for every0<r< M we have 


d,(M) # 7 


Virtually nothing is known about Conjecture 5.6. Part (1) is not known for 
any values of r and M. If M is coprime to 6, then Theorem 2 implies that 


lim inf d9(M, X) > 0. 
There are no other pairs of integers 0 < r < M for which it is known that 
lim inf 6,(M,X) > 0. 
When M = 2, part (2) is the well known “folklore conjecture” studied by Parkin 


and Shanks in the 1960s [P-S]. In this direction, the best results are due to Serre 
[N-R-S] and the first author [A1]. It is now known that 


#in < X : p(n) =0 (mod 2)} > VX 
#{n < X : p(n) =1 (mod 2)} > VX/log X. 


Obviously, this falls far short of Conjecture 5.6. The table below provides data 
supporting parts (2) and (3) of Conjecture 5.6 when s = 1. 


200,000 
400,000 


600,000 
800,000 
1,000,000 


Although we have insufficient data to conjecture a value for d,(M) for any 
O<r< M with M coprime to 6, it is natural to consider the following problem. 


PROBLEM 5.7. Find a lower bound for dg(M) when M is coprime to 6. 


Suppose that € > 5 is prime. In view of Theorem 1, Theorem 2, and Con- 
jecture 5.4, it is natural to consider the distribution of p(n) (mod £) for those n 
(mod @) which do not belong to Sz. Based on preliminary calculations, the following 
speculation does not appear to be too far-fetched. 
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SPECULATION 5.8. If €>5 is prime and0 <r < @, then define 6) (€,X) by 
§!(0,X) = #{in< X : p(n) =r (mod @) and n (mod £) ¢ Sz} 
ee #{n< X : n (mod £) ¢ Se} ) 


1 
For everyO <r < &, is it true that im 6,.(€,X) = r ? 


To support this speculation, we give data describing these functions when @ = 5. 


54(5;X) | 6 (5;X) | (5;X) | (5;X) | 44(5;X) 
200,000 
400,000 


600,000 
800,000 
1,000,000 
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MacMahon’s Partition Analysis VII: 
Constrained Compositions 


George E. Andrews, Peter Paule, and Axel Riese 


ABSTRACT. Our object here is to examine compositions under constraints. 
From this view, classical partitions arise from one set of constraints. We shall 
show that other quite different conditions give rise to constrained compositions 
with elegant generating functions that merit further investigation. 


1. Introduction 


In classical combinatorics as considered by MacMahon [6, Vol. 1, p. 3], the 


generating function for the homogeneous symmetric functions h,(%1,%2,...,2,) is 
given by 
_ 1 
An (@1,22,...,2,) t? = — 
2 n(@1, 22 r) (1 — 21t)(1 — xot)--- (1 — 2, t) 


n=0 


where r is a fixed positive integer. Or we may say that 


s 1 a a! eile eee 
Be . (1 — 2 )(1 —22)---(1—2,) 


is the fully parameterized generating function for compositions. In other words, 
every composition (i.e. ordered sum of non-negative integers) has its own unique 
term in the expansion. 


To move from compositions (unordered sums) to partitions (sums with the 
sequence of parts non-increasing) MacMahon introduced his technique of Partition 
Analysis. We have provided previous applications of this method [1, 2, 3, 4] with 
an account of our implementation of it in [2, 3]. So here we content ourselves with 
the definition of MacMahon’s operator Qs [6, Vol. 2, p. 92]: 


CO 


my \nea mT =F 
2 Pi GS py A5 ++ lr = ) Pain dee , 


is RTE {PS N1,.-.,Nr 20 
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With this tool, we have provided fully parameterized solutions of a number of 
problems. For example, suppose we want to generate partitions instead of com- 


positions. Then as MacMahon [6, Vol. 2, p. 97] has shown us, we may proceed 
directly: 


a1 ,,92 |, par 
3 Ly Xo Ly 


a, >a2>--->a,>0 


— Q1,,92 -, , pa a1—42)\a2—-a3  — -\ Gr-1—4r 
ral » Ty Ly? +x," Ay x2 Ned 


a1,02,...,a,>0 

ee 

(1 ~ a1) (1 ~ 2232) (1—2g$) + (1 = 2,15) (1-25) 
1 

(1 — 21)(1 — 21 22)(1 — 21 2273)--- (1 — 21 20°-- 2) 


_ Nitnet +n, noatngt tne | Nr-1tNr nn 
= ) z; L5 1 oa jaar 


| 
Ive) 


N1,N2,...,N, 20 


Or (as we have done in [1]) we may choose to generate triples of integers 
a1,42,a3 so that they form the sides of a non-degenerate triangle (listed in non- 
increasing order). Then 


) 1 ar a or 


a, >ag>a3>0 
ag+a3>a, 


= a2 ,,,43 \a1—@2 \a2—a3 \agt+a3—a1—1 
= 2 ) a a \5 \3 


- Q1,42,a3 20 


ie 
= 0 —— ooo 
= (T= 9138) (1 ~ 223935) (1 — 2538) 
L1L27L3 


(1 — 2) 22)(1 — 21 %273)(1 — v72223) 
(see [1] for details) 
_ >» ea aaa ea ee ai a ae 


1 12 ,N3Z3 20 


In many instances we have studied previously such lovely parameterizations; 
see [1, 2, 3, 4]. Indeed this situation in its full generality is discussed by MacMa- 
hon [6, Vol. 2, pp. 107-114]. To understand fully his view of the general case, we 
quote extensively [6, Vol. 2, pp. 107-108]. 


“The simple theory of unipartite partitions has been made to de- 
pend upon s Diophantine inequalities 


s being an arbitrary integer. 
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We enlarge the theory by making the integers a1,a2,Q3,... 
depend upon a number of inequalities 


AM ay + AjPag+---+ Aa, > 0 
A) ay =F A ag Sane Fs Aa, 2 Q, 


AW ay + AS” ag 5 idee & AM a, 2 0, 


which involve at most rs numerical magnitudes A, each of which 
may be positive, zero, or negative; but in each inequality it is clear 
that one at least must be positive. 

For all sets of numbers a1, @2,...,@,; which satisfy the inequal- 
ities we seek the sum 


a hy oe 


By a theorem of Hilbert it appears that there is in every case 
a finite number of ground or fundamental solutions of the inequal- 
ities, viz.: 
(1) (1) (1) (1) 


Oy As Ag cee, “Oe 
a gf) gi) (2) 
of) gi) gi) a) 


such that every solution 
1,02,0%3,..-,Ms5 
is of the form 


ay = cya) + e201”? suis a So 
Aaj = cia + cos”) Sena cma” ) 


As = ca) AF coo?) 5 aa cmos” ’ 


C1, C2,C3,...,Cm being positive integers. 
This arises from the circumstance that every term 


D, Cage Cras. Carrere, Oi, 
of the summation is found to be expressible as a product 


(1) (1) (1) (1 
(04 (04 (04 eo 4 
iXee Kee Kee ane e ey 
2 ( 


Denoting this product by 
Pebo ie seed 
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the sum (or generating function of solutions) takes the form 


(1 {Qy? + QY? + QP?) +... } + (QQ? +. Q2? +. QQ) +... = 
SOS) EO 5 oy 
(1 — P,)(1— P2)(1 — P3)...(1— Pm)) , 


and we have what is termed a syzygetic theory.” 


MacMahon calls the P;, P2,..., Pm the m ground or fundamental solutions. 


Now the examples we have considered so far are effectively syzygy-less. In 
this paper, we shall restrict our considerations to the instance of MacMahon’s 
diophantine inequalities where r = s, i.e. the number of diophantine inequalities 
equals the number of integer variables. We remark that this restriction applies to 
our examples of compositions, partitions and integer sided triangles. 


In Section 2 we examine the two variable system of diophantine inequalities 
that exist tacitly in the 2000 Putnam Examination problem B3 [5, p. 728]. We 
both solve and generalize the problem using Partition Analysis. The resulting 
solutions naturally suggest a more combinatorial consideration, and we present 
this exploration in Section 3. The combinatorial analysis leads us to natural T- 
dimensional generalizations of the original two-dimensional problem in Section 4. 
Section 5 contains our ruminations on the implications of our Section 4 results for 
further development of the Omega package, our Mathematica implementation of 
MacMahon’s Partition Analysis. 


2. The Two-Dimensional Problem and Partition Analysis 
Problem B3 on the 2000 Putnam Examination [5, p. 728] reads as follows: 


PROBLEM. Let A= {(z,y):0<2,y < 1}. For (z,y) € A, let 


S(z,yy= >> ay”, 


where the sum ranges over all pairs (m,n) of positive integers satisfying the indi- 
cated inequalities. Evaluate 


egatemeaea y)(1 — ry") S(z, 9) 


This problem is easily solved using MacMahon’s Partition Analysis; for the 
corresponding automatic evaluation of the limit see Section 3. Indeed the only 
formula required is the fourth rule from Section 348 of [6, Vol. 2, p. 102], 


eh, ee en 2 
>(1—z)(1—-¥)  (—2)(1—ay?) 
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Hence 


1+ S(z,y) = » Ly 
m,n>0 
2m>n,2n>mM 


22/6) S- rig Tae ime ia 


m,n>0 
2 (a 
. (1 — 234) (1 — 32) 
_¢ 14+ ryA2 
2 (1- x5) (1 — ty?A3) 
_¢ (4 ycee ote! 
2\G=2)=y3) Ue9g) = 2973) 
_ 1+ zy 7 y 
“Cepia 2y) (Ley) daey7) 
l+ayt+ x2y? 


~ (1 = zy2)(1 — 22y) | 


Immediately we see that 


lim 1 —axy*)(1—2*y)S(z,y) =3. 
fest een 


This suggests immediately that we should consider integers K, L > 2 and 


mn 
Sk 1(2,y) = SS oy 
m,n>0 
Km2>n,Ln>m 


= QS ym TD allege ae 
m,n>0 
1 


(1-23L) (1 —y3*) | 


And now we require the seventh formula in Section 348 of [6, Vol. 2, p. 102], 


is 1 Ley 
2 (1=z)(1-¥) Gi -2)0 ay) 
2 : d (s > 1) 
(haga y) Viawdesy) 
Therefore 
1 yrs 
Se le a -~£)Q-y4) G-y4ya- ames) 


l+ay+5 y 
Gaping: tie) laay) 
1=2°)(1-—y* 
_iteySGejace 7 au ~ 2y 
aay jh 279) 
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= ¢1+ S- xy) /t —ay™)(1—ay)). 


1<i<L, 1<j<sk 
(L,1)A(t,j) ACK) 


Consequently we now have a generalization of the Putnam Problem 


Head ea Y )( y) KL y) 


3. Experiments with the Omega Package 


A fundamental feature of MacMahon’s Partition Analysis consists in the fact 
that it is ideally suited for being supplemented by computer algebra methods. 

In [2] we presented a corresponding new algorithmic approach to MacMahon’s 
method together with a Mathematica implementation. In [3] this approach and the 
Omega package have been improved significantly. It is this version that will be used 
below in order to demonstrate how the Omega package can be used for exploration 
and generalization of the Putnam problem. 

Before starting computations one has to load the package by 

In{1]:= <<Omega2.m 
Out[1]= Axel Riese’s Omega implementation version 2.30 loaded 


We note that the package is freely available from the Web via http://www.risc.unt- 
linz.ac.at/research/combinat/risc/software/Omega. 

As the first application we show how the original Putnam problem discussed 
in detail in Section 2 can be solved automatically; i.e. without any thought only by 
applying commands of the package. 

First of all, note that 1+ S(x,y) = S22(z,y). Already the preprocessing step, 
i.e. the conversion of the S22(z,y) sum into an Omega expression is carried out 
automatically: 

In[2]:= OSum[x" y", {2m2n, 2n2m}, A] 


Assuming m20 
Assuming n20 


Out[2]= 
1 
cere ey 
A1A2 A2 Al 


Now the task of eliminating A; and A2 is done in one stroke by the command 
In{3]:= OR(Z) 

Eliminating A2... 

Eliminating A1... 
Out[3]= 

lt+ayt2’y’ 
(1-2? y)(1— ay?) 
We have seen in Section 2 that this solves Problem B3 from the 2000 Putnam Exam. 
Already from this elementary example it is evident that the (K, L) generaliza- 


tion from Section 2 can be discovered without any effort. We restrict to showing 
only two cases, (K, L) = (4,2) and (K, L) = (8,4): 


In[4]:= ORC OSum[x" y", {4m2n, 2n2m}, A] ] 
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Out[4]= 
ltacyteytrytcytetyte? yt 
(1 —a*y)(1—2xy*) 
In[5]:= OR[L OSum[x"y", {3m2n, 4n2m}, A] ] 
Out[5]= 
lt+eyteyteyteyvteyieyietystryeeyeaty 

(1 —a*y)(1— zy?) 
We remark that computations of this type are done by the package within a few 
seconds on an SGI Octane using Mathematica 4.0.1. However, it turns out that the 
computations related to ‘Theorem 1 discussed in Section 4 are more involved as we 
will show later in this section. 


At the beginning of our efforts to view the Putnam problem in a more general 
setting, we tried a number of possible systems of linear diophantine inequalities. 
For example, one natural way to extend the Putnam problem would be to consider 
T variables n1,n2,...,n7 with n; < 2n; for each 2 and 7. We can ask Omega to 
consider the next case, 7’ = 3: 

In[6]:= ORC OSum[xy! x5? x3°, {mi $2n2, no$2n,, ni $2n3, n3$2ni, no<$2n;3, 
n3$2n2}, Al J 
Out[6]= 
ee 3.22 2225 Pa 3 4 
(1+ 21 r2 x3 + £5 £5 23 — 2} 23 03 — 23 03 23 — 27 £323 — 223 x3 23 — x} 203 23 = 
a ee a ee: ae EN a OR Oe Oe Ne a a | 
21, %22%3 — X14 %QX3—-— 14% 1073 —-—2X%14 XQ V3 —-— 2%, %97%34+ 4%, %9%3Z4+ 2%, %Q7%34+ 
ae re a ee ne 55,5, 6,5, 5 , 5,65 
Ly 07 %3 +4, %Q7%Z 471% 734%, 7%Q 7X3 +22, 7973 4+ 2%], 7%QXZ +71 7023 4+ 
55,6 _6 6 6 (7,7 7 8 8 8 

LY, %Q%3 — X1XQX%3 —-— 1X1 WTB — £1 £223) / 

2 2 2.2 2 2 2 2 2 
((1 — 2} e223) (1 — 21 9 43) (1 — 2] 22.3) (1 — v1 F223) (1 — 2 x2 73) (1 — 21 £2 3)) 

Now this does not have the simplicity associated with the original Putnam 
problem. However, it does suggest that somehow we are confronted with a rather 
messy amalgam of two nice problems. One having as denominator 

2 2 2 
(1 — x{[x2%3)(1 — 4124523)(1 — 412223) 


and the other 


(1 — x7x323)(1 — x2x0%3)(1 — 212323). 


If we now look back to our solution of the Putnam problem, we see that a fully 
parameterized solution follows from the Partition Analysis solution 


l+acy+27y? 
(1 — 2*y)(1 — xy?) 
= Ss pert ents ae > ce a me S- grote yer het? 


r,s>0 r,s>0 r,s>0 
m,n>0 m,n->O0 m,n>0 
2m>n, 2n>m 2m>n, 2n>m 2m>n, 2n>m 
m+n=0 (mod 3) m+n=1 (mod 3) m+n=2 (mod 3) 
= ) 7 a a 
m,n>0 


2m>n, 2n>m 
Indeed, from 
WS 25-7 nSs2r 
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we see that equivalently 


2m—n 2n—m 
ss = —— — 
b 3 9 


3 
and this suggests that the right inequalities equivalent to r > 0 and s > 0 are 
2m >n and 2n > m. 

So an expansion like 
1 
(1 — x?r9x3)(1 — 21 2323)(1 — 212223) 
= S- go era teeing) Ven ane 
N,,N2,N3 20 
suggests we consider 
ny =2N,+No+N3, na=N1+2N2+N3, n3 = Ni + No+2N3 
which is equivalent to 
_ 3ny — n2 — 13 _ dng —- 11 — N3 _ 3ng — ny — N2 


Ny = ——_.,_ Nn = ——_.,,_ Ng = 
1 A ) 2 A ’ 3 A ’ 


and this suggests that the right inequalities equivalent to N,, No, .N3 > 0 should be 
3n, > Ng+n3, 3ng2>n+N3, 3n3>N1+N2. 


When we ask Omega to provide the generating function related to these in- 
equalities we find what is shown in (1) below. 
In addition, an expansion like 


1 
(1 — x2x3r3)(1 — 22x2x2)(1 — 2, 73272) 
_ > ge ha Neg? Nan Nate Nsg Die Nane Ns 
Ni,N2,N320 
leads from 
ny =2N,+2No4+N3, no =2N,+No+2N3, ng = Ni, +2Nq+2N3 
to 
2n, + 2n2 — 3n3 2n , + 2n3 — 3n2 2n2z + 2n3 — 3n1 
= ——_———, N=, _ Ng = ———__ 
5) 5) s) 
and this suggests that the right inequalities equivalent to N;, N2,.N3 > 0 should be 


Ny 


2n, + 2n2 > 3n3, 2n, +2n3 > 3n2, 2n2+2n3 > 3n,. 


When we ask Omega to provide the generating function related to these in- 
equalities we find what is shown in (2) below. 

In both cases Omega tells us that succinct and appealing generating functions 
correspond to each of these extensions of the Putnam problem to 3 dimensions. 

Once these observations have been provided by Omega, one can try a few 
more cases which lead directly to conjecturing the results in the next section. This 
process — and also the run-time behavior mentioned above — is illustrated by the 
following examples. In all these applications we specify the dimension J’ and the 
parameters k and c according to Theorem 1 and the corresponding inequalities (3). 


e The case T = 3, k = 1, c= 2 is solved quickly: 


In[7]:= ORC OSum[x}* x5? x3°, {nitme$3n3, nitn3$3n2, notn3s$3ni}, AJ ] // 
Timing 
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Out[7]= 


Dies 38.8 
14+ 21 %2%3 +23 %5 734+ 2} 22 23 \ 


1 {5.24 S Co TORE YE Ry pe 
(1) ccond, (] — 9? wa ts) (12s #3 a) (1 — 21 2 2) 


e For T = 3, k= 1, c= 3 the computation takes considerably longer: 
In[8]:= ORC OSum{x;* x5? x3°, {mitne$4n3, nitn3<$4n., notn3<$4ni}, A] J // 
Timing 
Out[8]= 
{100.55 Second, 
(l+21 2223 + £42203 = Dy v5 £3 + 2% x5 23 + £1 22 23 + 2} £2 23 +2} 05 £3 + 

vi 2523 + x2 2523 + 27 23 x3 + x3 2323 + 27 25 23 + 222523 + 272323 “fe 
Ti 2r3r8 + 212523 + 212323 + @} £5 03 + 2L 25 23) / 


(1 —2} 2223) (1-21 23.23) (1— 21 22 £3))} 


e For T= 3, k=1, c= 4 we finally run out of memory. 


e Next we turn to the case T = 3, k = 2,c=1: 
In[9]:= ORL OSum[x;* x5? x3°, {2ni+2n223n3, 2ni+2n323n2, 2n2+2n323n,}, A] ] // 
Timing 
Out[9]= 


D295 9 3.3023 4,4 4 
1 Sp Oa ag a ee | 


») ASI CCONG a 
(2) {7 9 Second, (1 — x? 22 x3) (1 — x? xo x2) (1 — 21 £2 2?) 


e Concerning run-time, things are getting worse for 7’ = 3, k = 2, c = 3: 
In[10]:= ORCL OSum[x}! x5? x3°, {2ni+2n2<5n3, 2n,+2n3<$5n2, 2no+2n3<¢5ni}, A] ] // 
Timing 
Out[10]= 
1+ 212273 + 2723 23 + 23 23 x3 + et25 23+ 292323 =) 


785.57 Second, 
(1 — x} x3 x3) (1 — x} x} x3) (1 — xp x3 23) 


e For T = 3, k = 3, c= 1 we need more than 30 minutes: 
Inf11]:= ORC OSum(x}! x5? x3°, {3nit+3n224n3, 3ni+3n324n2, 3n2+3n324ni}, AJ] J) // 
Timing 
Out[11]= 
{1959.27 Second, 
(l+2, L2 2X3 + 27 2523 +27 ao 25 +2125 75 + 27 2525 + x3 x3 75 + 27 xb 73 + 
vr} v3 23 + 27 4323 +a3a3c2 + 27 23 23 +23 2323 + 252323 + 23 2923 5 
i v5 23 + 2} 23.23 +2, 23 3 + 23 25 23 + 2129 23 + 27 £523 + 252323 + 
af ahaS + of oS o§ + a8 o808 + af ah n§ + 28 08 of +08 of 08) / 
((1- vj 523) (1 — 2} 223) (1 — 21 23 23)) } 


The main reason for this run-time explosion is that in our implementation we 
eliminate one A; after the other. It emerges that even for applications with rather 
simple solutions, the size of the intermediate results after eliminating some of the 
A;’s usually grows enormously. Therefore we are currently working on a new elim- 
ination strategy which avoids this problem. For this we split the term which the 
Q operator acts on additively into subterms whenever possible. In each of these 
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subterms we then eliminate the \; that is optimal in a certain sense and proceed 

recursively. Clearly elimination works much faster with this approach. However, 

in the end we are faced with a sum of many multivariate rational functions, each 

of quite simple form. It turns out that trying to bring the sum over a common de- 

nominator is a real bottle-neck that often cannot be accomplished by Mathematica. 
In the following we demonstrate the speed-up achieved with an unofficial pro- 

totype which utilizes this alternative method. 

In{1]:= <<Omega3.m 


Out[1]= Axel Riese’s Omega prototype version 3.3 loaded 


e First we take another look at the T = 3, k = 2, c= 3 case: 
In[2]:= ORE OSum[x;? x5? x3°, {2nj+2n.<5n3, 2nj+2n3<5n2, 2net+2n3<5ni}, AJ J // 
Timing 
Out[2]= 
{58.95 Second —1—2, 2923 — 27 03 2 — a3 x3 23 — ci rh 23 — 23 23 23 =) 
(—1 + x} x3 23) (—1 + xj 23.23) (—1+ xj 23 23) 


e The case T = 3, k = 3, c= 1 now works surprisingly fast: 


In[3]:= ORL OSum[x;* x5? x3°, {3ni+3n224n3, 3ni+3n324n2, 3no+3n324n,;}, A] ] // 


Timing 
Out[3]= 
{7.14 Second, 
(—1— 91 4243 — 27 25.23 — 2 2205 — 21 0505 — 2 05 25 — 21 5 es — 2h 5 5 — 
vi 03 03 — 2, 25 23 — Li 3 — 2 25 TS — 23 Rey — FL 3 Ty — 15 LR 
Li Lo Ly — Ly Ly Lg — £1 Lo Lg — Li Lo Lg — Ly Lo Lz — L; Lo Lz — Ly L223 — 
Li Lo 03 — L, 923 — Ly Lo 23 — Ty Ly Ly — Li LQL3 — Ly L928) | 


((-1+ a} 2523) (—-1+ 2} 2223) (-14+- 21 25 x3))} 


e And also the case T = 3, k = 1, c= 4 can be handled now: 
In[4]:= ORC OSum[x;* x5? x3°, {mitmo$5n3, nitn3<$5n2, notn3$5ni}, A] ] // 
Timing 
Out[4]= 
{643.86 Second, 


2 3 2 2.2 iS eee 3 
(—1 — 41 42 %3 — LY} XQ X23 — LX, L243 — X11 XQ X3 — LX TQ 4X3 — V1 XQ 73 — X41 XQ 13 — 


ve v3 v3 — ©. £2 03 — Ly 2 U4 — LP 9 TR — 11: UA TR — UA 54 — LRA eR 
Ui Le 3 — £1, 23.03 — Lee — TE LR — LRG — 2 9 4 — LR 9 TR 
Ly Lo £3 — £1 2223 — £1 223 — £1 4 V4 — Ly Ly L3 — Ly L423 — 21 25 t3 — 
@y Lz 3 — Ly L213 — L] 22 L3 — CYL] x3 — 2] Lp x3 — LT] xz x3 — x} 1273 — 
@y ©2 L3 — Ly 123 — Lj 123 — 21 1223 — 2, L2x3 — 1 L2x3 — 7} 22 13 — 
©} ©] x3 — 21 LZ 3 — LP LZ x3 — px} 23 — 27 x7 x3 — 7 L223 — 7, 22 73 — 


ae ee: 3°25 25 45 5 6s.60 5 
Ly LQ XL3— L{ XQ 2X3 — 11 L923 — L} XQ 23) / 


((-1+ vi 2223) (—1+ 412523) (-14+- 2122 x) } 
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4. The General Theorem 
Our object here is to consider the non-negative integer solutions of 
(3) (kK-e)(K(ny +ngt+---+nr)—-(P-M)kt+e)nj)20, <j <T, 


where k and c are fixed unequal positive integers. Note that the only effect of 
multiplication by (k — c) is to change the direction of the “>” depending on the 
sign of (k — c). Furthermore we may assume that gcd(k,c) = 1 because division 
of (3) by gcd(k, c)? leaves the solutions unaltered. 

DEFINITION 1. We denote by Pr the set of all T-tuples of non-negative integers 
(n),...,n7) that satisfy (3). 

DEFINITION 2. We define A(q) = (a:,;)1<i,j;<r as the (T x T) matrix over 
rational numbers such that a; = q and a;; =1 fori #7. 

For the study of the set Pr we need various properties of the matrices A(q), 
q € Q being positive. 

First of all, only g = 1 gives a singular matrix for which 


A(1)* =T- A(1). 
PROPOSITION 1. For q # 1 the matrix A(q) is non-singular and its inverse 
matrix 18 


(4) A(q)7? = : 


ga ges 1) 
PROOF. We rewrite (4) as A(q)7' = 7° (Gi; )i<ij<r with y = 1/((1—q@)(T + 


qg-1)), Big =2—-—q—T and 6; =1 fori #7. Let A(q) = (Q:5)1<i,j;<7 as in 
Definition 2. It suffices to show that 


A(2—q-—T). 


T 
Soy Bik Ong = 5,5 (Lai 7), 
i=) 


where 0; ; = 1 and 6;,; = 0, if7 # 7. The sum equals 


T 
2-q—-—T 1 
$$ a,;+ ) —————— on, 
d=Q@r@sd) ier crresy "y 
Axi 


which for 71 ~ 7 reduces to 


a A a ae 
GQ-g(+q-1) | (-gT+q-1) | G-g(Ttq-) GS” 
hH#i,Axj 


whereas for 7 = 7 it reduces to 
rT 
2-—-q-T 1 
oe 7 4+ L112 
(ag) ga 1) Gnarteet) & 


ial 


REMARK. See also Exercise 8 of [7, p. 411] for an evaluation of the determinant 
of a more general matrix. 
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The singular and non-singular cases are coupled by the formula 
(5) A@ =A) =U—@i, 


where I = (6;.;)1<i,;<7 denotes the identity matrix. Equation (5) together with 
Proposition 1 implies the analogous formula for A(q)~+; namely, for gq 4 1 


“ye 1 
(6) AQ) = Goir+¢-b) 


Now we are ready to link these matrix considerations with our original problem. 


(AQ) = + @e— 41). 


PROPOSITION 2. For n = (nj,...,n7) the inequalities (3) can be rewritten in 
the form 


Cc —] 
where 0 = (0,...,0) € N?. In other word, the set of all n € N* satisfying (7) is 
Pr. 
PROOF. Obviously (3) is equivalent to 
(8) (k—c)(KA(QA)—-((T-1)k+c)In>0. 
By (6) we see that 


kA(1) -((T-lk+o0l= k(A(1) (Te ; is 1)1) 


=(k—c)(T+ . 7 A(Z) 


Combining this with (8) gives (7), which completes the proof of Proposition 2. O 
PROPOSITION 3. Let n,i € N? such that 


(9) n=kA(— 


for some m€N?. Theni€ Pr implies n € Pr. 


)m+i 


Proor. Multiplying both sides of (9) with A(c/k)~* gives 
<I a 
A(7) n=km+A(=) a>km>0O. 
Applying Proposition 2 completes the proof. LJ 


DEFINITION 3. Referring to Proposition 3, we say that 2 € Pr is a reduction 
of n € Pr if there exists an m € N? such that 
Cc 
n=k A(t 
We shall say that n € Pr is irreducible if it has no reduction except the trivial case 
where m = 0. 
Note that n} +---+nrp >t, +---+irp > 0 ift= (%,...,i7) is a reduction of 
n = (n),...,n7); moreover, the reduction relation is transitive. 


)m+i. 


DEFINITION 4. We let Sr denote that subset of Pr consisting of those (71,..., 
iy) such that: (1) max, ltr —t,|<|k—c| and (2) max ts <k(T—1)+e. 


DEFINITION 5. We let Zr denote that subset of S7 consisting of all the irre- 
ducibles in Sr. 
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REMARK. It is clear that Sr (and consequently Zr) are finite sets. Indeed by 
condition (2) in Definition 4 we see that Sr certainly has at most (k(T — 1) +c)? 
elements. 

The next proposition is immediate from above. Nevertheless it will be conve- 
nient to state it explicitly. 


PROPOSITION 4. For any l= (ly,...,lr), m= (m,...,mr) € Q? such that 
C 
(10) f= kA(=) m 
we have 
1 
(11) m = ———————_ (k A(1) —-(P-1k+obl. 


(k—c)((T—1)k +e) 
In other words, for1< 7 <T, 
~ (k=e)(L= Dk +0) 


PRooF. From (10), m = k7!A(c/k)~1l which by (6) equals the right hand 
side of (11). The reformulation of (11) to (12) is straightforward. 0 


PROPOSITION 5. Every n € Pr has a reduction to an element of Sr. 


PROOF. Define 


1 c\7! 
N := — A(=) 

(13) rA4\z) ® 
By Proposition 2, N € Q? with non-negative entries. Define 

p:=N-|NI], 
where the floor function is taken component-wise. Finally we define 
(14) i= k A(T) pw. 
Obviously 7 € Q! with non-negative entries; but in addition we have i € N’ since 
(15) i=kA(T\N-RA(Z) LN] =n-kA(>) LN] 


by (13). Hence (15) gives 
n=kA(—)m+i with m = |N] € NT. 


Therefore 2 is a reduction of n if 2 € Pr. But this is easy to check since 


Cys CX = 
A(=) i=A(Z) n—-km=kN-—k|N|>0 
and 1 € Pr by Proposition 2. 
Finally it remains to show that 7 € Sr. Suppose 7 = (2,...,i7) and pw = 


(141,---,f7), hence (14) implies 
ip —ts = (C—k) ur + (k—C)bs, 
and since 0 < py, 4s < 1, we see immediately that 
lt, —t5| << |k— cl. 
Since each component yu; of ys lies in [0, 1) we see, using (14) again, that 


O<i; <k+:--t+kt+et+k+---tk=(T—Dktc. 


24 GEORGE E. ANDREWS, PETER PAULE, AND AXEL RIESE 


This completes the proof of Proposition 5. ra 


We have two further steps before we are ready for the generating function 
associated with Pr. 


PROPOSITION 6. Every n € Pr has a reduction to an element of Tr. 


Proor. By Proposition 5, n = (n,...,n7) has a reduction (7,...,77) € Sr. 
If (41,..., 77) is irreducible we are done. If not, then there is (m),...,mr) € Pr 
that is a non-trivial reduction of (71,...,i7). By Definition 3, 5°71; > }>m,; > 0. 
If (m,,...,mr) € Sr, then let (74,...,7-) = (m,...,mr). If (m,...,mr) € Sr, 
then by Proposition 5, it has a reduction (2),...,2) € Sr. Hence since the re- 
duction relation is clearly transitive, we see that (7},...,7-) € Sr is a non-trivial 
reduction of (71,...,77). If (24,...,2%) is irreducible then we are done because it 
too is a reduction of (n,,...,n7). Now we can repeat this construction producing 
a sequence of 7-tuples in S7. For each entry the sum of the components forms 
a decreasing sequence of non-negative integers. Thus the sequence must termi- 
nate, and this is only possible provided the final entry we produce is irreducible. 
Consequently this last entry is in Zr and is a reduction of (n,...,n7). O 


PROPOSITION 7. The reduction of n € Pr lying in Ir is unique. 


PROOF. By Proposition 6 we know there is at least one reduction of n = 
(n1,...,n7) lying in Zr. Suppose there were two distinct ones: (7),...,77) and 
(t},..-,t,). So there are non-negative integers m,...,m7r,m4,..., Mp such that 
forall1<j<T 


1 = hin ee king a cms Eg ga ee Re 
and 
nj = km, t+---+kmj_,+em,;+kmj4,+---+kmp +7; . 
There must be at least one index r where m, > m,.. Otherwise 


ij = k(m, —m) +-+-+e(m; — mj) +-+- + k(myp — mr) +3, 


would be a non-trivial reduction of (71,...,27) (remember these are two distinct 
elements of Zr) contradicting the irreducibility of (71,...,77). 
By symmetry there must be at least one index s where m, > m,. Therefore 


(16) (m, ~ ml.) + (mi, ~ms) > 2, 


by the integrality of the m;, and m,. 
Now by Proposition 4, 


as (k—-c\((T—Dk +0) 
Therefore on 
Ns — 1s) — (Np — tp 
i ia 9) ie 
and similarly 
re eer ee (ny — 4.) — (ns — 45) 


S —— (k —c) 
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So by (16) 
2< |(m, —m’)+(m,-—ms)| 


/ 
= |(mr — ms) + (m, — m,)| 


k-—ec k—c 
ae 2 ee 
— Rag hae 
IZ, is| te 
jk —c| |k —c| 
<= Ds 


by Property (1) of Definition 4. This contradiction proves that there cannot be two 
distinct reductions of (n),...,n7) within Zr. O 


We are now prepared to obtain the 7-variable generating function for Pr. 


‘THEOREM l. 
Ciyetos. 4, aT 
nN1 ,N2 nT __ ae Reus ip)EIr Ly Lo Lp 
se ee ‘Lip ~~ ye ne ee ee : 
(n41 peace nr)E€Pr []j=1¢ oe (1129 “C2 LT) Ls ) 


PROOF. By Propositions 3 and 7, 


_ S- S- Te kmit- ‘-tem;+:-+kmry4+t; 


M1,M2,..,MTPr20 (141,...,ir)ELTr j=l 
a1 12 ees tT 
5G; — ip)eTr %1 %2 Lp 
T c—ky, 
[Ean ia) 


a 


COROLLARY 1. If k and c are positive integers with |k — c| = 1, then with 
X = 2%1%2°°+ Ur 
1 — Xk(T-1)te 
ye o 8y 0, = ee 
(Lede) agi a) 


ProorF. If |k — c| = 1, then the only candidates for membership in Z7 are 
the T-tuples (0,0,...,0), (1,1,...,1),...,(A(7 -1)+e-1,...,kK(T -—1)+ce-1). 
These each immediately are seen to satisfy (3) plus the two further conditions of 
Definition 4. Therefore these are all the elements of Sr. 

Now suppose that (j,7,...,7) € Sr is not irreducible. Then by Proposition 7 
there must exist a unique reduction in Zr C Sr. This means there must be an 
irreducible (h,h,...,h) € Zr that is the reduction of (j,j,...,7). Therefore 7 > 
h > 0. Therefore from the definition of reduction, (j — h,j —h,...,j — h) has 
(0,0,...,0) as a reduction. Therefore by (12) 


kG -— A) ~(T-Dk+ 0G —-+A) 
(k—c)((T —1)k +c) 
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must be a non-negative integer. Simplifying we see that 
z—h 
(T —1)k+c) 
must be a non-negative integer, and this is impossible because 0 <h <j < (T'— 


1)k +c. Hence each entry of Sr is irreducible. 
As a result, by Theorem 1 


do aay? ae 
(n1,.-,N7T)EPr 
14X44 X24...4 XO -Vkte-1 

aera eae ae 

[arth A%e, ‘) 

1— X(P-)kte 
Ga al a ee 
(Loa) Tj-10 =e BGs ey 


5. Conclusion 


There is obviously an important fact suggested by Theorem 1. Namely, it is 
immediate that if k > c, then 


ni _n2 NT 
Ds ht gp B2 gM 
(n1,..4NT)EPr 
__ ny ne NT k So nj —-—(k(T—-1)+e)ni k So ni—(k(T—-1)+c)nr 
= S- Ly D5 76° Lp Ay “dp 


1 
(1 — 2, (A,-°° Ag)eay OS DN) as (1 —ap(rA\y °°: ee) 


As we have seen in Section 3, the evaluation of this last expression as the right- 
hand side of the identity in Theorem 1 is quite memory consuming in Omega even 
for reasonably small values of J’, k and c. It would be valuable if the algorithm for 
Omega could be improved so that it could do many other cases of ‘Theorem 1. 

On the theoretical side, the technique used to prove Theorem 1 may well 
have further application. Rather than find the full fundamental basis suggested 
by Hilbert’s Syzygy Theorem, we found only a subset which were then used to 
produce an equivalence relation among all solutions (i.e. two elements of Pr are 
equivalent if they have the same reduction in Zr). While this approach may not 
have the same generality as Hilbert’s theorem, it may well be suited for specific 
combinational problems when the required generating function is particularly nice. 
Also bijective proofs of these theorems would be of interest. 

Finally, we note that Theorem 1 generalizes the Sx,1(z, y) of Section 2 only in 
the case kK = L. Nonetheless, the final form of Sx 1(z, y) suggests that there should 
be more general results in J’ dimensions than those in Theorem 1. For example 
we might consider (thanks to the referee) the non-negative integer solutions of the 
system 


| 
Ives 


hia laa, Veg a7 21; np < Lr, 
where T, L,,..., L7 are integers each greater than 1. Empirical studies comparable 
to those in Section 3 suggest that this is a plausible subject for further study. 
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However, the methods of Section 4 are not immediately applicable to this alternative 
generalization. 
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Crystal bases and q-identities 


Masato Okado, Anne Schilling, and Mark Shimozono 


ABSTRACT. The relation of crystal bases with q-identities is discussed, and 
some new results on crystals and q-identities associated with the affine Lie 
algebra Ci 

gebra CC’, are presented. 


1. Introduction 


The purpose of this paper is two-fold. First, we would like to advocate the 
importance of crystal theory to the theory of q-series. In particular crystal base 
theory provides a unifying and general setting for a large class of q-identities. Sec- 
ond, as evidence, some new identities associated to the affine Lie algebra Ci” are 
presented. The emphasis here will not be on the completeness of the results since 
the field is evolving quite rapidly, but rather on the presentation of the main ideas 
and techniques used. 

The Rogers-Ramanujan identities are undoubtably the most famous q-series 
identities. ‘They are ae ca 


net 


(1.1) 


q°?3—4) _ qoj—1 
ara : eras 


CO n(n) oe) 

(1.2) a 

= Tae tity: (gy) ag se) 

where (q)n = (1 — q)(1 — q?)---(1 —q”). We will view them here as identities of 
formal power series, meaning that in the expansion as series in the formal variable 
q the coefficients of g% match on both sides for all N > 0. What contributes 
to their beauty is that these coefficients can be interpreted combinatorially. The 
coefficient of qg% on the left-hand side of (1.1) is the number of partitions of N for 
which the difference between any two parts is at least two. The coefficient of g% 
of the right-hand side of (1.1) on the other hand is the number of partitions of N 
with parts congruent to 1 or 4 modulo 5. Similarly, the coefficients of g% on the 
left and right side of (1.2) can be interpreted as the number of partitions of N for 
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which the difference between any two parts is at least two and the smallest part is 
greater than one, and the number of partitions of N with parts congruent to 2 and 
3 modulo 5, respectively. 

Many of the ideas regarding crystals and q-identities can already be demon- 
strated in terms of the Rogers-Ramanujan identities. The point of focus here shall 
be the debut of the Rogers-Ramanujan identities on the mathematical physics 
stage, in particular their appearance in the hard hexagon model in a paper by 
Baxter [3] in 1981. In this setting the Rogers-Ramanujan identities can be viewed 
as two different evaluations of the generating function of certain paths which are 
coined bosonic and fermionic evaluations. Details are discussed in section 2. As 
it turns out the relation between the Rogers~-Ramanujan identities and the hard 
hexagon model is only part of a much bigger picture. In terms of representation 
theory, the paths that occur in the hard hexagon model are elements of tensor 
products of crystals associated with the affine Lie algebra sl,. Crystal bases were 
introduced by Kashiwara [19, 20] and roughly speaking are bases of representa- 
tions of quantum universal enveloping algebras U,(g) as the parameter q (not to 
be confused with the g in the q-series!) tends to zero. Here g is any symmetrizable 
Kac-—Moody algebra. As in the Rogers-Ramanujan case, there are two different 
ways to evaluate generating functions of tensor products of crystals, thereby giving 
rise to q-identities. Hence crystal base theory provides a natural framework for q- 
identities. Crystal bases, path spaces and their generating functions are discussed 
in section 3. The two different ways to evaluate the paths generating functions are 
subject of sections 4 and 5, respectively. In particular in section 5.5 we present 
new fermionic formulas for level-restricted paths. We close in section 6 with some 
outstanding open problems. 

Before indulging in the fascinating theory of crystal bases there is one important 
point that needs to be addressed. Applying Jacobi’s triple product identity 


oo : oro 7 . 
S- zq” = [a _ ger aa zg" )\(1 42 1? +h) 
N=—OCo n=0 


the right-hand sides of (1.1) and (1.2) can be rewritten as alternating sums yielding 
the identities 


LS ayy dees nt) 

8) d, (Qn  (Q)oo em, "4 
pg i he) 
oe ze (qn ()cx a: | 


j=—o0 


The two different evaluations of generating functions of crystal paths that were 
mentioned above really yield (polynomial) analogues of (1.3) and (1.4) rather than 
(1.1) and (1.2). Identities relating sums to alternating sums are more general than 
identities relating sums to products. Only in special cases can the alternating sums 
be evaluated as products, namely when Jacobi’s triple product identity or more 
generally the Macdonald identities [32] can be applied. 
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FIGURE 1. An allowed configuration of particles in the hard 
hexagon model. 


present these results at the conference on g-Series with Applications to Combina- 
torics, Number Theory, and Physics held in Urbana-Champaign in October 2000. 
Thanks for this exciting conference! 


2. The Rogers—Ramanujan identities and the Hard Hexagon model 


The hard hexagon model is a two-dimensional lattice model of a gas of hard 
or non-overlapping particles. The particles are placed on a triangular lattice such 
that no two particles can occupy two adjacent sites. If one views each particle as 
the center of a hexagon, then the condition that no two particles can be adjacent 
translates into the condition that the hexagons cannot overlap. This explains the 
name of the model. An example of an allowed particle configuration is shown in 
Figure 1. 

To pack the lattice densely all particles must lie on one of the three sublattices 
corresponding to the three corners of the triangles of the lattice. Hence one of the 
sublattices is distinguished from the others. At low particle density the probability 
for a particle to be on a particular site is equal for sites on all three sublattices 
(assuming either an infinite or sufficiently large lattice so that boundary effects can 
be neglected). Let pq for a = 1,2,3 be the probability that there is a particle at 
a fixed site on sublattice 1,2,3, respectively. If the boundary conditions of the 
model are such that at close packing all particles are on sublattice 1 then it is 
intuitively clear that the order parameter defined as R = p, — po must undergo 
a phase transition. At low densities R is zero, but at some critical density R will 
become positive until at high densities it is one. Baxter [3] managed to determine 
the precise point at which the phase transition occurs exactly by using corner 
transfer matrices. In essence, the corner transfer matrix method reduces the two- 
dimensional problem to a one-dimensional problem. The precise details are beyond 
the scope of this paper and can be found in section 14 of Baxter’s book [4]. 

The one-dimensional problem that Baxter encountered and which turns out to 
be of importance to the Rogers-Ramanujan identities is the following. Consider 
LE +1 points on a line labeled by 2 = 0,1,2,...,L. Assign to each point a height 
variable o; which takes on the values 0 or 1. In addition the height variables satisfy 
the restrictions 09 = a, = 0 and o;0;4, = 0. An allowed configuration of height 
variables for a given length L is called a path of length L, and the set of all paths 
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FIGURE 3. Ground state path with three particles 


of length L is denoted by Dy. One can illustrate a path graphically by drawing all 
points (7,0;) and connecting adjacent points by straight lines. An example for a 
path with LD = 9 is given in Figure 2. The condition o;0;,; = 0 requires that the 
paths consist of a certain number of non-overlapping triangles (this condition comes 
directly from the condition in the two-dimensional hard hexagon model requiring 
that no two particles can be on adjacent sites). To each path o = (o9,... ,a,) one 
may assign an energy E(o) by summing up the positions of the peaks, that is 


ig 
E(a) = > 03. 
j=l 


The energy of the path in Figure 2 is E(o) = 1+5+8 = 14. The generating 
function of paths of length DL which is also called a one dimensional configuration 
sum is defined as 


(2.1) X(L) = S> Fe. 


cEDr, 


The path picture immediately implies that X(L) satisfies the following initial con- 
ditions and recurrence which completely specify it 


KO Kaa 


oe X(L) = X(L-1)+q" !X(L — 2). 


The aim is to find explicit expressions for X(L). We will describe two ways to 
obtain such an expression which will be related to the two sides of (1.3). 


2.1. Fermionic formula. Interpret each peak in a path as a particle, that 
is, there is a particle at site 27 if 0; = 1. Fix the number of particles to be n. The 
ground state path og with minimal energy is the path with particles at positions 
1,3,...,2n—1. The energy of og is E(og) = 14+3+4+---+2n—1=n’. An example 
of the ground state path with 3 particles is shown in Figure 3. All other paths with 
n particles can be obtained from og by moving particles to the right in such a way 
that the particles never overtake each other. If the length of the path is L, the 
rightmost particle can move at most L — 2n positions to the right. Hence the paths 
of length L with n particles are in one-to-one correspondence with partitions with 
at most n parts not exceeding L — 2n. If a path o corresponds to partition A then 
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its energy is E(o) = E(og) + |A| = n? + |A|. The generating function of partitions 
with at most n parts not exceeding m is the q-binomial coefficient defined as 
n (q)m(@)n 


for m,n € N and zero otherwise. This implies the following explicit expression for 


X(L) 


= 2ej|L—n 
(2.3) x)=) a | r 
n=0 
Because of its interpretation in terms of non-overlapping particles this expression 
is called a quasiparticle or fermionic formula. 


2.2. Bosonic formula. As opposed to (2.3) there is another expression for 
X(L) given by 


(2.4) x(E)= So -1yat* | 5, | 


where || is the largest integer not exceeding x. It can be proven by showing that 
the right-hand side satisfies the recurrence and initial condition (2.2). 

However, formula (2.4) can also be interpreted in terms of paths. For this 
purpose the above path picture needs to be slightly reformulated. The state diagram 
of the paths in the hard hexagon model is 


This diagram is to be understood as follows. If the system is in the bottom state at 
position 2, that is 0; = 0, then at position 7+ 1 it can either be in the bottom state 
again so that o;4; = 0 as indicated by the loop or it can be in the top state which 
means 0;41; = 1 as indicated by the line. On the other hand, if the system is in the 
top state at position 7 then at the next position it has to be in the bottom state, 
meaning that o; = 1 implies o;,; = 0. This corresponds to condition on paths that 
0;0i4+, = 0 for allz. Up to a Zp symmetry this state diagram is isomorphic to 


/ Bo. 


Under this correspondence the paths of the hard hexagon model become paths in 
a strip of height 4 with steps going up or down at each position. For example, with 
the convention that the paths start at height three, the path in Figure 2 becomes 
the path in Figure 4. 

Let us now consider the following set of paths. Let p = (p1,po,...,pzi) bea 
sequence of 1’s and 2’s and let A = (Aj, A2) be the content of p where \, is the 
number of 2’s in p. Denote by Pz, the set of all p = (p1,... ,pzi) with content 
A. Another way to represent p is by height variables o = (00,01,...,o,) where 
by convention 09 = 3 and o; = o;_; + 1 if pj; = 1 and o; = o;_1 — 1 if p; = 2 for 


IIe 


(2.5) 
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FIGURE 4. Path associated to the path in Figure 2 under the cor- 
respondence (2.5) 


1<2< L. We will use o and p interchangeably. We are actually mostly concerned 
here with the set Py := Px,, where A = ({4], |4*)). 

Consider the following subsets of P,. Let Py, be the subset of Pz, consisting 
of all paths in the strip of height four, that is all o € Py, such that 1 < 0; < 4 
for all 1 <i< L. Furthermore, let pis be the set of all paths 0 € Py such that 
there exist indices 1 < 71 < 12 <--- <1; < L so that o;,,0;,,0i,,... are greater 
than four and 0;,,0;,,0i,,... are less than one. Similarly let Pri be the set of 
all paths o € Py, such that there exist indices 1 < 4; < ig < --: <4; < L such 
that 0;,,0i,,7i,,-.-. are less than one and 0;,,0;,,0;,,... are greater than four. By 
inclusion-exclusion we have 


Pra PuOler Ur, )) Nene Ore): 
j>1 j>l 
Now define the energy function F for o € Py as 


L-1 


E(o) = S_i- h(oi-1, 01, 0141) 


a=] 
where fh is the local energy function given by 


1 ifoj;-) =o,-1= Oi+1 and a; > 3, 
h(oj=1, 03, 0;41) = or Oj-1 = 0; + 1 = 044) and o; < 2, 


0 else. 


The term g2J+)) A L=si J in (2.4) can then be interpreted as the generating func- 


tion of Pe given by cepts q®\°) if j > 0 and the generating function of Py 


given by ducePpt q®(°) if 7 <0. The term j = 0 in (2.4) is the generating function 
of PL. 

In section 4 we will encounter more general inclusion-exclusion arguments in 
terms of operations on crystals. 


2.3. Identities. Equations (2.3) and (2.4) yield the following polynomial iden- 
tity 


sg" on _ X Caeser 1-2): 


Using limy-+00 | = Tq this identity implies (1.3) in the limit L > oo. 
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All discussion so far focused on (1.3). The second Rogers—Ramanujan identity 
(1.4) can in fact be treated in a very similar fashion. Define the set Dj}, analogous to 
D, with the only difference that now do = 1 instead of 0. The generating function 
is defined to be X'(L) = ced, g®(°), Analogous arguments to those in sections 


2.1 and 2.2 yield the following two expressions for X‘(L) 


X'(L) = So ghee f 7” = ' _ 3 (—1)5q2I+3) an 


n=0 jJ=—-—CO 


In the limit L — oo this polynomial identity implies (1.4). 


3. Crystal bases 


In this section we review the main results about crystal bases and explain how 
they provide a general setting for the definition of one-dimensional configuration 
sums. 

The quantized universal enveloping algebra U,(g) associated with a symmetriz- 
able Kac—Moody Lie algebra g was introduced independently by Drinfeld [7] and 
Jimbo [14] in their study of two dimensional solvable lattice models in statistical 
mechanics. The parameter q corresponds to the temperature of the underlying 
model. Kashiwara [18] showed that at zero temperature or q = 0 the representa- 
tions of U,(g) have bases, which he coined crystal bases, with a beautiful combi- 
natorial structure and favorable properties such as uniqueness and stability under 
tensor products. The existence and uniqueness of crystal bases for integrable high- 
est weight modules for an arbitrary symmetrizable Kac—-Moody algebra was given 
in [19]. 

In this setting, the paths are tensor products of finite-dimensional crystals 
and the energy function is determined by the affine crystal action. At this point 
it is worth mentioning that the energy statistics defined in this section does not 
specialize to the statistics of the Rogers-Ramanujan paths of section 2. The reason 
is that here we will be dealing with crystals of integrable modules whereas the 
Rogers-Ramanujan identities come from admissible modules as introduced by Kac 
and Wakimoto [16, 17]. As will be discussed in section 6, it is still an open problem 
to define the energy statistics for general admissible modules. 


3.1. Axiomatic definition of crystals. Let g be a symmetrizable Kac- 
Moody algebra, P the weight lattice, J the index set for the vertices of the Dynkin 
diagram of g, {a; € P |i € J} the simple roots, and {h; € P* = Homz(P,Z)|i€ I} 
the simple coroots. Let U,(g) be the quantized universal enveloping algebra of 
g. A U,(g)-crystal is a nonempty set B equipped with maps wt : B —> P and 
ei, f;: B+ BU {0} for alli € J, satisfying 


(3.1) iiNet Sea kh eB 
(3.2) wt(fi(b)) = wt(b) — a; if f(b) € B 
(3.3) (hi, wt(b)) = pi(d) — €:() 


where (-,-) is the natural pairing. Here for b € B, 

é;(b) = max{n > 0 | e7 (b) £ O} 
yi(b) = max{n > 0| f(b) 4 O}. 
(It is assumed that y;(b), €;(b) < oo for alli € J and be B.) 


(3.4) 
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A U,(g)-crystal B can be viewed as a directed edge-colored graph (the crystal 
graph) whose vertices are the elements of B, with a directed edge from b to DB’ 
labeled i € IJ, if and only if f;(b) = b’. The element 6 is said to be highest weight 
if e;(b) = O for all: € J. Let K be a subset of J. Then the K-component of the 
crystal B is the graph obtained by only considering edges colored by 2 € K. 

We also define the crystal reflection operator s;: B— B by 


fri) a) Gf pi(b) > &(b) 
s;(b) = 4b if pi(b) = e:(6) 
et)“ P() (By iF oi (b) < E(B). 


It is obvious that s; is an involution. 


3.2. Tensor products of crystals. Given two crystals B and B’, there is 
also a crystal obtained by taking the tensor product B® B’. As aset B® B’ is just 
given by the Cartesian product of the sets B and B’. The weight function wt for 
b@b' € B@B' is wt(b@b') = wt(b) + wt(b’) and the raising and lowering operators 
e; and f; act as follows 


ejb@b' if e;(b) > ¢,(0'), 
b®e,b' otherwise, 


fib@v' if e(b) > gi (0), 
b® f,b' otherwise. 


e;,(b & b’) = 
(3.5) 
fi(b@ b') = 


The reader is warned that this convention is different from Kashiwara’s convention. 
The order of the tensor factors is interchanged. 


3.3. Finite and infinite crystals. Let us fix some notation. From now on let 
g be a simple complex Lie algebra and g be the associated untwisted affine algebra. 
That is, let g’ = g ® C[t,t~'] @ Cc be the central extension of the loop algebra of g 
and g = g' ® Cd where d is the degree derivation. Let J (resp. J = JU {0}) bea 
set indexing the vertices of the Dynkin diagram of g (resp. g and g’). A classical 
weight is a weight with respect to the algebra g. Denote by U,(g), U;(g), and U,(g) 
the quantized universal enveloping algebras of g, g’, and g respectively. 

There are two main categories of crystals. The first one contains the crys- 
tal bases of irreducible integrable U,(g)-modules V(A) of highest weight A € Pt 
where P* denotes the set of dominant weights of g. These crystals are infinite- 
dimensional. The second one contains finite-dimensional crystals corresponding to 
U;(g). Since the set B is finite in this case these crystals are called finite crystals. 
The level of a finite crystal B is defined as 


levB = min{(c,e(b)) | be B} 


where €(b) = )oj<, €:(b)Ai and {A; | 7 € I} is the Z-basis of the weight lattice of g’. 
A U,(g)-crystal can be viewed as a U,(g)-crystal by restricting to the J-component. 

The crystal of each integrable highest weight U,(g)-module can be realized in 
terms of a semi-infinite tensor product of perfect crystals [24, 25, 23]. Perfect 
crystals are finite crystals with some additional properties (for details see [24, Def- 
inition 4.6.1]). At least one perfect crystal for each integrable U,(g)-module for 


g= AW BY CoM DY A? and ber was given in [25]. 
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TABLE 1. Classical crystals B(A1) 


Kashiwara and Nakashima [27] constructed the finite U,(g)-crystals for g = An, 
Bn, Cn and D, explicitly in terms of tableaux. The cases g = A, and C,, are 
discussed in more detail in the next subsection. 


3.4. Finite crystals of type A, and C,,. The finite crystals associated with 
g = A, and C’, are presented in more detail since they will be our main examples 
throughout the paper. Let A; for 7 € J be the fundamental weights of g. For later 
purposes it will be convenient to give the root and weight structure of A, and Cy, 
explicitly. Let (-|-) be the standard bilinear form normalized such that (a; | a;) = 2 
for the long roots a;. 


EXAMPLE 3.1. For either g = A, or g = C,, the index set for the simple roots 
is Ss Data tty: 

For g = A, the weight lattice is embedded in the subspace of R"*! orthogonal 
to the vector e = ar €;, where e; is the i-th standard basis vector of R°*!. 
The simple roots are a; = €; — €;41 for alli € J. The fundamental weights are 
a ae ep ae fori € J. The half-sum of positive roots is p = (n,n — 
1,...,1,0) — $e. The scalar product is the standard one: (a|G) =a- f. 

For g = C,, the simple roots are given by the short roots a; = €; — €;4, for 
1<12z<nand the long root an = 2€, where e; is the 7-th unit vector in R”. The 
fundamental weights are A; = €; +---+«; fori € J. Half the sum of all positive 
roots is p= (n,n —1,...,1). The bilinear form is given by (a|G) = a- 8/2. 

For both type A, and C, we will identify dominant weights, that is weights 
of the form A = Ax, +---+Ax,,, with partitions. A partition A = (A1,.-. ,An+1) 
(with An 4+1 = 0 for type C,,) corresponds to the weight A = doje 7 (Ai — Ai41) Au. 


For each dominant weight A there is a finite classical crystal B(A) [27]. The 


crystals B(A,) for type A, and C, are given in Table 1 where the arrow —> 
stands for f;. The finite crystals B(A;,) for k € J can be obtained in the following 
way. Let ua, =[k]®---@[2]@[1]| be the unique highest weight vector of weight 
Ay in B(A,)®*. Then B(A,) is the connected component of B(A,)®* containing 
ua,- In [27] the elements in this connected component were identified with certain 
one-column tableaux. The finite crystal B(A) for a dominant weight A = Ax, + 
“+++ Ap with ky > kp > +--+ > km is isomorphic to the connected component in 
B(Ax,)@---@ B(Ag,, ) which contains the highest weight element ua, @---@ua,,, - 
Combining the two embeddings it follows that B(A) is isomorphic to a certain 
connected component in B(A,;)®™ where M =k) +---+km. 

For type A, the elements in B(A) can be identified with semi-standard Young 
tableaux of shape where \ is the partition corresponding to the weight A. The 
paths encountered in section 2 are sequences of 1’s and 2’s. Viewed as single box 
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Young tableaux over the alphabet {1,2}, these are exactly the elements of the 
crystal B(A,) of type A). 


3.5. Simple crystals. Simple crystals were introduced by Akasaka and Kashi- 
wara [1]. As will be explained in the next section they have an isomorphism and 
energy function which are required for the definition of the one-dimensional config- 
uration sums. 

Let W be the Weyl group of the affine Kac-Moody algebra g§ generated by the 
simple reflections r; for 1 € J defined as 


(3.6) ri(B) = B — (hi, B)oi 


where 3 is a root. Let B be the crystal graph of an integrable U,(g)-module. Say 
that b € B is an extremal vector of weight A € P provided that wt(b) = A and 
there exists a family of elements {b,, | w € W} C B such that 


1. 6b, = 6 for w =e. 

2. If (hy, wA) > 0 then e;(b) = 0 and f!"?"”) (by) = dryw. 
3. If (hj, wA) <0 then f;(b) = 0 and e(”'") (b,,) = Drs w- 
DEFINITION 3.2. Say that a Uj(g)-crystal B is simple if 


1. B is the crystal base of a finite-dimensional integrable U;(g)-module. 

2. There is a dominant weight A with respect to the weight lattice of the 
classical algebra g such that B has a unique vector (denoted u(B)) of weight 
A, and the weight of any extremal vector of B is contained in WA. Here W 
is the Weyl group corresponding to the classical algebra g. 


THEOREM 3.3. [1] 


1. Simple crystals are connected as graphs. 
2. The tensor product of simple crystals 1s simple. 


Let B be a simple U;(g)-crystal, equipped with a function D = Dg: BZ, 
called its intrinsic energy, which is required to be constant on J-components and 
defined up to a global additive constant. Call the pair (B,D) a graded simple 
U;(g)-crystal. We normalize the intrinsic energy function by the requirement that 


Dp(u(B)) = 0. 


3.6. Finite dimensional affine crystals. Recently, new families of crystals 
of the finite dimensional representations of U,(g) were conjectured [13, 21] where 
- gis a untwisted affine Lie algebra. 


CONJECTURE 3.4. [13, 21] For each r € J and s > 1, there exists an irre- 


ducible finite-dimensional integrable U;(g)-module wi”) with simple crystal base 
B”* generated a unique extremal vector u(B”*) of weight sA,, and a prescribed 
U,(g)-crystal decomposition of the form B”* = B(sA,) ® B, where B is a direct 
sum of U,(g)-crystals of the form B(A) where A is a classical dominant weight and 
sA, > A. Here A’ > A if and only if A’ — A € @,-,Na;. Moreover there is a 
prescribed intrinsic energy function D = Dgrs : B”*® — Z, that is constant on 
J-components, such that 0 = D(u) > D(b) where wu is the J-highest weight vector 
of weight sA, in B™*, and 6 is any element not in the J-component of uw. 
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3.7. Combinatorial R-matrix and energy function. Suppose B,; and By 
are simple U;(g)-crystals. Then there is a unique isomorphism of U,(g)-crystals 
o: By ®B, > B,® Bo. There is also a function H = Hg, p, : By ® B, - Z, called 
local energy function which is unique up to global additive constant, such that for 
all bp © b} € Bo ® B, with bi &) bs = a (bz ® by) 

(3.7) 
—1 ifi= 0, €9(b2) > Yo(b1), Eo( 1) > (bs) 
H (e;(b2 @ b1)) = H(b2 @b1) + 41 if i =0, €o(b2) < Yo(bi), €0(D1) < pols) 
0 otherwise. 
The pair (o, H) is called the combinatorial R-matrix. It is convenient to normalize 
the local energy function H by requiring that 
(3.8) H(u( Bz) ® u(B1)) = 90. 
With this convention it follows by definition that 
(3.9) Ap, Bp °OB2,B, = Hp,,B, 
as operators on Bo ® By. 


Let (B;,D;) be graded simple Uj(g)-crystals for 1 < 7 < L and set B = 


By, ®-:-@ By. Following [34] define the energy function Eg : B > Z by 
(3.10) EB = S- Ay0j410i42 "°° 05-1 
1<i<j<L 


where H; (resp. o;) is the local energy function (resp. isomorphism) acting on the 
i-th and (i + 1)-st tensor factor. By the normalization assumption (3.8) it follows 
that 


(3.11) Ep(u(B)) = 0. 
As shown in [35], the intrinsic energy Dg for the L-fold tensor product B = By ® 
---@ By, is given by 

L 


(3.12) Dp = Ep +) Djoio2- ++ 05-1 
j=l 


where D; acts on the rightmost tensor factor which is B;. 
The coenergy and intrinsic coenergy are defined as 


Ep = —Ep and Dep = —Dz. 
3.8. One-dimensional configuration sums. There are three different sets 


of paths that we consider. Let B = By, ®---@ B, where all B; are simple crystals. 
For a classical weight A the set of unrestricted paths is defined as 


(3.13) P(B,A) = {be B| wt(b) = A}. 

For a dominant classical weight A the set of classically restricted paths is 
(3.14) P'(B, A) = {b€ B| wt(b) = A and e;b = 0 for alli € J} 

and the set of level-restricted paths for 2 € N is 

(3.15) P(B,A) = {be B| wt(b) =A, e;b =0 for alli € J and eft!b =O}. 
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The corresponding one-dimensional configuration sums are the generating func- 
tions of these sets of paths with energy/coenergy statistics. The one-dimensional 
sums 


S(B,A)= D> grr 
beP(B,A) 


S(B,A)= So gPal) 
beEP(B,A) 


(3.16) 


are called supernomials, whereas 
X(B,A)= So gh) 
beP'(B,A) 


X(B.A)= SD Pe 
bE P'(B,A) 


(3.17) 


are the classically restricted configuration sums or generalized Kostka polynomials, 
and 


MBAS Yo gee!) 
beP*(B,A) 


X(B,A)= > qha 
be P*(B,A) 


(3.18) 


are the level-@ restricted configuration sums or -generalized Kostka polynomials. 
The classically restricted configurations sums (3.17) are graded tensor product 
multiplicities. The level-restricted configuration sums (3.18) are graded level 
fusion coefficients. Let By, denote the crystal corresponding to the affine irreducible 
highest weight representation V(A’). By the Verlinde formula [40], the fusion 
coefficient is the coefficient of By of weight A’ = A + €Ao in the decomposition 
of B ® Bea,. The affine highest weight vectors of weight A’, whose number is the 


above multiplicity, are the summands of Xx (B , A). 
7 It will be shown in sections 4 and 5 that there are two different evaluations of 
X(B,A) and X (B,A) which give rise to q-identities. 


4. Bosonic evaluation 


Here we present the bosonic evaluation of X(B,A) and Xx (B, A) as defined 
n (3.17) and (3.18). Similarly to the bosonic evaluation of X(L) of section 2.2, 
the bosonic evaluation of X(B,A) and X(B,A) can be obtained by inclusion- 


exclusion arguments as shown in [36]. We discuss the main ideas and techniques 
of sign-reversing involutions. 


4.1. Classically-restricted case. Let B = B, ®--:-® B, be a U,(g)-crystal 
and let A be a classical weight. The Weyl group W of g which is generated by the 
simple reflections r; as in (3.6) with 7 restricted to 1 € J. The bosonic expression for 
the generating function of classically-restricted paths X(B, A) as defined in (3.17) 
is given by 


(4.1) = >) (-1)" S(B,w(A + p) — p) 


weEWw 
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where (—1)” is the sign of w and p is half the sum of all positive roots. This formula 
follows directly from Weyl’s character formila. 

As a warm-up for the level-restricted case, we would like to briefly sketch for 
types A, and C,, how (4.1) can be derived via a sign-reversing involution. 


EXAMPLE 4.i. For g = A, the Weyl group W is generated by the reflections 
T1,.-.,Tn Which act on A € Z"T! as follows 


r;(A) = (Al, - oy es ee ee oe ,An+1)- 


Hence on Z"*! the Weyl group acts as the symmetric group S41. 
For g = C,, the Weyl group is generated by 


PX) = Aisne g AGIs Abwwtoan) forl<i<n 
Pn(A) = (Ay,--- 5An—1; —An) 
so that W on Z” acts by all permutations and sign changes. 
Set 
S = {(w,b) €W x B| w(wt(b) +p) =A+ p} 


On the set S we define an involution ®: S > S with the properties that the fixed 
points are the pairs (1,6) with b € P’(B, A) which recall are the paths underlying 
X(B, A) (see (3.17)). Furthermore, if ®(w,b) = (w’, b') with (w,b) 4 (w’, b’) then w 
and w’ have opposite signs. 

Let S; for 7 € J be the set of pairs (w,b) € S such that €;(b) > 0. Define 9; : 
Si > S; by ®;(w,b) = (wrj, s;e;(b)). Define the set S’ = S — {(1,b) |b € P'(B,A)} 
so that S'= U,., Si. Then © is given by 


Baye (w,b) if (w,b) EC S\ S' 
"1 @.(w,b) if (w,b) € S’ andi = v(w, b) 


where v is some functions v : S’ > J. To show that ® indeed exists and is an 
involution it needs to be shown that if v(w,b) = 7 then 


(4.2) (w,b)ES; and  v(®;(w,b)) =i. 


As mentioned in section 3.4, the crystal B = By, ®---@® B, of type Ay or Cy can 
be embedded into B(A,)®™ for some M. Let p = py ®-:: ® p, be the image of 
b € B under this embedding. Then v can be defined as follows. Let k be minimal 
such that €;(p, ®--- @p,) > 0 for some iz € J. Then it is clear from Table 1 that 
there is a unique 2 satisfying €;(p,y ®---@ pi) > 0. Set v(w,b) = 2. It follows from 
equation (3.5) and Table 1 that the first k tensor factors of p stay invariant under 
®; since there are no strings of length greater than one. This ensures (4.2). Hence 
inclusion-exclusion implies (4.1). 


4.2. Level-restricted case. The bosonic expression for the level-restricted 


generating function X (B , A) defined in (3.18) can also be found by a sign-reversing 
involution. The difference is that one needs to consider elements w in the affine 
Weyl group W which is generated by r; with 2 € J (rather than i € J). 


EXAMPLE 4.2. For g = A”) the affine Weyl group W is generated by the 
reflections 7),... ,7n aS in example 4.1 and 


ro(A) = (Angi + 2+04+1,r2,...,An,A1 — (6+ n4+1)). 
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For g = C" the affine Wey] group W is generated by the reflections r),... , 7 
as in example 4.1 and 


ro(A) = (—A1 + 242+ n+4 1), A2,.-- 5 An). 


The affine Weyl group is isomorphic to W {TW where T is the set of certain 
translations tg indexed by a € M for a particular set M (for more details see (15, 
Section 6]). Then it was shown in [36] that ! 


(4.3) X(B,A) — S- be (—1)q220(ala(erh®)—a0(o+ Ala) 


wEeEW acM 
x S(B,w(A+ p— (2+ hY)a) — p) 


where hY is the dual Coxeter number of g and apo is the label of the zeroth node in 
the Dynkin diagram of g. 


EXAMPLE 4.3. Let us give (4.3) more explicitly for g = A and CY. In both 


cases the dual Coxeter number is hY =n +1 and ap = 1. For type AM) the set M 
is given by all 6 € Z"*! such that |8| := 8) + ---+ By41 = 0 so that 


= S- Ss (- B(l+n+1)—(p+A):B 


wEW gezrt! 
|8|=0 


x $(B,w(A+ p— (€+n+1)8) - p) 


where W = S,,4, is the set of permutations. 
For type C”) we have M = 2Z”. Hence 


og S- (- B(£+n+1)—5(pt+A)-B 


wEW BE2zZ” 
x $(B,w(At+ p— (€+n+1)8) — p) 


where the Weyl group W in this case is the set of all permutations and sign changes. 
The extra factor of 1/2 in the exponent of g comes from the normalization of (-|-) 
as alluded to in example 3.1. 


The arguments in [36] involve a sign-reversing involution. Similarly to the 
classically restricted case set 


S = {(w,b) €W x B| w(wt(b) + p) = A+ p}. 


For i € J define S; and ®; as before. In addition, let Sg be the subset of all pairs 
(w,b) in S such that €9(b) > @ and define ®o(w,b) = (wro, soes*'b). One can find 
a sign-reversing involution ® with fixed point set being the set of level-f restricted 
paths P‘(B, A) by again specifying a function v : S — {(1,b) |b € P*(B,A)} — I 
satisfying (4.2). The existence of such a function v was proven in [36] for a large 
class of crystals. 


!'The arguments in [36] require that B is a tensor product of almost perfect crystals and that 
the energy function obeys certain properties. For the examples of type AW) with B; = Bs and 


Co) with B; = B:!, for which we will consider fermionic formulas in the next. section, these 
conditions are all satisfied. 
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4.3. Supernomial coefficients. The bosonic formulas (4.1) and (4.3) involve 
the supernomial coefficients defined in (3.16). To obtain truely explicit expressions 
it is still necessary to give formulas for the supernomial coefficients. These are not 
yet known in general. Here we give a few examples for which formulas exist. 


EXAMPLE 4.4. The supernomial coefficients for type Aly) for single columns 
were given in [12, 22]. Let B = B#*' @---@ BH“! be the tensor product of 
crystals of type AM) corresponding to the partition w = (W,... , ui). Furthermore, 
let AX € N"*! be a composition. Then 


(a+1) yet) 
i+] 
a =O TE [to yet | 
vy l<a<n Ee 
1<i<py 
where the sum is over all sequences of partitions v = (yp), ...,v'™) such that 


fy — py (9) C py) Gent Gi p(rtl) = py! 


a) fer) is a horizontal A,-strip. 


A horizontal p-strip is a skew shape with p boxes such that each column contains at. 
most one box. For p = (1!4!) equation (4.4) reduces to the g-multinomial coefficient 


L = (q)L e1\| = 
icc a) 7 (Qa, Core : Ml 


and zero otherwise. 


(4.5) 


EXAMPLE 4.5. The supernomials for type AM) for single rows were also given 
in [12, 22]. Let w = (4,...,uz) be a partition, B = B'“ @---@ B'” and 
A € N"*t! a composition. Then 


V: mae yD 
a _ o(v) a a+1 
(4.6) SB») =) a TT | (2) — yl) | 
Vv l<a<n 2 i+1 
1<i<iy 
where the sum is over all sequences of partitions vy = (v"),... ,v'™) such that 


yO) = yp +--+ +Aq for alll <a<n. 


Here ¢(v) is defined as 
= Yee? — v7). 


l<a<n 

1<i<uy 
As in the previous example this reduces to the g-multinomial coefficient (4.5) if 
p= (11). For type A, this formula coincides with that in [38]. 


EXAMPLE 4.6. The supernomials of type C, for single boxes can be obtained 
by the following arguments. Let B = (B!')®” and \ € Z” with ||A}] := |Ai|+---+ 
|An| < L. This means that there are at least A; letters i if A; > 0 and at least ); 
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letter 7 if A; < 0. If ||A|| < Z then there have to be (LZ —||A||)/2 pairs of barred and 
unbarred letters in order to have weight 4. Hence we have 


_ L 
4.7 S(B.A) = | 
( ) ( ) >» [Ar] + fi,--- 5 |An| + Uns bi,--- 5 Bn 


2|u|=L—||Al| 


. a is the g-multinomial as defined in (4.5). 


geen gy 


Explicit formulas also exist for level one cases for BY). ps [8] and AY), 
2 2 
Ayn» Diets [26]. 


5. Fermionic evaluation 


The derivation of fermionic evaluations of the classically- and level-restricted 
configuration sums (3.17) and (3.18) is in general much more intricate than for the 
hard-hexagon model. There exists a vast literature on conjectures and proofs of 
fermionic formulas, most of which deal with the case g = A”) or Ab). A relatively 
complete list of references can be found in [13]. Fermionic formulas for all untwisted 
quantum affine algebras were recently conjectured in [13]. For type A\) these are 
proven for the classically-restricted case in [31] and the level-restricted case in [37]. 
For type CM) the classically-restricted formulas are proven in [35]. We will present 
these results here and also derive the fermionic level-restricted formulas for type 
(oe in section 5.5. 

Interestingly, Kirillov and Reshetikhin [30] conjectured that the coefficients of 
the decomposition of the representations of Uj(g) naturally associated with multi- 
ples of the fundamental weights into direct sums of irreducible representations of 
U,(g) are given by the fermionic formulas at g = 1. Chari [6] proved this conjecture 
for a single tensor factor for g a simple Lie algebra of classical type and also for 
some exceptional cases. 


5.1. Classically-restricted case. We will state here the fermionic formulas 
conjectured in [13]. Let g = xX!) with X = A,B,C,D or E for n = 6,7,8 or F 
for n = 4 or G for n = 2. Let B= @"_, @,5,(Be")2""" where L\ €N for all 


1>1and1<a<n and only finitely many tL are nonzero. Define the following 
polynomial in g depending on B and a dominant weight A 


n (a) (a) 
(5.1) F(B,A) = So") TT TT ”: ee | 


{m} a=1i>l 


where the sum is over all {m\” EN|1<a<n,2> 1} subject to the constraints 


(5.2) 3 Sn a= Ss Sibi Na — A. 


a=1 i>1 a=1i>1 
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The variables pr” 


(5.3) = min(i,7) — (aslo) S- min( (ty2,tgk)m 


and the exponent cc({m}) are defined as 


j>1 k>1 
n 
(5.4) ee({m}) = S- (aalas) S> min(t5j, tak)m\” my” 
a,b=1 jk>1 


where tg = aaa Recall that (- | -) is normalized such that (aq | aq) = 2 if ag is 


|Qa) 
a long root. Then it was conjectured [13] that 


X(B,A) = F(B,A). 


For type Al 1) aie general B this is proven in [31] and for type oC) and B = 
&/_ (Be 1)@L1"" a proof is given in [35]. Parts of the proofs given in [31, 35] are 
quite technical, but we would like to highlight the general ideas of the proof which 
also give more insight into the fermionic formulas. 


2. Rigged configurations. Rigged configurations provide a combinatorial 
interpretation of the fermionic formula (5.1). We will focus first on type Al) 
The sum over the variables {m2 } in (5.1) subject to the restriction (5.2) can 
be interpreted as follows. Let v = (v™,... ,v'™) be a sequence of partitions with 
constraints on their sizes given by 


(5.5) =-D¥ yi! min(a, b) 


a>1 b=1 


where A is the partition lacie to the weight A. Then (5.5) and (5.2) are 
equivalent provided that m\”) is interpreted as the number of parts of v'®) of size 


1. In terms of v the definitions (5.3) and (5.4) read 


Pi? (v) = Qi(v'e-Y) — 2Q:(v) + Qi(veFY) + > L,” 


j21 
nm 
v) = o> ai") (aj? — af) 


a=11i>1 


where Q;() is the number of boxes in the first 7 columns of the partition p, a‘" 
is the size of the i-th column of v\® and p\” = P!® (v). 


a 
To interpret (5.1) combinatorially one uses the fact the g-binomial coefficient 
gaa is the generating function of partitions in a box of size m x p. More precisely, 
these are the partitions with at most m parts each not exceeding p. Hence (5.1) 


can be restated as 
FIBA)= SD gee) 
(v,J)ERC(B,A) 


where RC(B, A) is the set of all (v, J) where v is a sequence of partitions satisfying 
(5.5) and J is a double sequence of partitions 


Ae Ca srere 


i>1 
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The partition J‘? has to fit in a box of size m\” (v) x pi) (v) where m\” (v) = m\” 
is the number of parts of size i in v‘). In particular this requires that Pp (v) >0 
for alli > 1 and 1<a<n. The exponent is defined as 


cec(v, J) = cc(v) + S- » pee |: 


a=1 i>1 


The elements in RC(B, A) are called rigged configurations. 

Originally, rigged configurations were introduced in papers by Kerov, Kirillov 
and Reshetikhin [28, 30] in their study of the XXX model using Bethe Ansatz tech- 
niques. Rigged configurations index the solutions to the Bethe Ansatz equations. 

In [31] the fermionic formula was proven by showing that there is a statistic 
preserving bijection between classically restricted paths and rigged configurations. 


It should be noted that for type AM) the intrinsic energy is equal to the energy, 
Dp = Es. 


THEOREM 5.1. [31] For B = @7_, Qs, (Brijyee” a crystal of type AY, 
there is a bijection ¢ : P'(B,A) + RC(B,A) such that for b € P'(B,A) we have 
Ep(b) = cc(00¢(b)). Here 9: RC(B, A) > RC(B, A) maps (v, J) to (v, J) where J 
is obtained from J by complementing each J‘*”) in the box of dimensions m\” (v) x 


The bijection ¢ is given explicitly in [31], [35, Section 5.4]. 

The fermionic formula for type C” crystals of the form Bo = Oo 35 (Bat) ehy" 
was proven in [35] using an embedding of type ow crystals into type Ai crys- 
tals. Let 

. Benn B™! if 1 < < 
VE an. one Se 
By ifr=n. 
Baker [2] showed that there is an embedding ¥"! : BZ’ > W(BZ"). It can be 
defined by pequinne that the U,(C,,)-highest weight vector i. in Be is mapped 


2n—-r,l r,s 


tou, Quy ' where u , is the Uy(Aon-1)-highest weight vector in B’;”, and 


yr 5 ie a2 jo Om ie yr 


r,l Ors A ri 
Ur oe; =e5,_ ,oefoW”™ 


For a tensor ages define Uy : BOY’ 1 @Q+--® Bo ~~, w(BY")@ @ U(Bo *) 
by Wp = WV" Te..- @yunt, 


THEOREM 5.2. [35] Let Bo = BOY’ '@-- -@Bo? ' The image Im(¢o ¥,) of do 
VW, : P’(Bo,-) > RC(V(Bo),-) is ariclenvel - the set of rigged configurations 
(v, J) satisfying: 

L(y) =, ae sf 

2. All parts of v\™ are even. 

3. All riggings in (v, J)'™ are even. 


This characterization of the image of ¢ o VW, suggests the following definition 
of type C rigged configurations. Let » be a partition and Bc = @"_,(BYyeer” | 
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and let vy = (v“),... ,v(")) be a sequence of partitions with the properties 


jy] = — S- dj + S- i) min(a, b) forl<a<n 
(5.6) . = 


v\™) has only even parts. 
Define the vacancy numbers as 
PM (v) = Qi(v@"Y) — 2Q,V™) + Q (VTP) + LO fort <a<n, 


PMY) = QiVO) — Q(Y™) + 54:12). 


t 


(5.7) 


The set of rigged configurations of type C corresponding to a weight A with 
associated partition A and crystal Bc, denoted by RCc(Bc, A), is given by (v, J) 
where v is a sequence of partitions satisfying (5.6) and J is a double sequence of 
partitions 


J= f JO ene 
i>T 
where se ‘) is a partition in a box of size m\” (v) x P” (v) with P\” (v) as in (5.7) 


and m\”’(v) the number of parts of v(. 
It is shown in [35] that D4oW, = 2Dc. Hence using Theorem 5.2 the statistics 
of type C rigged configurations becomes 


ccc (Y, J) = ccc (V) ih S° » | Jo) | 


a=1i>1 
NGO) ge") 1 (n)2 
where ccc(v esa (a; — )+ 50% ) 
7>1 a=1 
which implies that 
KBoA)= gto. 


(v,J)ERCc(Bc,A) 
It is also not so hard to show that 


F(Be, A) = S- ree) 
(v,J)ERCc(Bco,A) 


by identifying 


a) P\ (v) forl<a<n 
PS” (v) fora=n 
(vy). Sor Laan 
mis 
: moi(v™) fora=n. 


This proves that X(Bc,A) = F(Bc, A). 


48 M. OKADO, A. SCHILLING, AND M. SHIMOZONO 


5.3. Level-restricted case. Fermionic formulas for the level-restricted one- 
dimensional configuration sums X (B,A) were conjectured in [13] for all g as in 
section 5.1 and special weight A = 0. Let @ € N and define the following polynomial 
in g depending on B 


(a) (a) 
=e ccf m mM; T Pj 
58 P= Seton Tp [ey 


{m} (a,i)EH? 


where H‘ = {(a,i)|1<a<n,1 <j < tg} and the sum is over all {m\) EN | 
(a,i) € H*} subject to the constraints 


(5.9) S- imag = ME i LM) Ag. 


(a,i)EH® (a,i)EH® 
(a 


The variables p; ) and the exponent cc'({m}) are defined as 


tat 

(5.10) py = 5° L'" min(i,j)-— S$ > (aalas) min(toi, tak)my” 
j=1 (b,k)EH® 

5.11 é = in (tj, tak)m\ m\”? 

(5.11) ce (tm) = ; (@_|a,) min(ty7,tak)m;'m,’. 


Then it was conjectured [13] that 
(5.12) X (B,0) =F (B). 


5.4. Level-restricted case: type AD), For type A) the conjecture (5.12) 
and its generalization to arbitrary weights A was proven in [37]. These formulas 
can again be understood in terms of rigged configurations. We will explain this 
here since it will enable us to derive the level-restricted fermionic formulas for type 
OW) in the next section. 

Let A = (A1,.-- , An+1) be the partition corresponding to the dominant integral 
weight A. A partition is restricted of level @ if \; —An+1 < @. Define @ = @— (Ai — 
An+1), which is nonnegative by assumption. Set ’ = (Ay — An41,--. An — Ans) 
(where ‘ stands for transpose) and denote the set of all column-strict tableaux 
of shape X’ over the alphabet {1,2,...,A1 — Anti} by CST()’). Define a table of 
modified vacancy numbers depending on a sequence of partitions vy and t € CST()’) 
by 


Aa—An+1 : Aa+1—An+i - 
(5.13) PM) =PW)- So xG>bttya)+ Yo x > 0+ tots) 
j=1 j=1 
where ¢;, denotes the entry in ¢ in row 7 and column a and x(S) = 1 if the 


statement S is true and x(S) = 0 otherwise. 


DEFINITION 5.3. Let B= @_, @i_,(BrijeL” be a crystal of type A”) and 
A a dominant integral weight with corresponding partition A. Say that (v,J) € 
RC(B, A) is restricted of level € provided that 
1. uv < £ for all a. 
2. There exists a tableau ¢ € CST()’), such that for every i7,a > 1, the largest 
part of J‘) does not exceed P\ (v, t). 


CRYSTAL BASES AND q-IDENTITIES 49 


Denote by RC‘(B, A) the set of (v, J) € RC(B, A) that are restricted of level 2. 


Note in particular that the second condition requires that P\) (v, t) > 0 for all 
1,a> 1. 


EXAMPLE 5.4. Let \ = (mt!) be rectangular with n + 1 rows. Then X' = @ 


and P!” (v,0) = P\” (v) for all i,a > 1 so that the modified vacancy numbers are 
equal to the vacancy numbers. 


THEOREM 5.5. (87, Theorem 8.2] The bijection ¢ : P'(B,A) — RC(B, A) re- 
stricts to a well-defined bijection ¢ : P£(B, A) > RC*(B, A). 


Since Eg = ccofo¢g by Theorem 5.1 it follows from Theorem 5.5 that for type 
Al 


(5.14) X(BA= Dr gtr, 
(v,J)ERC*(B,A) 


Note that cc(@(v, J)) = ce(v) + pa Lint Pew) my (v) Dan Din LI". 
Let SCST()’) be the set of all nonempty subsets of CST(A’). Since the q-binomial 
ees is the generating function of partitions with at most m parts each not ex- 
ceeding p it follows by inclusion-exclusion that 


in) 4 pf) 
(5.15) X(BA)= SD (HST gdm) TT ” as 


SESCST(A’) {m} (a,i) CH? ee 1/q 
where the sum is over all {m\”) EN | (a,i) € H*} subject to the constraints 
S- imag = So iLSMA- A. 
(a,i)EH® (a,i)EH® 
Also ps” (S) and c'({m}) are defined as 
(a) (a) a ; neta . 
py” (S) = pi) + min} 2 x(i > E+ tye) + »p x(i > b+ tyat)} 


cf({m}) = ece'({m}) + So ph? m\? 


with ps” as in (5.10) and ec’({m}) as in (5.11). lage 


q replaced by 1/q. In particular if \ = (m"*!) as in Example 5.4 so that A = 0 
and ps” (v, {Q}) = Do the fermionic form (5.15) reduces to (5.8) since [™*?] a= 
q7™?|™"?). Further details can be found in [87]. 

It should be remarked that even though (5.15) contains explicit signs, it is clear 
from the equivalent combinatorial formula (5.14) that it is a nonnegative polynomial 
in q. 


is the g-binomial with 


5.5. Level-restricted case: type C\), In this section we will show how the 


level-restricted fermionic formulas for type CO can be obtained from Theorems 
5.5 and 5.2. 
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Under the embedding Y a dominant weight Ac = °;_, Ag of type C\”) be- 
comes the weight A4 = >>; (AZ + Agi,_;_) of type Ass where all 1 < 2% <n. 


2n—-tk 
In terms of the corresponding partitions \4 and © this implies that 
XO Sea aN forl<a<n 
A A C C 
Ne — Aan = AL ~ Adn+i—a forn <a< 2n. 


Let Bo = @” (Ba! )@Ly Hence, under the embedding ¥; : Bc ~ V(Bc), 


a=1 
the conditions for level-restriction for rigged configurations of type A as given in 
Definition 5.3 become the following. 
For a partition A° define (A°)! = (2A9, AP +. AG,... AY + AG, AY — AG, AG — 
NC_1,--. AY — AS). Let. CST((A®)’) be the set of all semi-standard tableaux of 
shape (A°)’ in the alphabet {1,2,... ,2A¢}. For t € CST((A°)’) set 


Cc C 
— pis xi > 20 -— 2AP + tha) 


Ne 2 ee C 
te dja X46 > 2l-DWy +tjeri) forl<a<n 
~ Sette yi > 26 ~ DE + tn) 
a3 oa (i > 20 — 20V + thn41) fora=n 
= Pt (iB BE AE + ty) 
+ eo X(i > 20-WE +tpati) forn<a< 2n. 


Define modified vacancy numbers as 


: (a) (2n—a) c 
(5.16) PO (v, t) = PL) (v) mn. (t), fe" CO (} forl<a<n 
xf; ‘(t) fora=n 


with P\” (v) as defined in (5.7). 


DEFINITION 5.6. Let Ac be a dominant weight and \© the corresponding par- 
tition. Let Bo = @( Be!) eL” be a crystal of type Ce Say that (v, J) € 
RCc(Bc, Ac) is restricted of level & provided that 


1. uv” < 26 for all a. 
2. There exists a tableau t € CST((A°)'), such that for every i,a > 1, the 
largest part of J‘**) does not exceed P\ (v, t) defined in (5.16). 


Denote by RC4(Bc,Ac) the set of (v, J) € RCc(Bc, Ac) that are restricted of 
level £. 


It follows that 
X'(Be, Ac) = 2 aes 
(v,J)ERCS (Bo, Ac) 


Let SCST((A°)') be the set of all nonempty subsets of CST((A°)'). By the 
same arguments as in the type A we find 


(5.17) 
(a) a) 
X(Botc= To Cys gto T | i |, 
Hé 1 


SESCST((AC)’) {m} (a,t)e 
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where the sum is over all {m\”) EN | (a,i) € H*} subject to the constraints 
imag = SD LMPAS ~ Ac. 
(a,i)EH® (a,1)EH® 
The variable p(s ) is defined as 


| MOG? Ok forte ax 
p?)(8) es eae (t), f; (t)} forl<a<n 


i : minyes{ f\” (t)} fora=n 
ef({m}) = ce'({m}) + SY > pi? m{ 
(a,i)EH® 


with ps” as in (5.3) and cc’({m}) as in (5.4). In particular if AC = 0 so that Ac = 0 


1 


the fermionic form (5.17) reduces to (5.8). 


6. Summary and open problems 


Equating the bosonic and fermionic evaluations for X(B,A) and Xx (B, A) as 
given in sections 4 and 5 yields polynomial identities in g. One may take limits of 
these identities in various ways to obtain q-series identities. We refer the interested 
reader to [12, 13, 37, 38] for details. 

It is still an outstanding problem to prove the conjectured fermionic formulas 
(5.1) and (5.8) for general g. There is strong evidence that the rigged configuration 
approach will still be applicable in this case. Part of this program also requires the 
proof of the existence and structure of the crystals B”* for general g as mentioned 
in Conjecture 3.4. 

As mentioned in the beginning of section 3, the energy function introduced in 
section 3 does not specialize to the statistics on path of section 2 which yield the 
Rogers—Ramanujan identities. This is due to the fact that the Rogers-Ramanujan 
identities correspond to a non-unitary physical model (more precisely the minimal 
model M(2,5)) whereas the crystal base theory introduced in section 3 is related to 
unitary physical models. In representation theoretic terms, this is reflected in the 
difference between integrable versus admissible modules. It is still an open problem 
to define the (intrinsic) energy for general admissible modules. For g = sl results 
are available [9, 5, 10, 11]. However for general g details are not yet known in 
general. Some results in this direction can be found in [33]. 
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The Bailey-Rogers-Ramanujan group 


D. Stanton 


ABSTRACT. A certain group of upper triangular 2 x 2 matrices is explicitly 
defined via generators. Any element of this group has an associated multisum 
identity of Rogers-Ramanujan type. Several infinite families of identities are 
given as examples. Different expressions for an element in the generators can 
yield distinct identities. An application to the Borwein polynomials is given. 


1. Introduction. The Rogers-Ramanujan identities have many proofs [5]. 
One idea which has been fruitful [3], [16], [17] is the concept of a Bailey pair. 
This technique allows for iteration to objects called Bailey chains [3], and results in 
multisum generalizations of the Rogers-Ramanujan theorems to arbitrary modulus. 
The purpose of this paper is to define a group of 2 x 2 rational matrices, which 
contains the standard iteration of Bailey chains. Any element of this group has a 
corresponding identity of Rogers-Ramanujan type, in fact there may be many such 
identities. 

We review Bailey pairs and give the relevant transformations for Bailey pairs 
in §2. These transformations are written as 2 x 2 matrices in §3, where the Bailey- 
Rogers-Ramanujan group is defined in Definition 2. A Rogers-Ramanujan type 
identity is given for an element of the group in Theorem 1 in 84. Examples of the 
identities are given in §5 and 86, and an application to the Borwein polynomials is 
given in $7. 

We use standard notation for q-series found in [2], [12], and we shall also use 
the Jacobi triple product identity 


= 2 
(1.1) S) gq? 2” = (¢’, -a2, -4/239") oo. 
n=—0o 


2. Bailey pairs. In this section we review Bailey pairs, and give the versions 
of the transformations on pairs which are needed for the Bailey-Rogers-Ramanujan 
group. 

Recall [3] the definition of a Bailey pair. 
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DEFINITION 1. A pair of sequences (Qn(a,q), Bn(a,q)) is called a Bailey pair 
with parameters (a, q) if 


; a,(a, q) 
Bn (a, q) = FO 
d (93 @)n—r (49; V)ntr 
for alln > 0. 


The first example of a Bailey pair, which will be used throughout this paper, 
is the unit Bailey pair 


1. ifn =0 
0, ifn>0, 


(a; q)n (1 a aq?”) 
(q; Q)n (1 _ a) 
Bailey’s lemma [3],/17] takes a Bailey pair (a,(a,q),Gn(a,q)) and produces 


another Bailey pair (a/,(a,q), G),(a,q)) with parameters (a, q). One limiting case of 
Bailey’s lemma is denoted here by (S1) 


(-1)"q?). 


a) (a,q) = 


(UBP) (a,q) = 


2 
a.(a,q) =a"q" a,(a,q), 
(S1) We ak gk 
B,(a, 4) = S> Geek 
k=0 
If we start with (UBP), apply (S1) twice, we have 
2r_2r? (0) 


CO aes I 
O,, (a, q) > (q; q)n—r (aq; ie 


us aeg> 
(21) =) ————-. 
“= (G5 d)n—s(939)s 
The Rogers-Ramanujan identities modulo 5 occur if a = 1 and n > oo in (2.1). 
Another limiting case of Bailey’s lemma is 


a.(a, q) = a’! g” /2a,(a, qd), 


os Nay So (evaiae 


k=0 


2 
ak/2g*/23. (a, q). 


It is clear from the action on a,(a,q) that applying (S2) twice is equivalent to 
applying (S1) once. 

Some other transformations of Bailey pairs which changed the base q were 
given in [11]. The following three choices, denoted (D1), (D2), and (D3), all have 
(a1,(a,q), G,(a,q)) as a Bailey pair with parameters (a, q). 


al, (a, q) = (a, ¢?), 


(D1) 3! (a, q) = S- (=49q; qQ)2K q” © 6.(a?,@°), 


(050 nk 
al.(a,q) =a-"q7" a,(a?, ¢”), 


(D2) — (—aq; g)2k 


2 = m—T T= = TE 
Baa) = a )acn qo here ee a ear g), 
k=0 9 Tr 
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and 


—r/2 ma ee Ce q’), 


gu i/2-kg- 1/2. gh t3/2q1/2. q) 


al (a,q) =a 


(D3) GG. q) = »: (—aq; qQ)an( 


= (ag? e a7 naga nak 


x g~(2) (ag)~*/?8,.(a?, q?). 


The inverse versions of (D1)-(D3), denoted (E1)-(E3), follow from Theorem 2.2 
of [11]. To avoid fractional powers we choose to write (E1)-(E3) in such a way that 
(a! (a, q), B,(a,q)) is a Bailey pair with parameters (a*,q*) in each of these three 
cases. 


qd 


n—k 


al. (a*, q’) = a,.(a?, q’), 


(El) ee Ge aa acca oy B 
Pied) = > (=07975 0" on") @ nak Pala'sg’): 


F2 n 2k 2k? 
- Bata) =) aa 


ST Bela" 0°), 
= (—07q75 7 )an(Q*s W*) nk 


a’ (a*,g*) =a"q" a,(a?, @’), 
n 2 2 kk? 
aq; q° J2n—k\—4q;q7° Jka q 
BL (at, q*) = > AO a Jane Ogi ee 6 (a2, 92). 


k=0 (—a*q?; q7)on(q4; g* )n—K(a2q?; q*4)n 


(E3) 


For changing the base q to q® we have one possibility and its inverse, denoted 
(T1) and (T2). In (T1) (a/,, 6’) has parameters (a°,q°), while in (T2) it has 
parameters (a, q). 


2 
a’ (a Ga) =a" a, (a, q), 
(T1) 53 (aq; @)3n— pa” qr 


(a3.q3; q3)an(q3; G3) n— a (2,4), 


k=0 


a,.(a, q) =a q a, (a>, g°), 
(aqrt tg" )an(@ O°" at=e) 
(aq; @)2n(q?; G3) k 


x (—1)*g3l2)-”"a-"B,_ 4 (a2, a”): 

3. 2x2 matrices. In this section we realize the operations of §2 on Bailey 
pairs as 2 x 2 matrices. ‘These are the generators of the Bailey-Rogers-Ramanujan 
group in Definition 2. 

We are concerned with iterating the transformations (S), (D), (E), and (T) of 
§2. Our initial choice is always the unit Bailey pair (UBP) with a = 1. We shall 
also assume that each iteration yields a Bailey pair with parameters (1, q). We have 


2 
a(og) =o" a (ig): 


(T2) GB, (a, q) = 
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for some rational numbers A and B. Thus we need only keep track A and B while 
carrying out the iteration. 
We encode a transformation 


2 
a. (1, q) = q’" a, (1, q?); 
where (a/,(1,q), G/,(1,q)) has parameters (1,q), by the 2 x 2 matrix 
1 A 
0 Bl 
We next check that matrix multiplication on the right does correspond to the 
composition of transformations. If 


a yasge" ag? age 24?" ating”), 
the corresponding matrix is 
F Pa _ | F 4 
0 BD 0 B\|O DI 
With this notation we see that 


=| 3]. 69=[5 7]. @n=[5 3[-@2=|5 a]. 


e=[! V4]. on! Y8].en-[3 3] 


DEFINITION 2. The Bailey-Rogers-Ramanujan group is the subgroup of 2 x 2 
upper triangular rational matrices generated by 


{(S1), ($2), (D1), (D2), (D3), (E1), (E2), (£3), (L1), (T2)}. 


Even though (S1), (E1), (E2), (E3) and (T2) are unnecessary as generators, it 
will be convenient in the following sections to keep their designation as generators. 
There are other relations amongst the generators, for example 


(S1)(D1) = (D1)(S1),  (#2)(D3) = ($2). 
4. The Rogers-Ramanujan type identities. Let 
g — W1W2°°** Wk4+1 


be an element of the Bailey-Rogers-Ramanujan group, with each w,; a generator 
from Definition 2. Suppose that the corresponding Bailey pairs are 


(a), B), (a), BY), eee (ar, Bn), 


Let the corresponding relations for w;,, between Bo) and get) be expressed 
as 


ge) = S* MO p®, O<i<k. 


s;=0 
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We say that M™) is the infinite lower triangular matrix corresponding to w,41. For 
example, if w,; = (S1), then 


2 
M = g* /(q,q)n—k- 


THEOREM 1. Jf w = wyw2--+Wr41 1S an element of the Bailey-Rogers- Ra- 
manujan group, the corresponding finite Rogers-Ramanujan identity is given by 


g(k+l) — S~ M® ...MO, yO. = 
nm 1,S5k §2,51 $1, 
N>S$p2°1°25120 


k4+1 
n ar 


 (939)ntr(G39)n—r | 


where M™ is the infinite lower triangular matrix corresponding to wi41- 


PROOF. The first equality is the expression for get) as a (k 4+ 1)-fold sum 
over BS). This sum reduces to a k-fold sum because of the (UBP) condition. The 


right side expresses the fact that (afkt)) arr) is a Bailey pair with parameters 
(1,4). O 


Next we consider the n — oo limit of Theorem 1. Let 
WwW = W1W2::':WwW _|i A 
— 1 2 k+1 a 0 B 


The right-side of Theorem 1, using the (UBP) and the Jacobi triple product identity 
(1.1), approaches 


2A+B ,A+B A. zee) 
’ CO 


Gere gg 
(q3q)2, 


(4.1) (9 


The left-side will have a termwise limit if 


tim MM), = Me, 
exists. This is the case if we4; = (S1), ($2), (D3), (£2), (£3), or (71). If 
Wk+1 = (D1) or (F1), we see that 


lim mM) 


nN,N—Sk 
Mm— OO 


exists, so that the limit may be taken as long as 


Jim Myron se 
exists. It will exist if w, = ($1), (S2), (D3), (£2), (£3), or (T'1), otherwise we 
may need to replace s,_; by nm — sy_ 1 and continue. 

We also see that w, = (D2) or (T2) will lead to interesting identities, even 
though the termwise limit does not exist. Each term will be a Laurent series, yet 
the sum has a limit with no negative powers of g as n — oo. Several such examples 
are given in 89. 
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5. Single sum identities. In this section we record which single sum 
Rogers-Ramanujan type identities appear from words of length 2 in Theorem 1. 
In each case we have taken the n — oo limit in Theorem 1 and multiplied by the 
infinite product occurring in M&, Each of these identities has many multisum 
generalizations by considering longer words, a few are given in 86. 


Rogers-Ramanujan identity (Slater (18)): 


(si(st)=|5 7], 


o) Pia 

ee (9? 9° 9°39) o0 
— (95 9)s (4; Q)oo 
Bailey’s mod 9 identity (Slater (42)): 


ry(siy=|5 fel. 


2 
3 ess. (G0 40a es 


(PP )2s(P50)0 (935 doo 
Rogers’ mod 7 identity (Slater (33)): 


En(s1)=|4 Tol 


0 1/2 
2 
3 qs _ (9,0 Pd Joo 
“— (—q; 9)2s(9? 4")s (975 9?) 00 


Rogers’ mod 5 identity, (Slater (19)): 


EN(S1)= | 179 


 (-@Q)as(q?sq7)s (97 4? Joo 
Rogers’ mod 5 identity (Slater (20)): 


2 
3 ee (G20 3G es 


(2)(S2)=| 5 yo]. 


gE SM CG ah ae 
2. asa"), Gas 
Slater’s identity (36): 
_ fi 3/2 
(s1)(s2)= | 7], 


3 (—q; 1 )s os? = 1 
Ada) Che mr le aa ee 


Slater’s identity (39): 


(s2y(si) = | 27), 
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CO 82 
3 ¢ _ (8.9459) 00 
— (9°; 9°)s(-G 9*)s (973g )oo 
Slater’s identity (53): 
_ fi 5/4 
E381) =| Tol 

o-e) Px 

S- @ (Gd es _ (9'7, 0,9 9"*) 00 

por CCU i D Cave 


mod 4 identity: 
fa -1/2 
on ‘a 


yee (=o 4g (s— 1)? (GG) . 


— (q*5q*)s (GB Ao 


(o3y(si)=| 514?) 


mod 6 identity: 


O 2 
pm se q elt _ (9,45 a Joo 
= (97,973 9° )oo 
mod 8 identity: 


(E382) =| Sol. 


0 1/2 
>t q 49 a q it) ge _ (8,03 oe 
= (97, 9°; 4° )oo 


mod 12 identity: 


0 2 
s (=G 9") s 52425 = (Psd )oo 
a (a59")s Cer ace 
mod 12 identity: 
[1 5/6 
r1y(s2y=15 Yis| 
— (4°; q°)2s(9°; 9°). (98; q®) x0 


mod 4 identity: 


ies . (gig )ss(Q°id")n-s (_yys+1 3($)—n?4+3(n—s)4+1 _ 1 
n—00 — (9230?) : "AGP YG? Vc 
mod 2 identity: 
it ya 
(E3(12) =| Gh | 
tee: aed ae : 8) an? 
a aa, 


s=0 
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mod 10 identity: 


(s1y(D3)= |) °4?), 


1—2s 342s. 2 


lim 3 et Met Sg © _ GG Pid Joo 
es pie Vii 5(q*; q*)s (q*; 7 oe S (q?; q7)2, 


mod 7 eee 
i 
(sir)=|5 5). 


nr gas 57 
lim yo AT Patna (_ 1yegils)—n? — (a4? 0° goo, 
s=0 


(9°; q°)n 
mod 8 identity: 


fi 1/2 
be Ht s n? 
im So sala apa (— PP" _ sa as Pc 
a 2=() (q® me | 6) .(— qd rt igo rer 3q 2 oe (737 x3 
mod 5 identity: 


EN(T2) =| gho| 


Tip pce Ca Ue ala 
noo 4 ——(q®;.g®°) s(—93 g° Jarn—s)(9°5 9°) n (q2; g2) oo 
mod 2 identity: 
wwayir2)=|5 2], 


0 6 

san RNA eR a ie, axes 6(\sae 

lim pe a en) +1 q6(2) see (q; ee 

eee (@°; 45), 

mod 2 identity: 
i sg 

tim > (Piano ga ano Psa )s pats _ (GOV 
nee 520 (qtst?; G4) n—s (94; 4) n—s (94s Was (9°5 1" oo 


mod 2 identity: 
1 —-1 
(D1y(D2)= {5 |. 
ide _s __1\n—-stl s°+3s—2sn—n+4+1 
lim Xe a a ee eee a a 
RTs, (97; q?)n—s(q*; 94) (9°; 97) cx 
mod 2 identity: 


(s1)(D2) =|, |. 


2 
7 yo ase a (—9?5 4) oo 
n=100 (47507) w=se( 97307) “Narayes 
eat) ’ n—Ss ’ Ss G3; VW) oo 
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mod 6 identity: 
(1s) = | 4]. 


0 4 
2 
fe , -%; a AG ee eed eds 
n—00 gio q*)n—s(9*5 *)n—s (9° 9°) (P5q7 es 


mod 6 in 
(s2y(D3)= [514]. 


0 2 
—1-2s S =e" 
o >; mee eo aes a _ PG P59 )oo 
a. qist2: _3(q*; q*)n—s(q*; q*)s(—q?; q4)s (Qo a-)e. 


mod 6 ree 


rips) =|5, si]. 


2 
fi Pe Ce et Na _ FP Too 
tauren gi2st6. Cae mae CM Ear Cee 


6. Multisum identities. In this section we give several specific examples of 
multisum identities which correspond to group elements via Theorem 1. 
Andrews-Gordon identities, (k > 1): Since 


eer [1 k+1 


the result from (4.1) is 


2 2 
geit + 8}, Cee gut. "ii geet) 


= (q; Oto, (q; ree eee (q; Q)sx 7 (q; Q)oo 


81 28225 28K20 


Bressoud identities, (k > 2): Choose 
oa Ml, heed 
wrysi=|5 * 57), 


the result from (4.1) is 


~ g’site t8k-1t8K-1 
$1 >89>+>sp_1>0 (q; Geiss (q; @) a8. more (q; 7) eee (a7; (ae 


(93 Yoo 


mod 2” + 23 identities, (k +7 > 2): Choose 


wDyr(si'=| 5 sel 
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ej ge: I ats Stages 7 
Oe ce ce es a ake ee 
» k+i-2/_ 2i+1. g2i+] 
Morale enh ls (q; aes j=0 (q me )s.—j—8h—-j-1 
gki9i ok41g 4, ak49i 
(9; Q) oo 


If k = 0 these are the Andrews-Gordon identities, while for k = 1 they are the 
Bressoud identities. The 7 = 2 case was previously given in [11, Corollary 4.4]. 


mod i2*t! + 1 identities, (k + i > 2): Choose 


Ene(sty'=| 5 9'], 


QO Q-k 
> gq? (Sk+i—1 tt 8) ea (—1)8i+1—83 g?? (si41 85)” 
k+i-2 k. 9k II 2i+1, ,25+1 | 
segeadeSarreo=0 jak (PP Yoprmsy 50 FT Isjpa—sy (WP asi 
portly oP -299F gor rt 
AG gg ag ya as 
a Qk. ok 
(G" 0> és 


If k = 0 these are again the Andrews-Gordon identities, for k = 1 = 1 they are 
Rogers’ identities for modulus 5. 


mod (i + 1)2*+! — 1 identities, (k +1 > 2): Choose 


; _|1 1+i-2-* 
enrisy'= (9 I?" |, 


gq? (Sk+i-at +88) a 2? sf 


qd J 
S> ee nie. I] (qa ee 27. 


= 25 
Sk4i-12°7°281280=011j=k j=0 q 8441-33 ( Geng )2aje4 
(qgtt)2°7*—1 git 2 git D2F—1, g(ét1)2°F*—1) | 

Cae na 


If k = 0 these are again the Andrews-Gordon identities, for k = 1 = 1 they are 
Rogers’ identities for modulus 7. 


mod (21 + 1)3” identities, (k + i > 2): Choose 


(r1y'(s1)' = | re 


g? (Skti-it +88) 


2 


pykti-2; 3k, 3k\ 
dex a0 Se (q > eee 


k—-1 (q> : g? )3 q?’ s¥ 
y, a ee ee 
I Commie cae pte nae aaa ree 
: k . k Jo 3 k . k 
(q(2#+03 (2+) /2 1/2, g(2i+1)3 /2+1/2. g(2i+1)3 Ves 


(g? 30? \es 


If k =1 = 1 this is Bailey’s mod 9 identity. 
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mod 3’ + 2° — 1 identities (i > 1,k > 0): Choose 
(Dir) = F (1 ate P 


0 23 
k+i-2 3I-k 2) gj-k 3j-k 
S- q?Sk+i-1 I] q i(q 5 sei’ 
35—-k4+1, a7 -k+t 3I-k+1, 3j-—k+1 
Sk4i-1>°'>81>s80=0 j=k (q > Jase (a me] Des $j 


os (s —Ss 2), 23 

TS oe aoe 1)(— q? > ) Die 
q?t': q2?*") 

7=0 Sk—j —Sk—j-1 


a k a a a k 
(q3 42 Lg? +(3 1)/2 g(3 1)/2. @3 42 Dy. 
(Gog Nes 


If k = 1 = 1, this is the special case of the g-binomial theorem, which says that 
partitions of N into odd parts are equinumerous with partitions of N into distinct 
parts. 

We next give examples of mod 11 identities which are double sums. Any word 
W = W1W2W3 


with (2A + B)/B = 11 will give such an identity. A Mathematica run finds all 16 
such words. These 16 words give 6 distinct identities. We list these 6 identities 
along with a representative word. 


isernisiy=|5 oi] 


0 1/3 
2 2 
(6.1) > PG a)asi-s2 (9? "1" oo 
fare (15 1) 251 (975 4?) 51 -52(45 9) (B5P)oo 
_ [1 5/4 
Eenensy)=|5 Sal 
2 2 
a ae 
sooo (793 TJ 281 (G95 1") 51-52 (—G W282 (975 9") 52 (qt;q4)o0 


(£2)(2)(82)=| 5 Ta 


2 2 
(63) ee) (PP Goo 
ssreg (705 1) 251 (G45 G*) 51-52 (—G 4) 252 (975 97) 82 (q8; q8)o0(q2; G4) 00 


(e2(81)(81) =| S| 


2s2+2s? 


(6.4) ~~ om 


81,82>0 (q > Veen (Os G )5en(0-307) 2s 7 (07. gis 
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Enesy(sy)=|5 Sal 


0 1/4 
(6.5) 
2 2 
3 GBM" (=G VP )o(GE )ae—s (Ps GG" oo 
scare (793) 281 (075 1) 51 (945) 51 -52(—G W252 (975) 50 (q4: 94) 
(F1)(T1)(s2) = |) °/6 
0 1/6|° 
2 2 
(6.6) GID HPP aGsC)ai-s _ (GaP gg" )oo | 
Ree, (G°: @° Jou, (G°sG" Jey e(— Gs Q)2s2(q73 Ges Lg)? 39!“ )e5(9°2 @° es 


Note that the 2nd, 3rd, and 5th identities are distinct even though they corre- 
spond to the same group element. Perhaps the easiest version of this is ($1)(S2) = 
(S2)(S1), see §5. 

These six identities, particularly (6.2) and (6.5), are reminiscent of, but not the 
same as, Andrews’ mod 11 identities in [4], one of which is 
3 (9; Q)antag(—1)ig’® H2PIt8F49 (G5, 8, g!4; g'4) 
Kao (GP nl P3 7) 5 (G45 Fant; (945. q4)o0 


Perhaps the most exotic double sum which appears corresponds to 


myrisy =|, Ye). 


0 1/9 
3 ___ PEN gh a) se9m (G5 Dsen___ DT PE co 
51,82>0 (q qd rn ke me seer a! oa (q° 0°) 5; (q?; @?)oo 


There are 348 words w = w ,w2w3w4 of length 4 with corresponding integer 
values of 11B/(2A + B), these could lead to 202 possible triple sum identities 
modulo multiples of 11. 


7. Borwein polynomials. In this section we use the group element 


c= [5 1) 


to find alternative forms of the Borwein polynomials. 
These polynomials were defined by Andrews [6] as 


k k(9k—1)/2 
= 2 ln ~ ae —1)"q 


-> oe i]. e 1)Fgh(ok+8)/2 
n— — 
a> ane HH ‘|. = 1)kqh(Qh-7)/2, 
n— 3k + 


THE BAILEY-ROGERS-RAMANUJAN GROUP 67 


A conjecture of P. Borwein is equivalent (see [6], [9], [15]) to the conjecture that 
An(q), Bn(q), and C,,(q) have non-negative coefficients as polynomials in g. We 
give in Theorem 2 an alternative form of these polynomials. 

First we review some the hook difference polynomials, which may be defined 
by [7] 


Dr a.B — 5 KA+i)(at+B)-K N+M 
ail, M; ’ )(q) q' r )( ) BX | | 
q 


N—-KxX 
A=—0Oo 
7 = \(KA-i)(a+B8)—KBA+Bi N+M 
ey) ae ee 
A=—0O q 
Note that 
— [N+M ee ot 
De.3(N, M; a, B,q) = ye iy = of (=1)*93* (a+ 8)/2+3k(a—B)/2. 
k=—oo q 


De3(N, M; a, B,q) =De3(M, N; B, a, q) 
De,3(N, M; a, 8,9) =a" Do3(M,N;3+ M—-N—a,3-M+N-,q"') 
so that 
An(q) =De¢3(n, nN, 4/3, 5/3, q) = De.3(n, nN, 5/3, 4/3, q), 
B,(q@) =De6.3(n _ l,n 2 i; 7/3, 2/3, q) = De.3(n = 1, ee i 2/3, 7/3, q), 
Cn(q) =De.3(n + 1,n — 151/38, 8/3, q) = q” ~'Dg.3(n +1,n— 1;2/3, 7/8, qe). 
It is known [7] that if a and @ are positive integers satisfying 
a+tB<K, -i+B<N-M<K-—i-a, 


then the Dx i(N, M; a, 8)(q) has non-negative coefficients. The next proposition 
realizes fractional values as an element of a Bailey pair. 


PROPOSITION 1. For (T1), 
l. of Bn = (459) 2n Do,a(n,n; a, 8,4), 
then 8}, = (4°; 9°) an, Deo,a(n, n; 1+ a/3,1+ 8/3, 93), 
2. if Bn = (43 9)2,,De3(n—1,n +1; a, 8,4), 
then G1, = q(q°; gon Doa(n — 1,n +1; (5+ a)/3, (1+ B)/3,¢°). 


PROOF. If a= 1 in a Bailey pair, we have 


nm 


Palla) = (4:dan [yg] aC 9) 


k=0 
For part (1) choose 
1 ifk=0, 
A, = (—1)K g3K*(e+6)/2(g3K (a—8)/2 a Ge): ifk=3K> 0, 


0 otherwise. 
so that 8n(1,q) = (a;¢)3, De.3(n,n; a, B,q). Applying (T1) we see that 


6G 7 )5. Dea nio’ 28 a); 
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where 
3(a + B)/2+9 =9(a' + B')/2, 3(a— B)/2 = 9(a’ — B’)/2. 
The solution is a’ =1+a/3, @ =14+ 6/73. 
For part (2), choose non-zero values 
2 
Og (dha * Serre eer Bie? 
2 
ape lg Oe ee 


and apply (T1). 0 


Now we use the known values [13, Proposition 2] 


(q?;q?)n-1 
D6,3 n, 1, esa! = (1 ae q”)——_ 
(s@) nea 
= . ee a 
De3(n + 1,n — 1;1,2,q) = Dea(n —1,n + 1;2,1,¢) = ee 
q3,q n—1l 


to obtain from Proposition 1 the following theorem. 


THEOREM 2. We have 


” (4; 9)3n— 3n—k] (9°39? )—1 
de - pg + (9; 9)3n—3k 3k ‘| | ee 9G"), 
(q°) = A (35) n—k 2k} (Ga)k-1 awe 
-@)3n— 3n—k] (q°5q°)e-1 
B, 3) _ Hehe k? | | pe Tres 
qBn(q") = (93; @)n— 2k}, (G5 @)K-1 
”. (q;9)3n—3k 42an[38n—k] (q3343)e—1 
aC. ON 23 (95 @)3n—3k k’+k | | a 
q (q°) > (93; @?) n—k 2k ; (93 Q)k—1 


Finding the n — oo limits of Theorem 2 gives the mod 27 identities in Slater 
[14]: (93), (91), and (90) respectively. 

Unfortunately Theorem 2 does not establish positivity for the polynomials, but 
new recurrences do follow from Theorem 2 using Axel Riese’s q-Zeil package. If 

= qB,(q°) or q*C;,(q°) then we have 


—— "ae aft oe ts go ig an ge? a ger a 
4 q78(g8 + g9 +g” + gort3 4 gtt3” 4 git8n)y 
~9"""(1 +94 07)(959)3n-6/(9°5 9" )n-2, n> 2. 
8. Remarks. One may ask where the second Rogers-Ramanujan identity 


appears from the Bailey-Rogers-Ramanujan group. The group may be extended by 
a simple transformation on Bailey pairs (see [11, Proposition 4.1]) which puts 


6,(4) 4) =¢" Galls@): 


The full Andrews-Gordon identities then appear. However once an element of type 
(D), (E) or (T) is used in our word the base g has changed, and only certain linear 
exponents may be inserted. These, in turn, allow special sets of excluded bases on 
the product sides. An example of these choices is given in [11, Corollary 4.4]. 
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Some of the sums involving lim,-_,., in 85 have striking finite forms. For ex- 


ample, the finite sum factors to 


(¢,9°5q°)n " 
(9°; q°)on oe, 


(Gg snail a" "> for: (h3) (12), 
(q39°)n—3(G3 7° )n+3 for (D3)(T2), 
(q3 97) n4+2(93 7" )n—2 

a; gq? Jan 
1—q*"—q 
Chee q? )an 


for (D3)(D3), 


2n+1 
for (D1)(D2). 


Perhaps these elements of the group are particularly useful. 


Another large set of infinite families of multisum Rogers-Ramanujan identities 


has been given by Warnaar [15]. 


A combinatorial interpretation of the Rogers-Ramanujan identity which corre- 


sponds to a general element of the Bailey-Rogers-Ramanujan group is not known. 
Some preliminary work on the mod 2* + 2i identities for i = 2 has been done by 
Bressoud [10]. 


Acknowledgment. The author would like to thank David Bressoud, Tina 


Garrett, and Mourad Ismail for their contributions to this work. 


1 


15. 
16. 


References 


A. Agarwal, G. Andrews, and D. Bressoud, The Bailey lattice, J. Indian Math. Soc. 51 (1987), 
57-73. 


. G. Andrews, The Theory of Partitions, Cambridge University Press, New York, 1976. 


, q-sertes: their development and application in analysis, number theory, combina- 
torics, physics, and computer algebra, CBMS Regional Conference Series in Mathematics, 66, 
AMS, Providence, R.I., 1986. 

, On Rogers-Ramanujan type identities related to the modulus 11, Proc. Lon. Math. 
Soc. 30 (1975), 330-346. 

, On the proofs of the Rogers-Ramanujan identities, IMA Volumes in Mathematics and 
its Applications, vol. 18, 1989, pp. 1-14. 

, On a conjecture of Peter Borwein, J. Symbolic Comput. 20, 487-501. 


. G. Andrews, R. Baxter, D. Bressoud, W. Burge, P. Forrester, and G. Viennot, Partitions with 


prescribed hook differences, Eur. J. Comb. 8 (1987), 341-350. 


. D. Bressoud, A generalization of the Rogers-Ramanujan identities for all moduli, J. Comb. 


Th. A 27 (1979), 64-68. 

, Ihe Borwein conjecture and partitions with prescribed hook differences, Electron. J. 
Combin. 3 (1996). 

, private communication (1999). 


. D. Bressoud, M. E. H. Ismail, and D. Stanton, Change of base in Batley pairs, Ramanujan J. 


4 (2000), 435-453. 


. G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cam- 


bridge, 1990. 


. M. E. H. Ismail, D. Kim, and D. Stanton, Lattice paths and positive trigonometric sums, 


Const. Approx. 15 (1999), 69-81. 


. L. Slater, Further identities of the Rogers-Ramanujan type, Proc. Lon. Math. Soc. (2) 54 


(1952), 147-167. 

S. Warnaar, The generalized Borwein conjecture. I. The Burge transform, preprint (2000). 

, Supernomial coefficients, Bailey’s lemma and Rogers-Ramanujan-type identities. A 
survey of results and open problems, Sem. Lothar. Combin. 42 (1999). 


70 


Ey. 


D. STANTON 


, 00 years of Bailey’s lemma, preprint (2000). 


SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA 55455 
E-mail address: stanton@math.umn.edu 


Contemporary Mathematics 
Volume 291, 2001 


Multiple Polylogarithms: A Brief Survey 
Douglas Bowman and David M. Bradley 


ABSTRACT. We survey various results and conjectures concerning multiple 
polylogarithms and the multiple zeta function. Among the results, we an- 
nounce our resolution of several conjectures on multiple zeta values. We also 
provide a new integral representation for the general multiple polylogarithm, 
and develop a q-analogue of the shuffle product. 


1. INTRODUCTION 


In recent years, nested harmonic sums have attracted increasing attention in 
both the mathematics and physics communities. The sums occur within the con- 
text of knot theory and quantum field theory, yet their rich structure offers much 
to fascinate theoreticians in such diverse areas as algebra, number theory, and com- 
binatorics. Multiple polylogarithms generalize the aforementioned nested sums, 
as well as the Riemann zeta function and the classical polylogarithm, while still 
retaining many interesting properties. Their study has led to many beautiful yet 
unproven conjectures, including evaluations at arbitrary depth discovered with the 
use of recently developed integer relations-finding algorithms and high precision 
numerical computations in the thousands of digits. 

Multiple polylogarithms [13, 46, 48] are multiply nested sums of the form 


k 
(1.1) ig ey (ete) >: Li 


ny>>np>O0 j=l 


where s},...,8, and z,,...,2, are complex numbers suitably restricted so that the 
sum (1.1) converges. Instances of multiple polylogarithms have occurred in several 
disparate fields, such as combinatorics (analysis of quad-trees [41, 59] and of lattice 
reduction algorithms [37]), knot theory [24, 26, 25, 60, 61, 77], perturbative 
quantum field theory [7, 19, 20, 22] and mirror symmetry [55]. There is also quite 
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sophisticated work relating polylogarithms and their generalizations to arithmetic 
and algebraic geometry, and to algebraic K-theory (8, 27, 28, 46, 47, 48, 79, 80, 
81]. 

Figuring prominently are the nested sums (1.1) in which each z; = 1. These 
latter are now commonly referred to as multiple zeta values [12, 13, 17, 68, 82! 
and are denoted by 


k 
(1.2) (Giese “Y,. . Vine 


Ny>>np>O jJ=1 


The study of such sums goes back to Euler [39], who showed that 
m—2 

(1.3)  2¢(m,1)=m¢(m+1)- So C(m—5)C(G +1), 2SmeEZ. 
j=l 

It can be shown that the sum (1.2) is absolutely convergent in the region 


{(s1,...,5n) EC": SS R(s;) >rforl<r<k}. 
j=1 
(The condition given in Proposition 1 of [83] is insufficient to guarantee absolute 
convergence. ) 

Define the depth of the multiple polylogarithm (1.1) to be the number k of 
nested summations. A good deal of work on multiple polylogarithms, and more 
specifically multiple zeta values, has been motivated by the problem of determining 
which sums can be expressed (say polynomially with rational coefficients) in terms 
of other sums of lesser depth. Settling this question in complete generality is cur- 
rently beyond the reach of number theory. For example, proving the irrationality 
of expressions such as ¢(5,3)/¢(5)¢(3) appears to be impossible with current tech- 
niques. Nevertheless, considerable progress has been made with regard to proving 
specific classes of reductions, even at arbitrary depth. The first nontrivial success 
at arbitrary depth was the settling [12, 13] of Zagier’s conjecture [82] 


D7 4n 

(isd) (8 a) ees 9 eres ay cr eee (in + 2)0" 
2n n 
in which the 2n and n beneath the underbraces in (1.4) denote the depth of the 
respective multiple zeta values. Subsequent work (see eg. [16, 17, 18]) has largely 
focused on developing a suitable framework for dealing with ultimately periodic 
argument strings in general, and additionally sums of multiple zeta values whose 
set of argument strings is fixed by the action of certain subgroups of the group of 
permutations. 

It is instructive to trace the development of the subject and see for oneself 
how ad hoc techniques and considerations have in many cases evolved into more 
systematic methods of ongoing interest. In this connection, one might begin by 
citing the partial fractions technique of Euler [39] and Nielsen [67], subsequently 
employed by many others eg. [10, 15, 52, 56, 64, 66, 76], and which Ohno re- 
cently parlayed in his exceedingly clever proof of the cyclic sum formula [57, 69]. 
Techniques based on elementary integration formule and identities for special func- 
tions tailored to specific examples eg. [9, 10, 38, 66] have evolved [11, 13] into 
quite general, sophisticated, and powerful analytic methods [16, 18]. The naive 


O<neEZ, 
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approach of deriving elementary series transformation identities and solving the 
resulting systems of linear equations [15, 72], used to prove reducibility results of 
depth three or less, has been largely superceded (eg. by methods based on contour 
integration [40]) and supplanted by considerations of the shuffle and stuffle [13] mul- 
tiplications, and relatedly the harmonic algebra and the algebra of quasi-symmetric 
functions [53, 54, 57]. 

Computational issues—both numeric and symbolic—have also come into play. 
Relations satisfied by multiple polylogarithms, and multiple zeta values in partic- 
ular, can be exploited by symbolic computer algebra systems to prove reductions 
of small weight [65]. (Here the weight of the multiple zeta value (1.2) is simply the 
sum of the arguments s;+---+s,.) Interest in high-precision, rapid computation of 
multiple zeta values [35, 36] (see also [13, §7.2]) has been stimulated by the ability 
to numerically hunt for or rule out identities (to a high degree of probability) with 
the aid of recently developed integer relations-finding algorithms [42, 50, 62). 

In addition to the as yet unsolved problem of classifying all possible relation- 
ships between multiple zeta values at positive integer arguments, one can also con- 
sider (1.2) as a function of the complex numbers s),...,5, and consider ques- 
tions regarding analytic continuation, trivial zeros, and values at the non-positive 
integers. The analytic continuation of (1.2) in the case k = 2 was established 
by Atkinson [5] via the Poisson summation formula, and later by Apostol and 
Vu [3], who used the Euler-Maclaurin summation formula. Subsequently, Arakawa 
and Kaneko [4] proved that if s2,...,s, are fixed positive integers, then (1.2) can 
be meromorphically continued as a function of s; to the whole complex s -plane. 
The analytic continuation of (1.2) as a function defined on C* was established by 
Akiyama, Egami and Tanigawa [1] using the Euler-Maclaurin summation formula. 
An independent approach due to Zhao [83] uses properties of Gelfand and Shilov’s 
generalized functions [44]. Zhao also attempts a discussion of trivial zeros for k < 3. 
To our knowledge, no-one has yet determined the trivial zeros of (1.2) for general 
k. 

The issue of values of (1.2) at the non-positive integers is subtle, since for k > 1 
the result will in general depend on the order in which the respective limits are 
taken. Thus, for example, if n is a non-negative integer, s(k,7) and S(k,7) denote 
the Stirling numbers of the first and second kind, respectively, and B; denotes the 
jth Bernoulli number, then [2] 


(—1)"t2 A (—1)* +9719 (n + 1,3) 


Relies a ce Ss 
whereas 
k 
1 s(k,7)B 
| yee EQ SE) Bint 
Jim, + > lim, _ im | 6(s1, ...,8k) = (-1)"6n.0 (k— 1)! 2 cio 8 
where 6,9 = 0 if n > 0 and 69.9 = 1. In particular (cf. also [83]) 
li li C( = : but lim lim ¢( = : 
m, lim, s — m s 
810s ee a 82-70 81 a 12° 


We are unaware of any systematic treatment in the case of arbitrary non-positive 
integer arguments. 


74 DOUGLAS BOWMAN AND DAVID M. BRADLEY 


1.1. Notation. Let o),...,0, € {-1,1}. We will have occasion to discuss 
the particular sums of the form 


k 
(1.5) Lig, i021 l Oo dey Oe) = S- a I] n. 
j=l 


ny>>n,>O 


in which 0 < x < 1 is real and s,,..., 8, are positive integers with = s; =o, = 1 
excluded for convergence. Accepted practice dictates that (1.5) may be abbreviated 
by ¢2(s1,.--., 8%) with a bar placed over s; if and only if oj = —1. When z = 1, 
these are called Euler sums. Thus a multiple zeta value is an Euler sum with 
no alternations. We adopt the convention that ¢,() := 1 when no arguments are 
present (k = 0). We also drop the subscript x when x = 1 since ¢)(s1,..., Sx) 
agrees with (1.2) when each s, is bar-free. For example, 


eae (ae BL 1 
-~ m 


n=1 m= 


a 


It will be convenient to abbreviate strings of repeated arguments by using exponen- 
tiation to denote concatenation powers. Then the first two members of (1.4) may 
be written ¢({3, 1}”) = 47-"¢({4}”). 

Finally, as customary the Gaussian hypergeometric function and the logarith- 
mic derivative of the Euler gamma, function are denoted by 


oe (a+j)(0+3) TY 
i hel leaners (i+ ies) and w=— 


respectively. We also abbreviate the set of the first k positive integers {1,2,...,k} 
by N, ks 


2. STUFFLES 


For the sake of brevity and simplicity, we shall restrict the discussion in this 
section to multiple zeta values. For a discussion of the more general polylogarithmic 
case, see [13]. 

As Hoffman [57] observed, one can view multiple zeta values as values of a 
homomorphism on a commutative Q-algebra in two ways; the Q-algebra multi- 
plications have been referred to elsewhere [13] as “shuffle” and “stuffle.” It is 
conjectured that all relations between multiple zeta values are a consequence of the 
collision of the two multiplications, provided one admits the divergent sums (1.2) 
with s; = 1 (suitably renormalized) into the model. However, there seems little 
hope of proving this conjecture in the near future, and at present a wide variety 
of analytic, algebraic, and combinatorial techniques are used to prove identities for 
multiple zeta values. 

Stuffle relations, or more simply stufles—see §3.1 and 85 below for a discussion 
of shuffles—arise when one multiplies two nested series of the form (1.2) and expands 
the product distributively. Thus if u and v are (ordered) lists of positive integers, 


then 
So C(w 


WEUKU 
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where u * v is the multiset defined by the recursion 
(2.1) suxtu = s(uxtv) Ut(suxv) U(s4+t)(s * ft), 1<s,teZ. 


In (2.1) it is to be understood that if M is a multiset of lists and a is an integer, 
then aM denotes the multiset of lists obtained by placing a at the front of each list 
in M. For example (s,t) * u = {(s,t,u),(s,t + u), (s,u,t),(s +u,t), (u,s,t)} and 
correspondingly ¢(s,t)¢(uw) = C(s,t, u) +¢(s,t+u)+C(s, u, t)+¢(s+u,t)+C(u, s, t). 

Let f(|u|,|v]) denote the number of lists in u * v. The recursive decomposi- 
tion (2.1) shows that the generating function 


F(a,y):= S> So f(mn)2™y” 
m=0 n=0 
satisfies the functional equation F(z,y) =1+2F(z,y)+yF(2,y)+ryF (az, y). It 
follows that F(x, y) = (1—2—y-—zy)~? and hence that 


m min(m,n) 
m\ (n+k n\ (m\., 
oo smn Z (2) OO)" 
k=0 k=0 

One can also give a direct, combinatorial proof of (2.2) by considering how the 
indices interlace in the product of two nested series of the form (1.2). 

There are interesting connections between stuffles, polyominoes, and codes 
which we briefly indicate. To begin, note that a stuffle counted by f(m,n) can 
be viewed as a pair (¢, w) of order-preserving injections 


@: Nm — Nr, wy: Ny, — N, 


where r is chosen so that max(m,n) < r < m4 n and the union of the images 
of ¢ and yw is all of N,. One can associate to such a pair a sequence of integers 
bi,...,bm by defining a; = ¢(1) — 1 anda; = 69) - 9-1) -1for2<j<m 
and then letting 

h. = { —a; if d(j) is in the image of 7%, 

iJ | a; otherwise 


for each 7 € Nm. Since ¢ is order-preserving, a; > O for each 7 € Np» and 
ee |b;| = o(m) —m <n. Conversely, given a sequence of integers b1,..., bm sat- 
isfying pee lb; | <n, the pair (¢, =) is uniquely determined. Let p = |{j : b; < O}}. 
We have r= m-+n-—p, $(1) = |bi|+1 and (7) = (yj -1)+|bj|4+1 for 2 <7 <m. 
Put w(j) = (j) if b; < 0. The remaining values of 7 are determined by the re- 
quirement that it be an order-preserving injective map of N,, to N,. Thus, there is 
a one-to-one correspondence between the stuffles counted by f(n,m) and the sets 
of integer lattice points whose cardinalities satisfy 


{(b1s-+- sm) eZz™:S |b; <n} { (bisa) EZ”: S— |b;| <m} 
i 


j=l 
the identity (2.3) holding in view of the obvious symmetry f(m,n) = f(n,m). 
Define an n-dimensional polyomino formed by adding m coats to a single-celled 
polyomino, where a coat consists of just enough cells to cover each previously ex- 
posed (n—1)-dimensional face. There is clearly a bijection between such polyominos 
and the second set of lattice points (2.3). The relationship is explored in greater 
detail in [45]. 


(2.3) 
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3. INTEGRAL REPRESENTATIONS 


3.1. The Drinfeld Integral. There is also a representation for multiple zeta 
values in terms of an “iterated” (Drinfeld) integral due to Kontsevich [82]. For real 


0 <a <1and positive integers s,,..., 8, with x = s; = 1 excluded for convergence, 
we have 
at at?) 
(3.1) Ge Siyentgs o-/T (TI 1) Sr oor 
P=. $j 


where the integral is over the simplex 
PS Susi seca) See SO, 


and is abbreviated by 


x k 
(3.2) f[ There, a=dt/t, b=dt/(1—t). 
0: 


Making the simultaneous change of variable t + 1—t at each level of integration 
and then reversing the order of integration makes transparent the duality identity 
for multiple zeta values: 


(3.3) C(s1 + 2, {1}, .--5 8% +2, {1}") = C(re + 2,1}, -- 21 + 2,11"), 


first conjectured in [52] and proved in [82]. 
A related integral representation enabled Ohno [68] to prove the following 
beautiful generalization of (3.3). Let 


S(pi,---spasm):= > C(pr +e1,...;Pn +n); 


Cit: :+cn =m 


where the sum is over all non-negative integers c},...,C, which sum to m. As 
in (3.3) define the dual argument lists 


Oo (SpE 24 1t ee P21} ) 
and 
p := (rye +2, {1}**,...,71 +2, {1}*). 


Then [68] S(p;m) = S(p’;m). When m = 0, Ohno’s result reduces to (3.3). Another 
interesting specialization is obtained by taking p = (k +1) and m=n-—k-—\1; 
one then deduces Granville’s theorem [49], originally conjectured independently by 
Courtney Moen [52] and Michael Schmidt [64]: 


S Cesegen) =m), 
Site +Sp=n 


where the sum is over all positive integers s1,...,5, which sum to n and s; > 1. 
The iterated integral representation is also responsible for a second multiplica- 

tion rule satisfied by multiple zeta values. Suppose that z, y € Rand f; : |y,z] -R 

are integrable functions for 7 = 1,2,...,n. It is customary to make the abbreviation 


(3.4) [ WE — / [| fis) ae;, 7 = J, (t; yal; 


jt a>ty>te>-->tr>y I=! 
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with the convention that (3.4) is equal to 1 if n = 0 regardless of the values of x 
and y. There is an alternative definition of iterated integrals which explains their 
name. For 7 = 1,2,...,n again define the 1-forms a; by a; := f;(t;) dt;. Then put 


(3.5) [crea — | SAG) Sf e2--andt, ifn >0 
y 1 ifn = 0. 


Expanding out this second definition, it is easy to see that it coincides with the 
definiton as an integral over a simplex. Both definitions occur frequently in the 
literature. 

Clearly the product of two iterated integrals of the form (3.4) consists of a sum 
of iterated integrals involving all possible interlacings of the variables. Therefore, 
if we denote the set of all (m+ n)!/m!n! permutations o of the indices Ny+n 
satisfying 0 1(j) < a 1(k) foralll <j <k<mandm4+1<j<k<m+nby 
Shuff(m, 7), then we have the self-evident formula 


oo (fTe)(f Te) > f Bow 


j=l ¥Y j=m+1 oa €Shuff (m,n) 


and so define the shuffle product WwW by 


m m+n m+n 
(3.7) (II) LL ( I] a; ) = S- I] egy 

4=1 j=m+1 o€Shuff(m,n) j=1 
Thus, the sum is over all non-commutative products (counting multiplicity) of 
length m+n in which the relative orders of the factors in the products a ,a2---Qm 
and Qm+41Qn+2°*''A@m+4n are preserved. The term “shuffle” is used because such 
permutations arise in riffle shuffling a deck of m+n cards cut into one pile of m 
cards and a second pile of n cards. 

The study of shuffles and iterated integrals was pioneered by Chen [30, 31] 
and subsequently formalized by Ree [74]. As with the case of stuffles, one can 
view an element of Shuff(m,n) as a pair of order-preserving injections (¢, ~) where 
now @: Nn — Nmin andy: Nz, -— Nin have disjoint images. One can 
then define a vector (a1,...,@m) of non-negative integers by a, = $(1) — 1 and 
a; = oj) - oy — 1) — 1 for 2 < 7 < m. Since ¢ is order-preserving, a; > 0 
for each 7 € Np and SY, a; = ¢(m)—m < n. Conversely, if we have such a 
vector of non-negative integers, then ¢(1) = a; + 1 and ¢(j) = dj — 1) +4; +1 
for 2 < 7 < m defines an order-preserving injection @: Nm — Nmin, and hence 
a shuffle. Thus, there is a one-to-one correspondence between Shuff(m,n) and the 
sets of non-negative integer lattice points whose cardinalities satisfy 


{ (aay --s0m) E ZB : >| 4; <n} = { (a... E ZS: S_ a; <m}|, 
j=l 


j=l 
the latter identity holding in light of the fact that Shuff(m, 7) is clearly symmetric 
in m and n. A deeper study of the algebra and combinatorics of shuffles leads to 
an alternative proof of (1.4) and generalizations thereof; see §5. 


3.2. A New Integral Representation. In light of the usefulness of the var- 
ious integral representations, it may be of interest to give here a new integral 
representation for (1.1). The new representation appears to embody properties of 
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both the Drinfeld and partition integrals of [13], and therefore may be useful in 
proving certain results for multiple polylogarithms which have thus far withstood 
attacks based on traditional methods. The derivation employs MacMahon’s Omega 
operator, which discards terms with non-positive exponents from formal Laurent 


series in A1,...,Ax-. Thus, in view of (1.1), if 0 < 21,...,2,% <1, we may write 
10 eee (Dis vee Tk) 
k 
—oc.- NT 5 
=. OT) Saas) 5s, Dosa 
al n;>0 


k 
= AL Hirh 2jAjAj_) 


sj—1 du) Ge du? 
Il 7) —— (7) 


Vj rj 5. q- ue 


- 


j=l 


I>ul?>-->uY)>0 


k aie, ; fore) 
9 f(T) Gan ayy aap 
j=1 r=1 j=l 


Sul? > >uy)>0 


a fr du? : y\ 5 du 
feo CM or) fe)” Sg 


g=1 * r=1 mi>:>m,>O j=l 


where A(s) denotes the set of all integration variables satisfying 
L>uf) > ug? >--->u® > 0 
for 7 = 1,2,...,k. Since 0 < y; < 1 for each 7 = 1,2,...,k implies 


k oO oO 
m5 n +---+n n f--+n n 
S lL] ) ae ) Yi © Ya * ee 
ny=1 


my>->mp>0 j=l ne=l 


Yo 12 2 Yk 
l—-y. 1l-yiy2 1l—yiye--- yn’ 
it follows that 


j ay (3) 
du 
= (m) £ 
(3.8) Elsi. es ae -, Zk) _ baal I ( Il PES a, ) II (7) \. 


r=1 Ur 


where 7(x) := 2/(1— 2). 


4. GENERATING FUNCTIONS 


In many cases, generating functions provide the best means of stating reduc- 
tions involving one or more parameters. A specific example of this which also 
illustrates how knowledge of the subject has progressed is given first. We then out- 
line a systematic approach for tackling multiple zeta values with periodic argument 
lists, followed by additional examples to illustrate the richness of the theory. 
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4.1. Two-Parameter Symmetry. In connection with Euler’s result (1.3), 
Markett [64] derived 


C(s,1,1) = Za(s+1)C(s +2) — 5(s— N)62)¢(8) — FFs n= Hen +3) 


s—4 n 
(4.1) + g Sls m= 2) Lo Gln —m + 2}6m +2), 3<sE€Z, 


m=0 


via elementary but intricate series manipulations and partial fraction identities. An 
equivalent formula is proved in [10] using elementary facts about the dilogarithm, 
the polygamma, function and the higher derivatives of the Euler beta function. For 
larger values of n, the representation of ¢(s, {1}”) in terms of values of the Riemann 
zeta function becomes increasingly complicated. Nevertheless, there is an elegant 
generating function formulation which we restate here. 


THEOREM 4.1 ({11]). The bivariate formal power series identity 
42): Soyer a) 


k=2 


(at + yt — (e+) ct) } 


a 


holds. 


COROLLARY 4.2. Let n and s be non-negative integers with s > 2. Then 
C(s,{1}") lies in the polynomial ring Q[¢(2), ¢(3),...,¢(s + n)]. 


By comparing coefficients of x°~ty”"*! on both sides of (4.2), one sees that in 
fact, C(s, {1}”) is a rational linear combination of products of Riemann zeta values 
such that the sum of the arguments in each product is equal to s +7. Moreover, 
Euler’s result (1.3) is an immediate consequence of comparing coefficients of x°~ty?. 
Similarly, Markett’s formula (4.1) can be obtained most easily by comparing coeffhi- 
cients of z°~1y?. Finally, as the right hand side of (4.2) is evidently symmetric in x 
and y, the left hand side must also be. Thus Theorem 4.1 implies the special case 
C(m4+2, {1}") = C(n+2, {1}™) of the duality formula (3.3). It would be interesting 


to find a generating function formulation of duality at full strength. 


4.2. Periodic Argument Lists. Results such as (1.4) and (4.2) suggest that 
one might profit from a more systematic study of multiple zeta values whose ar- 
gument lists form an ultimately periodic sequence. This is indeed the case; such a 
study forms the basis of some of our current work in progress [18]. 

4.2.1. Period One. The case of all identical arguments is quite well understood. 
Nevertheless, there are a few items of interest worth recording here, in particular a 
connection to the problem of determining the number of unordered factorizations 
of an integer. 

For #(s) > 1, equation (1.2) implies 


(4.3) Soectsy “II (++ =) 
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If in (4.3) we take s to be an even integer, say s = 2n where n is a positive integer, 
then we may rewrite (4.3) in the form 


(4.4) So (—1)M2"¢({2n}*) = T] sine(atp?), 
£0 j=0 


where p = e™/” and sincx = sinz/x for x # 0; sincO := 1. The identity (4.4) 
is one of many possible generalizations of Euler’s formula for ¢(2n), and moreover 
shows that ¢({2n}*) is a rational multiple of 12". 

Differentiating both sides of (4.3) and equating coefficients yields the recurrence 

k 
(4.5)  — -kC({s}*) = S$ (-1) **¢(js)C({s}*%), OS REZ, Rs) > 1, 
j=l 

which is really just a special case of Newton’s formula 


k 
ke, = S(-1))* pjen—5, O<keEZ, 
j= 


relating the elementary symmetric functions and power sum symmetric functions 


k 
ee= Dd) [Pim P= Day 
jude >je>0 m=l j>0 
Substituting 1/7* for each indeterminate x; yields e, = ¢({s}*) and py = (ks). 

From (4.5) it follows that if k is a positive integer and R(s) > 1, then ¢({s}*) 
lies in the polynomial ring Q[¢(s),¢(2s),...,¢(ks)]. In fact, there is an explicit 
formula for ¢({s}*) in terms of a sum over partitions of k. 

DEFINITION 4.3. Let r be a non-negative integer and let a = (a1,Q2,...) bea 
non-negative integer partition of r. Let m; = #{1: a; = j} be the number of parts 
of size 7, and put cg = ILjs1 m;\(—j)'™. Furthermore, abbreviate r = ) 7,5, aj by 
|x| and ITj>1 Pa; by Da. 

In view of the generic relationship [63] 


= — (=t)"p 
die ot ears iP Sa 
— T= a 


for #(s) > 1 we therefore have 


So tC({a}) = exp | — > PRES (pleat TT] class) 


k=0 r= a a;>0 


= 


(4.6) C({s}*) = (-1)* S© cg" YT] ¢(ajs). 
|a|=k a;>0 


We note the following connection with factorisatio numerorum [51]. (See 
also [29, 70, 78].) Let a be as in Definition 4.3. Define the unrestricted divi- 
sor function associated with the partition a by 


i 3 1. 
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For example d;,; is the ordinary divisor function, and d2(m) = 1 if m is a perfect 
square and zero otherwise. 


PROPOSITION 4.4. Let T,(m) denote the number of unordered factorizations of 
m into k distinct factors. Then 


Th(m) =(—1)* YS” cg*da(m). 


la|=k 


PROOF. Observe that for R(s) > 1, 


k oO 
Ue = YO [Past= Li alm ms 


ny>->nE>O 7=1 


Now compare coefficients of m~* in (4.6). O 


; EXAMPLE 4.5. Since C({s}*) = $¢7(s) — $¢(2s), we get 72(m) = $d1,1(m) — 
542(m). In particular 72(12) = 3. 

4.2.2. Period Two and Beyond. In contrast with the situation in which all 
arguments are identical, much remains to be explored in the case of argument strings 
of period two and higher. In [13] and [16] differential equations were found to bea 
useful technique for analyzing the generating functions for period 2. We summarize 
here some results from [13] and [16] to indicate the richness and complexity of the 
resulting formule arising from the solution of the associated fourth order differential 
equation. 


DEFINITION 4.6. For 0 <a <1 and zéeC, let 
We). 2S £22), 
Y2(a, z) (i —2)F(14+2,1—2;2;1—2), 
Giz) := ${y¥(t+iz) +p —-iz) - vl +2) -v(1-2)}. 


THEOREM 4.7 ((13]). Let Y;, be as in Definition 4.6. Then forO <a <1 and 
lz] <1, 


(4.7) > (-1)"24"4"C.({3, LE) 1 (a 2) Yes). 
n=0 
THEOREM 4.8 ({16]). Let Y:, Yo and G be as in Definition 4.6. Then for 
O0<2<1 and |z| <1, 


©.@) 


(4.8) > (-1)"24"474"¢,.(38, {lgdl ) = 'G (2) Vailas 2) Ya asaz) 
n=0 
Yi (eyt2)¥o(2,2) .. Yile;2)¥o(a;12) 
AY, (1, ra AY, (1, 1z) 
Note that (4.7) proves (1.4). Similarly (4.8) proves 


A" N° C(4k + 3)C({4}"*) 


k=0 


n D) Ak 1 n—k 
= >» germ (-7) ¢(4n — 4k + 3), 


k=0 


¢(3; {1, 3}") 
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which escaped the extensive numerical and symbolic searches carried out in the 
preparation of [11, 12, 13]. Differentiation of (4.8) followed by a delicate analysis of 
the asymptotic behaviour of the requisite hypergeometric functions at their singular 
points proves [16] the reduction 


6(2,(1,3}") 
n k 
=A" (-1)NC({apr4)| (4k + 1)6(4k +2) — 49 (4s = TCR 45 +8) } 
k=0 j=1 


conjectured in [11, 13]. 

The proof of Theorem 4.8 hinges on showing that both sides of (4.7) and (4.8) 
are annihilated by the same fourth order differential operator. In [13], computer 
algebra was used to establish this for (4.7). At the time, a conceptual proof was 
unavailable. Subsequently the present authors (see [16]) found a conceptual proof 
of the following more general result, which is perhaps best understood in the context 
of work going back to Orr [71] and Clausen [34] on differential equations satisfied 
by a product of hypergeometric series. The result is shown in [17] to be closely 
related to the combinatorial “shuffle” approach outlined in 85, and may be stated 
as follows. 


LEMMA 4.9. Let K be a differential field of characteristic not equal to 2 and 
let D be a derivation on K. For each k € K, define a derivation D;, := kD. Let 
t be a constant, and suppose that for some f,g,u,v € K the differential equations 
(D;D,+t)u = 0 and (D;D,—t)v = 0 hold. Then uv is annhilated by the differential 
operator (D% Ds + 4t?). 


In particular, taking f(z) = 1— 2, g(x) = x and t = 2?, given that Y; and 
Y2 satisfy (D7D, + 27)y = 0, Lemma 4.9 shows that each of the three linearly 
independent functions Yj(z, z)Yi(z,1z), Y1(@,iz)Yo(a, z), and Y, (2, z)Yo(z,iz) are 
annihilated by the operator D7D¢ + 4z*. That L(x, z) and S(z, z) are annihilated 
by the same operator follows easily from the integral representation (3.1), whence 
Theorem 4.8 is proved. 

Since D4 D5 + 42° is a fourth order differential operator, one might legitimately 
ask in what context the fourth linearly independent solution Y2(z, z)Yo(x, iz) arises. 
It turns out that due to the double logarithmic singularity arising from the product 
of the underlying hypergeometric functions at x = 1, it is easier to ascribe a meaning 
to this solution in the case of alternating sums (1.5). Recalling the generating 
function 


Sea ae ee 
(4.9) A(z) > C({1}") = (1+ j )- T(1 4+ 2/2) (1/2 — z/2) 


from [11], we have | 

THEOREM 4.10 ((16]). Let 0 < x < 1, and |t| < oo. Put z = (14+ 1)t/2, 
s = (1+ 2)/2, and let U(s,z) = Y1(s,z) — zYo(s,z), where Y; and Y> are as in 
Definition 4.6. Then, 


CO 


(4.10) = > Prca(U 1") +e", {1,1}")| = 


n=0 


MULTIPLE POLYLOGARITHMS: A BRIEF SURVEY 83 


Theorem 4.10 is a bivariate generalization of the conjecture [11, equation (14)] 
in the case x = 1, and may be viewed as an analytic extension of the purely 
combinatorial identity (5.4) below. 

In recent work [18], the authors have greatly extended the differential equation 
approach. The authors have obtained results on more general generating functions 
which include not only multiple zeta values, but polylogarithmic and hyperloga- 
rithmic [58] values in general. In fact, from the point of view of iterated integrals, 
arbitrary forms may occur in the iterated integrals studied. The differential equa- 
tions are still present. The authors have classified various bases for the solutions 
of the differential equations, given matrices for change of basis, and found the 
explicit representations of the monodromy matrices of the associated differential 
equations. These results actually stand out with greater distinction in a more gen- 
eral setting. ‘Taking arbitrary 1-forms on a manifold M, an explicit homomorphism 
is obtained from 7,(M,x 9) into GL,(C). This gives rise to a transport between 
the manifold M and its principle bundle constructed from the representation into 
GL,,(C). Finally these results can be cast yet more generally in the setting of dif- 
ferentiable spaces. Our homomorphism is similar to the celebrated homomorphism 
of K. T. Chen [30, 31, 32, 33] in that it is built out of a generating function of 
iterated integrals. The essential difference is that Chen’s homomorphism maps into 
a formal Lie group, while our homomorphism maps into GL,(C). Will our homo- 
morphism give different information than Chen’s? We are currently investigating 
the geometric implications of our work in this area. 


5. SHUFFLES AND CYCLIC INSERTION 


As in [65] (cf. also [12, 74]) let A be a finite set and let A* denote the free 
monoid generated by A. We regard A as an alphabet, and the elements of A* as 
words formed by concatenating any finite number of letters (repetitions permit- 
ted) from the alphabet A. By linearly extending the concatenation product to 
the set Q(A) of rational linear combinations of elements of A*, we obtain a non- 
commutative polynomial ring with the elements of A being indeterminates and with 
multiplicative identity 1 denoting the empty word. 

The shuffle product (3.7) is alternatively defined first on words by the recursion 


(5.1) Vw € A*, Leap =a ee Ly, 
Va,be A, Vu,u € A*, au WwW by = a(u W bv) + b(au WwW v), 


and then extended linearly to Q(A). One checks that the shuffle product so defined 
is associative and commutative, and thus Q(A) equipped with the shuffle product 
becomes a commutative Q-algebra, denoted Sha[A]. Radford [73] has shown that 
She@|A] is isomorphic to the polynomial algebra Q[L] obtained by adjoining the 
transcendence basis L of Lyndon words to the field Q of rational numbers. 

The recursive definition (5.1) has its analytical motivation in the formula for 
integration by parts—equivalently, the product rule for differentiation. Thus, if we 
put a = f(t) dt, b= g(t) dt and 


Oe [ (own) = (19 [ wae) ( [a f var) 
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then writing F =f, F’(s)ds and applying the product rule for differentiation 


yields 
- (109) f° »)( fae f vat) ds 
+ Pan [10 [uat) [vas 


a la(u Ww bv) + b(au Ws v)). 


F(z) 


Alternatively, by viewing F as a function of y, we see that the recursion (5.1) could 
equally well have been stated as 


(5.2) Vw € A*, Leer Gp es a, 
Va,be A, Vu,u € A*, ua wu vb = (u Ww vb)at+ (ua Ws v)b. 


Of course, both definitions are equivalent to (3.7). 

The combinatorial proof [12] of Zagier’s conjecture (1.4) hinged on expressing 
the sum of the words comprising the shuffle product of (ab)” with (ab)™ as a linear 
combination of basis subsums. In [17] a more comprehensive study of the shuffle 
algebra She |a, b] is undertaken, and as a consequence correspondingly deeper results 
for multiple zeta values are obtained. To highlight the most interesting of these 
results, we first recall the following 


DEFINITION 5.1 ({12]). For integers m > n > 0 let Sm denote the set of 
words occurring in the shuffle product (ab)” WwW (ab)™~” in which the subword a? 
appears exactly n times, and let Ti, be the sum of the m!/(2n)!(m — 2n)! distinct 
words in S,,,,. For all other integer pairs (m, 7) it is convenient to define T,, » := 0. 

One then has 

THEOREM 5.2 ({17]). Let x and y be commuting indeterminates, and let m be a 
non-negative integer. In the commutative polynomial ring (She |a, b|)[x, y] we have 
the shuffle convolution formula 


|m /2] 
(5.3) Sats m— | us (ab)™—* as Ss (Acy)" (a + y) 2" Tm n 


n=0 


A special case of ‘Theorem 5.2 implies the intriguing shuffle factorization due 
to Broadhurst, and which in turn implies (1.4): 


(5.4) a(2) uw A( : | = M(z) € (Sho|a,}])[[z]], #2 =—1, 


1+2 
where 
= Da z*ab)"(1+za) and M(z):= ab) a Aya 2a" Haz a-b), 
=O n=0 


The experts will recognize (4.9) as the analytic version of A(z) above, in which 
a = —dt/(1+t) and b = dt/(1 —t). Similarly for M(z) and the left hand size 
of (4.10) when x = 1. 

In addition, Theorem 5.2 plays a key role in a remarkable combinatorial gen- 
eralization of (1.4) which we proceed to describe. Let S,,,, be as in Definition 5.1. 
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Note that each word in S,,,, has a unique representation 


Tr 


(5.5) (ab)”° | | (a7b)(ab)™2*-1b(ab)”*, 

k=1 
in which mo,™,..., Man are non-negative integers with sum m — 2n. Conversely, 
every ordered (2n + 1)-tuple (mo,m,..., Mon) of non-negative integers with sum 


m — 2n gives rise to a unique word in Sj,» via (5.5). Thus, a bijective correspon- 
dence y is established between the set S,,,, and the set Con41(m — 2n) of ordered 
non-negative integer compositions of m — 2n with 2n + 1 parts. In view of the 
relationship (3.1) expressing multiple zeta values as iterated integrals, it therefore 
makes sense to define 


2(8) = / 3), 7 € Consalm —2n), 


where as in (3.2), we now identify the abstract letters a and b with the differential 
1-forms dt/t and dt/(1 —t), respectively. Thus, if 5s = (mo, m1,..., Man), then 


n 


/ (ab) T] (ab) (ab)™2*-16(ab)™*" 


k=1 
C2 spe eo Oo,” Cyletea ope ee Me 


in which the argument string consisting of m, consecutive twos is inserted after the 
jth element of the string {3,1}” for each 7 = 0,1,2,...,2n. It turns out [17] that 


PG m+1 
ee) dX,  4a= (2m +2)! he + q) 


SECon+1 (m—2n) 


Z(8) 


for all non-negative integers m and n with m > 2n. The proof uses Theorem 5.2 
at essentially full strength combined with some tricky generatingfunctionology. 
Observe that equation (1.4) is the special case of (5.6) in which m = 2n, since 
Z({0}2"*1) = ¢({3,1}"). 
A more compelling formulation of (5.6) can be given as follows. Again, let 
§=(mMo,M1,.--, Man) and put 
2n 
C(3) = Z(3)+ YZ (mj, m541,.-., Man, Mo, «+. My-1)- 


j=! 


In other words, sum over all cyclic permutations of the argument list s. Then [17] 
oe m 
(5.7) S- C(S) = Z(m) x |Cangi(m — 2n)| = Qm +1)! (") 


SE€Can4+1 (m—2n) 


is an equivalent formulation of (5.6). Here, we have used 


2m 


Z(m) = C({2} )= me 0<meZ, 
which follows from (4.4). The cyclic insertion conjecture [13] can be restated as 
the assertion that C(s) = Z(m) for all § € Con41(m—2n) and integers m > 2n > 0. 
Thus, (5.7) reduces the problem to that of establishing the invariance of C(s) on 
Con+1(m—2n). It is likely that this remaining step can be accomplished using only 
the shuffle property of multiple zeta values in conjunction with (4.4). 
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6. DIMENSION CONJECTURES 


Broadhurst [21] has conjectures concerning the size of various bases (graded by 
weight and depth) for expressing multiple zeta values in terms of either irreducible 
multiple zeta values, or irreducible Euler sums, and also for expressing Euler sums 
in terms of irreducible Euler sums. The adjunction of additional differential forms 
appears to simplify the problem at each stage. Thus, if D(n, k) denotes the number 
of multiple zeta values of weight n and depth k in a minimal Q-basis for reducing 
all multiple zeta values to a Q-linear combination of products of basis multiple zeta 
values, it is conjectured that 


12,2 


ry r\4y?(1— y*) 

cc D(n,k) £ = oo prs Se te 
IL IL xy") eo ear ee 
n>3k>1 


However, if we allow Euler sums into the basis, letting M(n, k) denote the minimal 
number of Euler sums of weight n and depth k needed to reduce all multiple zeta 
values to basis Euler sums, then 


xy 
1 —gMyhy2uk) Fy ee 
I (laeig?) (hana) 


One can also consider the problem of reducing Euler sums in terms of basis Euler 
sums. Let E(n, k) denote the minimal number of Euler sums of weight n and depth 
k required to reduce all Euler sums to basis Euler sums. It is conjectured that 


3 
on, k\E(nk) 24 # Y 
IT [fe oor) = Ty? 


n>3k>1 


Adjoining forms associated with sixth roots of unity to the set of possible differential 
forms yields the multiple Clausen values [14], and here it is conjectured that the 
number P(n,k) of irreducible multiple Clausen values of weight n and depth k is 
generated by 


TI Ta-arvyP 21-22, 


n>1k>0 


7. G-SHUFFLES 


Here we consider a q-analogue of the shuffle algebra discussed in 85. Let A bea 
set, not necessarily finite, and let 7: A — A be bijective. Now form the free monoid 
generated by A and call it A* as before. Extend the action of 7 to A* in the obvious 
way so that 7 becomes an automorphism of A*. Again regard A as an alphabet, 
and the elements of A* as words formed by concatenating any finite number of 
letters (repetitions permitted) from the alphabet A. By linearly extending the 
concatenation product to the set Q(A) of rational linear combinations of elements 
of A*, we obtain a non-commutative polynomial ring with the elements of A being 
indeterminates and with multiplicative identity 1 denoting the empty word. It is 
clear that 7 now extends to an automorphism of Q(A). 
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A q-shuffle algebra is defined to be the ordered pair (Q(A), WH, ) where Wi, 
is a commutative and associative bilinear operator on Q(A) satisfying the identity 
(7.1) Vw € A*, |S ra ee Tee ae aT 

) Va,beE A, Vu,u € A%*, au Wg bv =a(u Wy, bv) + b(n(au) Wg v). 
We denote a q-shuffle algebra over A by Shqg [A]. It will be observed that a q-shuffle 
algebra is a commutative Q-algebra. 

Our definition implies that there may be more than one way of writing the 
g-shuffle product of two words. For example, letting a,b € A, it is easy to see that 
in Shqg [A] one has a Wi, b = ab+ bna = ba+anb. As the length of the words 
being multiplied increases the number of different expressions also grows. 

The motivation for our definition of Shqg[A] is not difficult to see. As the 
shuffle algebra is motivated by the property (3.6) of iterated integrals, one wants a 
similar identity to hold for iterated Jackson q-integrals [43]. Recall the definition 


of a Jackson q-integral. For x > 0, let f : [0,2] — R be Riemann integrable. The 
Jackson q-integral of f on [0,z] is defined by 


(7.2) | ” f(t) dgt = 7 flag”) 2g" — 9). 


n>0 


Because for any 0 < q < 1 the sum on the right hand side of (7.2) is a Riemann sum 
for f, f(t) dt, it follows that the Jackson q-integral tends to the ordinary Riemann 
integral in the limit as g approaches 1. 

One defines iterated Jackson q-integrals in exactly the same way that ordinary 
iterated integrals are defined by (3.5). To this end, for 7 = 1,2,...,n let f; : 
[0,2] — R and w, := f;(t;) dgt;. Then put 


x he tj-1 
(7.3) / W1W25**Wy = I] / te (t;) dgt;, to -— @ 
0 j=l 0 


= So filts) fo’ we ++ wn dgt ifn>0 
1 =U, 


Here the fact that the 1-forms on the right hand side of (7.3) are q-difference 1- 
forms implies that the integral on the left hand side of (7.3) is a q-iterated integral 
and not an ordinary iterated integral. 

Iterating the definition of the q-iterated integral, one finds that 


% 
- [wr we = S. fleg™*) fa(ag™*tP#-1) «++ fig(agr*t' 1") 
» TL 5+--5 Nk > O 
x i ca ase a _ q)*a*, 


but this is not a very convenient expression. To simplify (7.4) it helps to make the 
following change of indices: 


k 
ie (Mos. Terr 
j=k-i+l 
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Then (7.4) reduces to 


(7.5) [even = 
(’~g)® YS) aq! f(aq'*)aq’? f(aq’?)--- aq'* f(aq'*). 


O<1, <lo<---<ly 


This in turn motivates the definition of g-difference 1-forms by the equation 


(7.6) wi = w(t) = fi(t) dgt = fi(t)t. — q). 


Notice that with this definition, the g-integral reduces to a summation operator on 
these 1-forms: 


[- = S "w(tog’), 


j20 


which agrees with the original definition by virtue of tp = z. 

Now fix 0 < q < 1 and define the Rogers [75] g-difference operator 7 acting on 
continuous functions f : [0,co] — R by the equation (7f)(x) := f(arq). Also define 
the g-derivative in the usual way: 


_ f(x) ~ flea) 


The relevant fact about the qg-derivative is the following well-known property: 


(7.7) De | Ft) det = fe). 


We are ready to give the motivation for the g-shuffle product. The alphabet A 
now consists of q-difference 1-forms, and the automorphism 7 is Rogers’ g-difference 
operator. The action of 7 is extended to forms by the equation nw = w(tq) = 
f(tq)tq(1 — q). This of course defines a new form w’ = nw by w’ = g(t)t(1 — q), 
where g(t) = qf(tq). The alphabet A needs to be infinite to account for all the 
forms 7w for 7 € Z. The action of 7 is now extended to Q(A) in the obvious way. 
It clearly forms an automorphism of this algebra. We wish to define the g-shuffle 


product so that for u,v € A* the following equation is true: 


(7.8) [unie=(fa)( foe). 


To accomplish this, one applies the q-analogue of the argument given in 85 for 
deriving the recursive definition of the shuffle product. Take a,b € A and u,v € A%*. 
Put a= f(t) d,t, b= g(t) djt and 


eee | (aus) = (fo 10 f waat) ( [oo [ vat), 
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Writing F(x) = i F’(s) d,s where F’(s) = (D,F)(s), and applying the q-product 
rule for q-differentiation ((D fg) = (Daf)g + (nf)(Dqg)) yields 


F(z) = [ (105) fu) (a [ vat) ee 
+ [a [50 f wat) [ vas 


| "alu ug bv) + B(n(au) wu v9), 


where the first equality follows from (7.7) and the product rule for D,. Hence the 
inductive definition of the g-shuffle product results. Notice that commutativity and 
associativity of WJ, follow immediately from (7.8). 

We will conclude with a few examples of the g-shuffle product illustrating how 
several equivalent sums can arise from this product. Taking w, WH, waw3 using the 
inductive definition gives (among several possibilities): 


Wy Wg WoW3 = WyWeW3 + We(NW)w3 + W9W3(7wW} ) 
= W1W2W3 + W2(NW1wW3) + W2eW3(NW)). 


Writing w; = w;(x), these equations translate into the easily verifiable generic series 
identities: 


S 5 wi(aq') S- Ww (arq'? )w3(xq"?) 


O<l, O<lo<l3 
= So wy(2q")we(aq'?)wa(xq'?)+ SY) wo(xq'?)wy (aq! *")w3(xq"s) 
O<1) <lo<l3 O<le<11 <l3 
+ S2  we(xq'?)ws(aq'? ur (aq’*?) 
0<Ip<Is <li 
= = S > ay(aq!*)we(xq'?)w3(aq'*)+ SY >  we(aq'?)wr(aq'*)ws(xq's*?) 
O<1) <lo<l3 O<lo <1) <l3 
+ SY) wa(2q’?)ws(axq'® ur (aq'?*?). 
O<lo<l3 <li 


Taking the q-shuffle product as acting on the non-commutative polynomials in 
forms, it follows that all these different expressions for the g-shuffle product tend to 
the ordinary shuffle product in the limit as g approaches 1. Further results about 
q-shuffle algebras and their combinatorics will be given elsewhere. 
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Swinnerton-Dyer Type Congruences 
for certain Eisenstein series 


Matthew Boylan 


ABSTRACT. We consider a normalized Eisenstein series of weight k on a con- 
gruence subgroup of type [9(N) with Nebentypus character y which vanishes 
at all cusps of [9(V) inequivalent to the cusp at infinity. We determine con- 
ditions on N, k, x, and an ideal a in certain number fields, under which their 
Fourier series are congruent to 1 (mod a). 


1. Introduction and Statement of Results 


If k > 4 is an even integer, then it is well-known [K, pg.111] that the normal- 
ized Eisenstein series given by 


is a modular form of weight k with respect to SL(2, Z), where By, is the kth Bernoulli 
number, g := e777, and o;(n) is the function which sums the kth powers of the 
positive divisors of n. Swinnerton-Dyer [Sw-D] showed that E;(z) satisfies the 
following congruence property: 


THEOREM (SWINNERTON-DYER). If £ > 5 is a prime, then Ey(z) =1 (mod £) 
if and only if k = 0 (mod ¢—1). 


This follows from the Von Staudt-Claussen Theorem regarding the divisibility 
of the denominators of Bernoulli numbers. 

Here we generalize Swinnerton-Dyer’s result to certain Eisenstein series in 
spaces of modular forms of weight k on a congruence subgroup of type Io(N) 
with Nebentypus character x. These spaces are denoted by Mz(To(N), x). For 
background on integer weight modular forms, see [K]. Following the methods in 
Sections 1-3 of Chapter VII of Schoeneberg’s book, Elliptic Modular Functions, 
we develop the Fourier expansion at infinity of a normalized Eisenstein series 
En.r,x(2) € Mz(To(N),x) which vanishes at all cusps of [o9(V) inequivalent to 
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the cusp at infinity, and we state conditions on N, k, and y guaranteeing the exis- 
tence of these series. (Schoeneberg does this for Eisenstein series without character 
on an arbitrary subgroup of level NV). Using these expansions, we obtain conditions 
on N, k, and x, and an ideal a in certain number fields, under which Ey ,,(z) =1 
(mod a). 

Theorem 1.1 lists formulas for Ey ,(z) when they exist. 


THEOREM 1.1. pubes? x 1s a Dirichlet character with modulus N and con- 


ductor f, and Tm(d, x) -¥x X(A)CS nh where Cm i= e°m . Suppose also that if x is 


nontrivial and N = 1 or 2, a k > 4 is an even integer satisfying x(—1) = (—1)*, 
and if x is nontrivial and N > 2, then k > 3 is an integer satisfying x(—1) = (—1)*. 
Then the series En,.x,.(z) given by the following formulas are normalized modular 
forms in M;(To(N), x) which vanish at all cusps of [o(.N) inequivalent to the cusp 
at infinity. 

1. If x ts trivial and N = 1, then for an even integer k > 4, 


(1) Exay(2) = Ex(2) =1- FY onal 


A 


If x 1s trivial and N > 1, then for an even integer k > 4, 


2kb(N peor HIN /ecd(d, N)) 
(2) liipglit——— e S Sod oN q’ 
ee) oes, @(N/ gcd(d, N)) 
nes TT (1 p* ae 


where @ denotes Euler’s phi function, and p denotes the Mobius function. 
2. If x 1s nontrivial, then 


(3) 


k 
En. (z) = 1->— d*~" (tw (d,X) + (—1)*tn(—d,X)) | 4”, 
O=l- aaa |D 
d>0 


where By, 18 the generalized Bernoulli number associated to x. 
3. If x 1s nontrivial and primitive, then 


(4) Ewex(2)=1—- S37 | x(a? | a" 


In what follows, let K, = Q(x) denote the extension of Q obtained by adjoining 
the values of x, let Ox, denote the ring of integers of K,, and denote by Ox, x 
the ring of integers of Ky 1 = Q(x,¢n). We also define ord,,(n) to be the power 
of m dividing n if m and n are integers. If a = ¢ € Q, then ord, (@) := ordm(a) — 
ord,,(b). Theorems 1.2 and 1.3 generalize Swinnerton-Dyer’s Theorem to the series 
(2) and (4) listed in Theorem 1.1. 


SWINNERTON-DYER TYPE CONGRUENCES 95 


THEOREM 1.2. Suppose that £ is an odd prime, x 1s the trivial Dirichlet char- 
acter modulo N, and k > 4 is an even integer. Then the following are true: 
1. En.px(z) = 1 (mod £) if and only if k = 0 (mod £— 1) and N = ¢° for 
some nonnegative integer t. 
2. En.xx(Z) = 1 (mod 2) if and only if N = 2%p°, where p is an odd prime 
satisfying ord2(p* ~ 1) = 1+ ord2g(k) and a and b are nonnegative integers. 


REMARK. Theorems 1.2.1 and 1.2.2 contain Swinnerton-Dyer’s Theorem as a 
special case, the case where N = 1. 


THEOREM 1.3. Suppose that ¢ ts an odd rational prime, a is an ideal in Ox, Nn 
with the property that a { (2), and x 1s a nontrivial primitive Dirichlet character. 
Then for an integer k > 3 satisfying x(—1) = (—1)", we have: 


1. If N has at least two distinct prime divisors, then 
En,rx(Z) #1. (mod a). 
2. If N=4 and af (4), then 
Eak.x(Z) #1 (mod a). 
If N = 2° for some integer t > 3, then 
Exp x(2) #1 (mod a), 


3. If N =, then 
Een (Z) #1 (mod a) 


unless there is a primitive root g of Z/&Z satisfying 
p = gcd(¢, 1 — x(g)9") # (1), 
where p is an ideal in Ox,. In this case 
Eipezy= 1. Guodpe es?) 
4. IfN=£ andx= (5), the Legendre symbol, then 
Ee x.(3) =1 (mod £) 
if and only ifk= = (mod @— 1). 


5. If N = & for some integer t > 2, and if gcd(£,1 — x(g)g") = (1) for every 
primitive root g of Z/lZ, then 


Et kx (2) £ 1 (mod a). 


Note that if a is an ideal in Ox, n and if 7 is a positive integer, then E. Rivke) = 
1 (mod a) whenever E'n,x,,(z) = 1 (mod a), where Phen (2) © Mj.(To(N), x). 
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2. Background on Schoeneberg’s Eisenstein Series 


Before proceeding with the proof of Theorems 1.1-1.3, we describe the basic 
properties of Schoeneberg’s primitive and reduced Eisenstein series, the building 
blocks for the Eisenstein series Ey ,,,(z) that we construct. We keep the notation 
from Schoeneberg’s book in what follows. 


If f : H+ C, where H is the upper half plane and C = CU {oo}, and if 


S- ie | € SL(2,Z), then f(z)|,S := (cz +d)~*f(Sz). Suppose that N > 1 


and k > 3 are integers, and m = hag and a = ee are pairs of integers. 
2 2 


Schoeneberg defines the inhomogenous Eisenstein series of weight k and level N as 
follows [Sc, pg.155, (2)]: 


Gna(Z)= So (miz+m)~*, 


m,=a, (mod N) 
M2=a2 (mod N) 
m+40 


(In his notation, Schoeneberg refers to modular forms having dimension —k < 0, 
rather than having weight k > 0, which means the same. We prefer to use the term 
weight.) If gcd(a1,a2,N) =1, then Gy,x,a(z) is called a primitive Eisenstein series. 


The relevant facts about primitive Eisenstein series are these: 


1. [Sc, pg.155, Thm.1] For all a, Gyipa(z) € My (T(N)). 
2. [Sc, pg.155, (3)] For all a, 


(5) Gw,k,-a(2) = (-1)*Gw,t,a(2). 
3. (Sc, pg.155, (3)] If a= a, (mod N), then 

(6) G,k,a(Z) = GN,k,a, (2). 
4. [Sc, pg.156, (4)] If A € SL(2,Z), then 

(7) Gn,ka(Z)|kA = Gn,k,Aa(Z), 


where A’ is the transpose of A. 
5. [Sc, pg.157, (5)]| For integers a and 5, define 


a 1 if b | a, 
8 d6{—]= 
(8) @ i if bt a. 
Then 


Gy ea(z)= > a(N, kale ™, 


v>0 


where 


9) ao(Nskya)=3(S:) >  myk 


M2=a2 (mod N) 
m2 40 
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and for v > 1, 
(—27i)* k-1 a2m 
(10) av(N, k, a) = N¥(k—1)! S- m sgn(m)Cn : 
m|v 


a (mod N) 


One may also define reduced Eisenstein series. If gcd(a 1, a2, N) = 1, then these 
may be written [Sc, pg.158, (7)]: 


Gueal2)= >, (mztme)*. 


m=a (mod N) 
gcd(m1,m2)=1 


Facts 1-4 concerning primitive Eisenstein series also hold for reduced Eisenstein 
series. The reduced Eisenstein series are expressible as a linear combination of 
primitive Eisenstein series [Sc, pg.159, (9)]: 


(11) weel= Do | BD] ewpeal2. 


t (mod N) \ dt=1 (mod N) 
d>0 


We now proceed with the proof of Theorem 1.1 


3. The Proof of Theorem 1.1 


M1 
We note that [o(N) = LU I'(N)Az, where the coset representatives A, lie in 
v=1 
the set 
(12) av Pv! © gr(9,2) 
Ww ov ne ii 


where a, € (Z/NZ)*, B, € Z/NZ, y, = 0 (mod N), 6, = az! (mod N), and 
i = [Po(N) : TCUN)]. We suppose that y is a Dirichlet character with modulus N 
and conductor f. As our goal is to construct modular forms for M;,(To(NV), x), we 
impose the condition that k > 3 is an integer with the property that 


(13) Mei = (=I) 

If A= b : € To(N), then the transformation law satisfied by modular forms 
f(z) € Mz (To(N), x) is given by: 

(14) flz)lkA = x(d) f(z). 


An application of (14) using A = —I € T'9(N) shows that the spaces M;(To(V), x) 
contain only the modular form which is identically zero when (13) does not hold. 
We claim that 


Cr cn phic [OJ = Le XG, 10] lady 


v=1 1 


is a modular form in M;(To(NV), x) with the property that it vanishes at all cusps 
of [o(NV) inequivalent to the cusp at infinity. 
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Observing that G* 97 (2) is a linear combination of reduced, and hence, 
C'o(N),k,x;, 1 


by (11), primitive Eisenstein series, we impose the additional condition that k > 4 
is an even integer when N = 1 or 2. When N = 1 or 2 and k > 3 is an odd integer, 
it follows by (6) and (5) that 
GN,k,a(Z) i GN,k,—a(Z) 
— —Gy,k,a(2). 
This shows that Gy,x,a(z) = 0 in this case. 


To verify that G* 


Po(N).sx,[ 5 | 


satisfies (14) since it clearly satisfies the remaining defining properties of a modular 
form in M,(To(N),x). If A = be 4 € To(N), then A,A = G,A,, for some 
G, €I'(N), and for some v’ uniquely determined by v which runs through {1, ..., 4} 


as vy does. Moreover, A, = ig Bu’ | with 6, =d~16, (mod N). Therefore, 


(z) € Mz (To(N), x), we only need to show that it 


Yv! Ov! 
M1 
CPotmyskin [0] DA = LXOIGH, [0] (lav 


= (IGT, 1) (z)|eGvAv 


pia] 1 
M1 
= x(d) YO X5 GH, 70) (le Av 
y’=1 pled } 1 
= V(d)G" , 
MDE ware] 
G* z) © Mz (To(N), x). 
satin] 2) & Mel alN) 20 
Next, we calculate the value of G* 97 (z) at an arbitrary cusp =, 6 
Po(N),k.x.| 5 | : 
do this, we form A = b € SL(2,Z), and consider G* HAA = 
Cc d Po(N),k,x, | 


1 


So r(n)q®. The value of G* 07 (2) at a is r(0). The first step in the 
n>0 Po(N).kxs 5 | 
calculation is to simplify G* 07(2)|,A7? using (7) twice and (12): 
Po(N), kx. | 5 | 
M1 
G* A t= X(6,)G* AGA * 
Potw)skix,[O] 2) LX ) vx,[o] 2" 
M1 
= X(0.)Gr 7] (z)|,Aq* 
v=1 HM 
ee — K sf 
=N YUNG, Fold 
hE(Z/NZ)* h 
(15) =N WG, Fon) (2 


he(Z/NZ)* 
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In view of (15), we simplify Gr , per (z) using (11): 


Gry enf cen] 2) = La ae (Nok, [ait ]) oF 


v>0 
y(d) 
(16) — eS 2 “qk Cn n,[ ster] ©): 
t€(Z/NZ)* \ at=1 (mod N) on 
d>0 


We follow Schoeneberg’s computation of a5 (1 _k, ee) and note that the first 


equality is obtained by applying (9) and (16) [Sc, pg.160]: 


ab (NE) = > Sy WG) yom 


te(Z/NZ)* \ dt=1 (mod N) m=tah (mod N) 
d>0 m0 


7 (yr) 2. ae 


d>0 md=ah (mod N) 


m0 
—ch =" 
(17) = 6(—— ye. ne? > ne) 
m=ah (mod N) d|m 
m0 d>0 
Observe that since 
1 ifm =1l,or—1, 
18 d) = 
ee) due ‘ ifm #~ l,or —1, 
| d>0 
it follows that ag (N, k, ea) ~ 0 if and only if c = 0 (mod N) andd=h 


(mod JV), i.e., if and only if = is [(.N)-equivalent to the cusp at infinity. Contin- 
uing our calculation, we now have 


(19) rO)=N SS XA)as (NLA, | 33" ]) 
he(Z/NZ)* 
by (15). Therefore, r(0) = O at all cusps of [(V) inequivalent to the cusp at 
infinity, and hence, at all cusps of [9(V) inequivalent to the cusp at infinity since 
T(N) CTo(N). 
It remains to show that the value of G* 07 (Zz) at the cusp at infinity 
['o(N),k,x, "| 
is nonzero. Combining the previous facts given by (17), (19), (18), and (13), we 


calculate: 
r0)=N So xh) So m*S ula) 


he(Z/NZ)* m=h (mod N) d|m 
m£0 d>0 


= N(X(1)(1)* + X(-1)(-1)") 
(20) = 2N. 
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This proves that G* ae ro) (z) satisfies the cusp conditions stated in Theorem 
0 Xs 
1 
1.1. 


We now develop the normalized Fourier expansion of G 0 
finity. Recall that k is even when N = 1 or 2. Letting s; := = 
dt=1 (mod N) 


d>0 
€ (Z/NZ)*, we simplify G* (z) using (15) and (11): 


Foy) kx [| 


G" o(2)=N So X(A)G* 50; (z) 
| ial 


aE he(Z/NZ)* oo 
ay Ds x(h) Dy: 8G ny 4 bal (2). 
he(Z/NZ)* t€(Z/NZ)* "lth 


Letting c(N) := N S- s:x(t), a constant dependent only on N, and making 
t€(Z/NZ)* 
the change of variable 7 = th, we obtain 


(21) G" ee) > xe 


Po(N) kx, | 5 j€(Z/NZ)* 


Substituting (9) and (10) in (21), we have 


G 09 (2) =c(N) ) x(i)x 


Po(N kx] j€(Z/NZ)* 
(22) 


2s 


—2mi)* 
» mF +4 Ao Ss” S- d*~!sen(d) q 


m=j (mod N) nl d|n 
m0 7+ =0 (mod N) 


Using (22) and (13), observe that the constant term r(0) may also be expressed as 


r=) SS x) Sm 


jE(Z/NZ)* m=j (mod N) 

mAz0 
N) So x(m)m-*(1 + X(-1)(-1)") 
m>1 


(23) = 2c(N)L(k, x); 
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where L(k, x) is the Dirichlet L-function associated to x. Substituting (23) in (22) 
gives us 


Gs: ; (z) = e(N)x 


Po(N),k,x, | 


me (—2zi)* = = dj n 
2L(k, xX) + WKE-1! S~ So xi) =o d* lsgn(d)en | a® 
n>1 | 7E€(Z/NZ)* d\n 
4+=0 (mod N) 
It is clear from (20) and (23) that c(N) #0. Therefore, we can define 
(—2z7i)* 


En,,x(2) = (2L(k, X)e(N))-*G* 2) = 2N*(k — 1)IL(k.y) * 


Po(N),,x, | °| 


S >} So xG) SS dbl sgn(dyce | g® € My (To(N), x)- 
n>1 | jE€(Z/NZ)* d|n 
=0 (mod N) 


als 


Noting that 


SY) XG) Soa sen(aey = S) xG) do a* GH + (-1)*ty”) 


j€(Z/NZ)* dn j€(Z/NZ)* din 
d>0 
— S- d*~" (tn (d, X) me (—1)*tw(-d, x) 
d|n 
d>0 
and that the condition 4 = 0 (mod N) allows us to make the change of variable 


n — nN, our formula becomes: 


(—27i)* 


En,k,x(2) = + ONK(k — 1)IL(k,X) S- So d* (rn (d, x) + (—1)"tw(—d,X)) | a”. 
nl d|n 
d>0 


We now simplify F'n,x,,(2) in the three cases specified in Theorem 1.1 using certain 
well-known facts. If x is the trivial character with modulus N, then ¥ = y and k 
is even. We use the following facts to obtain formulas (1) and (2): 


1. [Ir-R, Thm.2, pg.231] If k is a positive even integer, then 


_1)$4+1(9,7)\k 
ee, 


where ¢(s) is the Riemann zeta function. 
2. (Ir-R, pg.255] If y is trivial, then 


¢(k) if N=1, 
LEX) = 9 ck) TT (: = =| if N>1. 


p|N 
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3. [A, pg.164] If x is trivial, then 


tu (d,x) = TnN(—d, x) 
_ P(N) uN gced(d, N)) 
o(N/ gcd(d, N)) 


When x is a nontrivial character with modulus N and conductor f, we use a 
different set of facts to produce the formula (3): 


1. [Ir-R, Prop.16.6.2] If x is nontrivial and k is a positive integer, then 


B 
Ll Skaj a=. 
k 
2. If k is a positive integer, then 
[(k) = (k —1)!, 


where I'(s) is the classical I’-function. 
3. If x is nontrivial and k is a positive integer, and if we define 


1 = if x(—1) = -1, 
dy — 0 f = _ 
1 x( 1) _ 1, 


then the functional equation for L(k, x) is [Iw, Ch.1, Sec.1.2): 


_t(yx) (2m)\* — L0=*x) 
L(k, x) = “53 a) Fk) eos (20) 


If x is a nontrivial primitive character with modulus N, we know the additional 
fact [A, Thm.8.15]: 


Tn (d, x) = x(@)Tw(1, x), 
which we substitute in (3) to obtain (4). This finishes the proof of Theorem 1.1. 


4. The Proof of Theorem 1.2 


The proof of Theorem 1.2 relies on some well-known facts about the ordinary 
Bernoulli numbers, B,: 


THEOREM 4.1 (VON STAUDT-CLAUSSEN) [Ir-R, Thm.3, pg.233]. Suppose 
that € is a prime and k is a positive even integer. If €—11k, then ordg( Bx) > 0, 
and if £—1|k, then ordg(B,) = —1. 


THEOREM 4.2 [Ir-R, Thm.15.2.4]. Suppose that € is a prime and k is a 
positive even integer. If 2—14k, then ordg (4x) =); 


In the case where yx is the trivial character modulo 1 and @ is a rational 
prime, the desired result follows by applying Theorem 4.1 to formula (1). This 
is Swinnerton-Dyer’s Theorem. 


SWINNERTON-DYER TYPE CONGRUENCES 103 


Therefore, we consider the cases in which N > 1. We let En, x,,(z) = S- a(n)q” 
n>0 


and cn := eres To start, we simplify the coefficient a(cy): 


a(cn) = perce en S> p—1 HUN / ged(d, N)) 
eT (1-5) age, MN eteN) 
p|N 
Since 

(-1)°™) if d= N/]I[p, 

p|N 
w(N/ ged(d, N)) = 

0 if d< N/ 

Il» 


where w(NV) is the number of distinct prime divisors of N, it follows that 


(21)? 795 


"OB To 1) 
p|N 
Note that 
(24) ordg(a(cy)) = ordg(2) + orde(k) — ordg( By) — S| orde(p* —1) 


p|N 


for a given prime ¢. Assuming for now that ¢ is odd, we analyze a(cy) (mod £) in 
several cases. 


CASE 1. £—11{k. 


ord, (4*) > 0 by Theorem 4.2, so ordg(a(cn)) < 0 by (24), and hence, En (2) F 
1 (mod @). 


Cases 2a and 2b concern the situation where @—1 | k. In this situation, Theorem 
4.1 implies that ordg( By) = —1. We suppose that ordg(k) = 7. Then 


(25) k = 2 (£—1)m = o(@7")m 
for some positive integer m coprime to £. 
CASE 2A. €—1|k and €{N. 


ecd(p,) = 1 for every prime p | N since £ { N, so p* = 1 (mod #+1) by (25). 
Using (24) we have 
orde(a(en)) < (9 +1)(1 —~w(N)). 
w(N) > 1since N > 1, so orde(a(en)) < 0 in this case. Consequently, En. (z) #1 
(mod £). 
CASE 2B. €—1|k and é| N. 
Using (24) and (25) again, we have 
orde(a(ew)) < (7 + 1)(2 —w(N)). 


It follows that if N is not a positive power of @, then ordg(a(cy)) < 0, in which case 
En,r,x (2) #1 (mod £). 
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Therefore, in the case where @ is an odd prime we know the following: 
En,x.x(z) #1 (mod £) if k #0 (mod ¢ — 1) or if N F & for all positive integers t. 
We now prove the converse. 


For an odd prime @ and a positive integer t, we simplify Ey ,,(z) by first 
observing that 


se yulet/gcataeyy [OEY — if ordeld) =4, 
mv £C ) t—1 
PE WME (BCG, E)) _ J _y if ordg(d) = t — 1, 
; t 
o(l* / gcd(d, £) if ordg(d) <t — 


29) “© (0(a) (ze): 


using the notation defined by (8). After substituting (26) in (2), we obtain 


kee ’ 
eB, (1—B) 


d d 
k-1 n k-1 n 
a7) | | Data(S)elar- | Nas (GS) | a 
n>1 d|n n21 d|n 
d>0 d>0 


Feet kx (2) —l1- 


Making the change of variables d — dé’ gives us 


S> | So dkt6 (i) ¢ gt = EOD | Sak | gr 


n>1 d|n n>1 d| 3 
d>0 d>0 
as nr n 
(28) SEY oa) e 
n>1 


and similarly, making the change of variables d > dé‘~! gives us 


n>1 n>1 


(29) Noll C3 g” = £E-DED Sg, (ax) @” 
d|n 


d>0 


where o;, (¢) = 0 if a and 6 are integers with b 4 0 but ¢ ¢ Z. Substituting (28) 
and (29) in (27) yields 


(30) En e.x(z) =1- ECE du Ga (=) — OK-1 (a=)) q”. 


Et kx (2) = 1 (mod £) since ord (a-gtsy) > 1 by Theorem 4.1. This proves 
Theorem 1.2.1. 


Next, we assume @ = 2. If ordg(k) = 7, then 
(31) k = 2m = $(2’t!)m 
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for some positive odd integer m. Moreover, Theorem 4.1 implies that ord2(B,) = 
—1 for every positive even integer k > 4. We examine ord2(a(cy)) in two cases. 

CASE 1’. 27 .N. 


ord2(p* — 1) > 3+4+1 for every prime p| N using (31), so 
ord(a(ew)) $< 1+ (GF +1) —w(N)) 


using (24). If w(N) > 1, it follows that Ey.,,(z) #1 (mod 2). Furthermore, if 
N =p? for some odd prime p and positive integer b, and if ord2(p* —1) > 7 +1, 
then Eo ,.,(z) #1 (mod 2). 


CASE 2’. 2|N. 


Using (31) and (24) as in case 1’, we obtain 
ordg(a(cn)) < 1+ (7 +1)(2—w(N)). 


If w(N) > 2, then En.,,(z) #1 (mod 2). Also, if N = 2%p° for some odd prime 
p and positive integers a and b, and if ordg(p* — 1) > 7 +1, then Eqa,5,,(z) #1 
(mod 2). 


Hence, E'n,z,,(z) #1 (mod 2) if N does not have the form 2%p°, where p is an 
odd prime satisfying 


(32) ordo(p" —1)=7+1 


and a and b are nonnegative integers. We therefore examine Ey ,,,,(z) (mod 2) 
when N does have this form. 


In the case where N = 2° for some positive integer a and in the case where 
N = p° where p is an odd prime satisfying (32) and b is a positive integer, the 
formulas for En,x~,.(z) are given by (30) with @ = 2 and @ = p, respectively. The 
reasoning used there can also be used to show that E'y,,,(z) = 1 (mod 2) in these 
cases. 


In the case where N = 2%p? for some odd prime p satisfying (32) and a and 
b positive integers, a formula for E.,» (2) can be found by applying the same 
reasoning used to derive (30): 


ok ; 
Enap> kx (2) = 1 - B,(p¥ —1)(2" ~1) » A(n)q", 


n>1 


TL TL 1 1 
(2p)"on-1 (se | ==" Opo4 (scr | a oes (5 | Oped (sais) 


Now observe that Ea, ,(z) = 1 (mod 2) since ord (aerctoe) = 1 using 
Theorem 4.1. This completes the proof of Theorem 1.2. 
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5. The Proof of Theorem 1.3 


The proof of Theorem 1.3 follows by applying the Theorems of Carlitz (The- 
orems 5.1, 5.2) regarding the divisibility properties of the generalized Bernoulli 
numbers B;, to the formula (4). We extend the definition of ord to rings of inte- 
gers of number fields in the obvious way. 


THEOREM 5.1 (CARLITZ) [C, Thm.1]. Suppose that k is a positive integer, 


£ 1s a rational prime, and x 1s a nontrivial primitive Dirichlet character with con- 


ductor N. Then 
Bry  ® 
oo 
where R and D are elements in Ox, with gcd(R,D) = 1. If N has at least two 
distinct rational prime divisors, then’D = 1. If N = £°, then D is a product of 


prime divisors of &. 


We denote the series in formula (4) by Fw,xy(z) = do ps9 b(n)q”, and observe 
that : 7 
ay=5e. 
kx 
If N has at least two rational prime divisors, then there is an R € Ox, for which 
b(1) = $ by Theorem 5.1. It follows that if a is an ideal in Ox,,n and a { (2), 
then ord,g(b(1)) < 0, so that Ey. ,.(z) # 1 (mod a), proving Theorem 1.3.1. The 
proofs of Theorems 1.3.2-1.3.5 follow from Theorem 5.2. 


THEOREM 5.2 (CARLITZ) [C, Thm.4]. Suppose y is a nontrivial primitive 
character with conductor N, and @ is an odd rational prime. Then the following 
are true. 

i. FN =f, then 2x € Z unless there is a primitive root g of Z/£Z for which 


(33) p = gcd(¢, 1 — x(g)g") # (1), 
where p is an ideal in Ox,. In this case, 
(Bey +1=0 (mod pitordel’)), 


2. If N=£ for some integer t > 2, then =x € Z unless there is a primitive 
root g of Z/Z for which 


p = gcd(¢,1— x(g)9") # (1), 
where p is an ideal in Ox, . In this case, 
(_—-x(Q + 0) bx = =1 (mod p). 


3. If N =4, then 


2 
bo 


Bey... { 1 (mod $)_ if k odd, 
0 (mod 1) _ if & even. 


4. If N =2¢, for some integer t > 3, then —2* € Z. 
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Note that if (33) holds, and if we let By, = 7, where Ux, and Vi, € Ox, 
and gcd(Ux.y, Vy) = 1, then 


(34) ord, (Bx,,) = —ordy(@) < —1. 


We now proceed with the proofs of Theorems 1.3.2-1.3.5. We assume in all 
cases that ¢ is an odd rational prime, a is an ideal in Ox, n with the property 
that a{ (2), x is a nontrivial primitive Dirichlet character, and k > 3 is an integer 
satisfying y(—1) = (—1)*. 


PROOF (OF THEOREM 1.3.2). If N = 4 and k is even, then x is trivial. If 
N =4 and k is odd, then 6(1) = = for some nonzero integer s by Theorem 5.2.3. 
If a { (4), then ordg(b(1)) < 0, so E44,(z) #1 (moda). If N = 2° for some 
integer t > 3, then b(1) = = for some nonzero integer 7 by Theorem 5.2.4. Hence, 
ord,(b(1)) <0, so For ,4(z) #1 (mod a). 


PROOF (OF THEOREM 1.3.3). If N = @ and gcd(é, 1 — x(g)g*) = (1) for every 
primitive root g of Z/@Z, then b(1) = = for some nonzero integer 7 by Theorem 
5.2.1. Hence, ordg(b(1)) < 0, so Fe, (2) #1 (mod a). If there is a primitive root 
g of Z/€Z for which p = gcd(é,1—x(g)g*) # (1), then ord, (By) = —ordy(¢) < -1 
by (34). It follows that ordy(b(n)) > 1 for every n > 1 by formula (4), and thus, 
Ee x (2) = ] (mod pode (2)). 


PROOF (OF THEOREM 1.3.4). Suppose N = é and x = (3), the Legendre 
symbol. If we choose an eae ae primitive root g of Z/€Z and a that there 
is ana € Z/€Z for which a? = g (mod £), then gt = a’! = 1 (mod 8) since 
gcd(a, 2) = 1. This contradicts the hypothesis that g is a primitive root of Z/£Z, 
so ($) = —1. oe this fact, observe that gcd(é,1— ($)g*) = gcd(¢,1+ g*) # (1) 


if and only if g* = —1 (mod 2), i.e., if and only if k = f-1 (mod £— 1). In this 


case gcd(@, 1 — (2) 9) = (£), so ord (B..;)) < —1 by (34). Using formula (4), it 
follows that ord,(b(n)) > 1 for all n > 1 if and only if k = + (mod £— 1). 


PROOF (OF THEOREM 1.3.5). If N = é° for some integer t > 2, and if gcd(é, 1— 
x(g)g9") = (1) for every primitive root g of Z/Z, then b(1) = a for Some nonzero 
integer 7 by Theorem 5.2.2. Hence, ordg(b(1)) < 0, so Ege, .(z) #1 (mod a). 


Q.E.D. 
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More Generating Functions for L-Function Values 


Gwynneth G. H. Coogan 


1. Introduction and Statement of Results 


Let Q(n) denote the number of partitions of the natural number n into distinct 
parts, and let n(z) := [[°~, (1—q”), where q := e?"’*. Then we have the well- 
known generating function for Q(n): 


F(e) = 1 Yam) grant, 


In his “lost” notebook, Ramanujan ene and Andrews proved [1], the 
following formula for the ‘sums of tails’ of the infinite product 


CO 


>» (F(z) —q(1+ q?*)(1 4 q'8) eae 4") 


n=0 
= Fs) (3 >> ay) +5™(q), 


where M,(q) is the mock theta function given by: 


gi2n*+12n+1 s&s 
an) 1+ TE a nets le alae 


and d(n) is the usual divisor function. 
Recently, Zagier proved a similar formula for the sums of tails of the 7-function, 
namely 


CO 


S| (n(24z) ~ g(a ~ g*)(1- g*) --- (1 ~ g?**)) 


n=0 
OO OO 
= 7(24z) & +30 aime 2 ; s- (2) ge 
n=1 n=1 
Notice that each of these formulas gives an extremely convenient way to analyze 
the error series or mock theta functions at roots of unity, places where mock theta 
functions are notoriously interesting. Zagier demonstrated a surprising result of this 


1991 Mathematics Subject Classification. Primary 11B65, 11M35; Secondary 05A15. 
The author thanks the National Science Foundation for their generous support. 


© 2001 American Mathematical Society 


109 


110 GWYNNETH G. H. COOGAN 


type of analysis - a generating function for values of certain Dirichlet L - functions 
at negative integers: 


OO 


G2) se > (1-e*)(1-e7*) Base y= : ye L(x12, -2n—1) 


n=0 n=0 


(—t/24)” 
n! 
where x12 is the Kronecker character for Q(V12). 
The above results suggest that identities produced from the sums of tails of 
modular forms might provide a worthwhile way to produce or analyze mock theta 


functions. Indeed, Andrews, Jiménez-Urroz and Ono [2, Theorem 2] found the 
following general formula for sums of tails of q-series, 


(1.3) 3 (tia : eee 


(GiQoolGQoo (GI)nl(Gq)n 
(4; Q)olBiQoo fo gO ag® WD (C/B5 GQ) nb” 
© (GD) o0(6 Doo (>: Lge d 1 — aq” 2 (4; @)n(1 — =| | 


where we use the standard notation 


n=0 


(1.4) (a; qQ)oo = | [( - aq") 
k=0 
and 
(45 g)oo 
a8) ae (aq”;q) oo’ 


which is valid for all positive integers n. And, they also showed that when one 
considers the asymptotic behavior as g \, +1 of several specializations of (1.3) these 
identities yield similar generating functions for values of L- functions at negative 
integers. In this paper we notice, as Zagier did for 7(24z), that interesting infinite 
families of generating functions for values of L-functions result when one considers 
the behavior of specializations of (1.3) and Theorem 1 [2], at more general roots of 
unity. 

The first two theorems give us generating functions for L(@, s), the generalized 
L-function defined by analytically continuing the Dirichlet series. Let, 


where ¢(n) is a periodic function from Z to C. In addition, we will need the 
following character. Let, 


1 ifn=1,7 (mod 8) 
yo(n):=<« -1 ifn=3,5 (mod 8) 
0 otherwise 


271 


Throughout, define ¢,, :=e™ where m is an odd integer. 


THEOREM 1.1. Jf m is an odd integer, let d(n) = n* and let 


wo (l-g-@)--- 4") 
S@) =) (bag) (arg?) so Ghd”), 


n=0 
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Then, 
78 (Gme*) = — So(-1)"(44* — 1)L(@, -2n-1) 
n=0 ; 


n2 


THEOREM 1.2. If m is an odd integer, let ~(n) = Gr? x2(n), and let 


2 =f 70] 0 =O) eS) 
NO agate) UY 
Then 
20 (Gme') =~ So (F) bv-2n~1)- 5 
n=0 : 


The next two theorems give us values of the Hecke L-function, 
~~ a(n) = 
1. L = = Na ° 
(1.6) (p, 8) 2. a Ss" x(a)Na-®, 


aCZ[v6] 
where x is the order 2 character of conductor 4(3 + V6) on ideals in Z[/6] defined 
by 


1¥* ( if y is even, 


= =) 
(1.7) x(a) : jyetl (22) if y is odd, 


when a = (1+ yV6). If 1 < r < 48m is an integer, then let L,(pm, 8) be the partial 
L-function defined by 


7 a(n) i fae 
(1.8) L, (Pm, 8) := S° errr 


n=r (mod 48m) 


By the orthogonality of the Dirichlet characters modulo 48m and the analytic con- 
tinuation of the associated twists of L(p, s), each L,(pm, s) has analytic continuation 


to C. 


THEOREM 1.3. [fm is an odd integer, as a power series in t we have 


~2¢71/24 et /24 S-(1 By era ae ¢3 @~3t) ones c2n—-1_—(2n—1)t) = 


n=0 


0° m—1 
ig 
yYi- 1/24)” (S- L23448¢(Pm; s) + 1934(2q+1)24(Pm;s § ») Si ns 


| 
n=0 q=0 a 


THEOREM 1.4. [fm is an odd integer, as a power series in t we have 


2h oe H/24 SN (1 — Gme*)(1 + Ge). (1+ (1) GP Te Get) = 


oe) m—1 
Ad 
S-( —1/24)" (S- D1 448q(Pm, $) + L14(2q4+1)24(Pms § ») er 


| 
n=0 q=0 un 
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2. Proof of Theorems 


We use the same method for each of the four proofs. 


PROOF. (of Theorem 1.2) When one specializes (1.3) to the function 


z)i= n?(16z)__ ~> ongy?_ od = (9) 
H( ) : n(8z) 209 —_ g® I] (1 = giSit+8)’ 
one obtains: 
y rae et eas ea 0 
¥ (HER) rasG anne 
— (5+ Haste "| LS (2n+1)g ein de 
n=0 


where dg(n) := ap Notice that, as gq — —1, H(z/8) vanishes to infinite 
order. In fact if we replace g by Gg, where ¢, := e2"*/™, then as long as m is an 


odd integer H(z/8) vanishes to infinite order as g — —1. Define coefficients c(n) 
by 


ey pi es abd |e cain ra Coe 
Ce a? 3 (1+ Gment)(1 + C3,e734) ..- (1 — GPF) e—2nti)t) = Yetny 


Now we see that as t \, 0, 


d_ e(n)t” = : S-(2n + 1)(-1)POtD/2¢Ant)" Be“H2n+1)"/8 — G(—G ne). 
n=0 n=0 


Consider the Mellin transform of G(—¢me~‘): 


[ G(—Cme*)t® ‘dt 
0 


= 9 2 On + 1)(-1)2tD/2¢ Gat)" /8 / © p= t(2nt1)?/84s—1 gy. 
n=0 0) 


Let k = 2n+1 in the sum and let r = k*t/8 in the integral to obtain: 


(2.1) : G(—Gne~*)t8 dt = 8°T(s) S x2(k) ck /8 = :. -T(s)L(w, 2s — 1), 


2 


where w(n) = x2(n)Cre 
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On the other hand, by direct evaluation of the residues we get 


oe 1 CO 
te —t\4zs—1 - —t\;zs—1 = —t\,zs—1 
/ G(—Cme*)t® "dt = 4 G(—Gne ~)t a+ | G(—Cme ")t* “dt 
-f{ 3 e(n Dio Mat fo GeGie rat 


[So 1 


=F Shs ae, 


where, A(s) is analytic for Re(s) > —N. It is clear now that the residue at s = —n 
is c(n). By (2.1), this implies that 


ae Monte dt + | GG. dt 
1 


Ss 


8 
Cn) = Hes 7, (Sr (s) L(y, 2s — 1)) = 
This completes the proof of theorem (1.2). 0 


PrRooF. (of Theorem 1.1 " Theorem (1.1) concerns the function: 
(1 —q') 
uy = =1+42 

a xe -I] (1+ 4°) 
When we specialize a to this nation we get the ne identity. 
= ic — q2)..-(1 —q” 
3 (412) - Ome! ) (l—-q ) 
mar (ig) arg? eee") 

z) (>: dy woe") +45 0(- 
n=1 n=l 


where dj(n) is the number of odd divisors of n. The rest of the proof follows mutatis 
mutandis. UL 


Proof of Theorems 1.8 and 1.4 


ProoF. We need the following two specializations of theorem 1 in [2]. First 
for the function: 


K(z):= ara =ig- Ifa — gard), 
we have - 
S- (K(z ti 9 \(1 9?) a0 gir) 


n=0 


= K(z) (>: ane + M2(q), 


where d(7) := ) qn 1, and M2(q) is the mock theta function by: 


oo n n? — 
S- ( 1) Ge : sg PGA a 
(1 = q?4)(1 az q’?) er (1 na q?4(2n—-1)) 


(faa 
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Next, for the function: 


PO) = 2az) =a] a+), 
we have 
S- (F(z) =e q(1 BE q**)(1 + qa) ee (1 i 7) 
n=0 


hk. 1 
=F(z)(-5+ Do a(n) | +5 Mia), 
n=1 


where M,(q) is the mock theta function given in 1.1. In [3] we see that the coeffi- 
cients a(n) defining L(p, s) in (1.6) are defined by 


(2.2) >. a(n)q” = Mi(q) + 2M2(q). 


The theorems follow from this fact, and the fact that the coefficients of M,(q) and 
M2(q) are supported on exponents for which n = 1 (mod 24) and n = 23 (mod 24) 
respectively. LJ 
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On sums of an even number of squares, and an even number 
of triangular numbers: an elementary approach based on 
Ramanujan’s ;7~,; summation formula 


Shaun Cooper 


ABSTRACT. An elementary and self contained method is given for determining 
formulas involving the number of representations of an integer as a sum of an 
even number of squares, and as an even number of triangular numbers. Our 
method uses Ramanujan’s 1%; summation formula and Venkatachaliengar’s 
elementary approach to elliptic functions. 


1. Introduction 


Let ro,(n) denote the number of representations of a non-negative integer n as 
a sum of 2s squares, and let t2,(n) denote the number of representations of n as a 
sum of 2s triangular numbers. Ramanujan [16, pp. 158-159] stated that 


T25(n) = 625(n) + €25(n) 


where 62,(7) is a divisor function and e2,(n) is a function of lower order than 62,(n). 
Ramanujan gave, without proofs, exact formulas for the generating functions of 
€9,(n) and d2;(n) for 1 < s < 12, as well as the forms of these functions for 
general s. Mordell [12] utilised modular forms methods to give the first proof 
of Ramanujan’s general results for r2,(n). An excellent account of the history of 
these results is given by Milne [11, pp. 4-5]. We add the remark that proofs of 
Ramanujan’s formulas for 1 < s < 12 were also given by Ramamani [14], who 
made extensive use of the Weierstrassian g¢ function. Ramamani also stated how 
her method could be used to obtain the analogous results for sums of triangular 
numbers, but she did not work out the details. 

The purpose of this article is to give elementary and self contained proofs of 
Ramanujan’s formulas for general s, as well as proofs of the corresponding results 
for triangular numbers. By “elementary” we mean that our approach, inspired 
by Venkatachaliengar’s beautiful development [17] and the analysis in [7, pp. 112- 
117], is based entirely on Ramanujan’s 17; summation formula and straight forward 
manipulations of infinite series. Thus our methods are ones which Ramanujan 
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could have used. “Self contained” means just that - all of the formulas we will 
require for series, products and their properties are stated and proved here. Our 
only assumption is that the reader is familiar with Ramanujan’s ;y~, summation 
formula. 

The first half of this article is devoted to deesloniag some basic properties of 
elliptic functions, following the approach of Venkatachaliengar. Since the details 
of Venkatachaliengar’s work, in particular his Fundamental Multiplicative Identity 
and its consequences, are not widely known, we take this opportunity to reproduce 
some of his results here. 

General results for sums of squares and sums of triangular numbers are devel- 
oped in the second half of the article. From this, explicit, exact formulas for the 
generating functions of e2,(n) and 62,(7), as well as the analogous results for sums 
of triangular numbers, may be computed for any particular positive integral value 
of s. The explicit results for 1 < s < 25 are given in Tables 2 and 3. 


2. Elliptic functions 


1. Venkatachaliengar’s fundamental multiplicative identity. Let 7 
be a fixed complex number which satisfies Im7 > 0 and let gq = e’*7, so that |q| < 1. 
Ramanujan’s ;y~; summation formula is 


cad (1 a 2g (1 ol g?*-1/z)(1 cs rma e — aGq*) 
LL Gaza (1 + Be 1/2)(1 — aa?) — Be) 
l-—a 1-6 q 
= it Be * Tog? 4 
Sa) =a) fe =) (3 
Ray + Gra? 4 
ce — a)(q _ ‘as _ a) (q 2)? 
= 60") be Ba) = 8¢g") 
1— B\(q? — cs 3 
ee Oe?) _ (By) dens (2.1) 
(1 — ag?)(1 — ag*)(1 — ag®) \z 
where |Gq| < |z| < 1/|aq| and |q| < 1. This formula appears in Ramanujan’s Second 
Notebook in Chapter 16, Entry 17 [15]. Hardy [8, pp. 222 - 223] described it as “a 
remarkable formula with many parameters”. Proofs and more information about 


this formula can be found in [2], [3] and [5]. 
The Jordan-Kronecker function is defined as follows. 


DEFINITION 2.1. [17, p. 37] Let 


— 


+ 


+ 


CO 


tI 

This series converges provided |q?| < |t| < 1, andso long asa # q**, k = 0, +1, 
+2,.... In Ramanujan’s summation formula (2.1) take a=1/a, B=a, 
z = —at/q and divide by 1 — a to obtain 


2 2 legge 
(at, q°/at, g°, 9°54" Joo (2.3) 


.— 
as (t,@7 /t,0.07 [0:97 x 
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This extends the definition of F to all values of a and t except for a,t = q?* 
k =0,+1,+2,..., where there are simple poles. The following properties are im- 
mediate from (2.3): 


F(a,t) = F(t,a), (2.4) 
F(a,t) = —F(1/a,1/t), (2.5) 
F(a,t) = tF(aq’,t) = aF(a, tq’). (2.6) 


The twelve Jacobian elliptic functions correspond to the functions F(A, Be’’), 
where A = —1,q or —q, and B = 1, —1,q or —q. The Weierstrass o and g functions 
are also related to the Jordan-Kronecker function F’, and some of these connections 
will be given later. 

Venkatachaliengar’s development of elliptic functions is based on the following 
result. 


THEOREM 2.2 (Fundamental multiplicative identity). [17, p. 37] 
O 
F(a, t)F(b,t) = ta F(ab, t) + F(ab, t)(p1(a) + p1(b)), (20) 
where the function p, is defined by 
1 ; gd 
The prime denotes that the summation its over all integers 7 excluding 0. 


The series (2.8) defining p; converges in the annulus |q?| < |z| < 1. Shortly we 
will obtain the analytic continuation of p;, so the identity (2.7) will be valid for all 
values of a,b and t. 


PROOF. For |q?| < |a|,|b| < 1, we have 


F(a,t)F(b,t) = a y = 5 Sine 


jJ=—C k=—oco 
ae a bI aj b* 
x eee eee ee Le eee 2. 
ms i=) -> Leatge L192") ae 


The first sum is 
3 (ab)? - 3 0 (ab/q’y 
pea (e ge) - wee Og) 
F(ab/q°, t) 


= = [tF(ab,t)] 


= t= F(ab t) + F(ab, t) (2.10) 


The penultimate step above follows from (2.6). The interchange of differentia- 
tion and summation is valid as all series converge absolutely and uniformly (in 
t) on compact sets which aviod the poles t = q?*, k=0,+1,+2,..., provided 
lq*| < |ab| < |q?|. By analytic continuation, equation (2.10) continues to remain 
valid for |q4| < |ab| < 1. 
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Using partial fractions, the second sum on the right hand side of (2.9) becomes 


- a? b* 
(l= tq77 \(—‘tq?") 


j#k 
— “ bitn 
z ai pitn = ai bit” 
7 = 2 Gia — @) * 2 da L tig ee? hag) 
— al ee ce sae =. gitnpitn 
7 si ie 1?) 2 (ign) " 2 (lesg- 7) 22 Cl tgss") 
n q” n b” 
= F(ab,t) pa are +2 cr 
= F(ab,t) [pi(a) + pi(b) — 1). (2.11) 
All of the series in the derivation of (2.11) converge at least for |q| < Ja], |b] < 1 and 
t # q?*, k =0,+1,+2,..., and so the series rearrangements above are valid. Now 
combine (2.9), (2.10) and (2.11). This gives (2.7) and proves the theorem. 0 


The analytic continuation of p; can be obtained as follows [17, p. 5]. 


i GR we 
pile) St » 1— ge 
1 _ z — Zr 
~ eS eee i) pee 
k=1 k=1 
7 1 in 3 rua el _ q?* a G*) ‘3 ghger 
—  @*” ee g2k i g2k 
k=1 k=1 
1 % CO gk g2k 20g hg2k 
le eee oer 2,12 
aD Spare Sere (2.12) 
k=1 k=1 
— Alte k g2ik _ y—kg2ik 
ay Soyo (ehaPt — ge) 
k=1 9=1 
1l+z —< zq74 z—1q?3 
= —— ——_~ — ———__. ]. 2.13 
2(1 — z) a 2 é —zq?i 1 — 2-193 a) 
This last series converges for all values of z except z = q?", k = 0,41, +2,..., where 


there are poles of order 1. Thus (2.13) gives the analytic continuation of the function 
pi, and so the fundamental multiplicative identity (2.7) is valid for all values of a, b 
and t. 

The function p, is related to the Weierstrass g function in the following way. 
The Weierstrass g function with periods 27 and 277 is defined by 


1 / 1 1 
_i ee, Eee. ee 2.1 
(9) 6? - > 7 —2nk—2Qnrj)? (Qxk4+ 2x77)? ey) 


J; 
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The symbol 5° j, Pi denotes a double sum over all integer values of 7 and k from —oo 
to oo, excluding (j,k) = (0,0). Using the results 


CoO 


3 le oe st 
pe (9—2nk)2 — 4 sin? 2 


and 


we have 


/ 1 1 
p(9) = gtd laa - Ga 


eo 1 1 
ys 2 Cen ey ee ry | 


k=—0oo 


=— co 


k= 
ae 1 1 
ee s a a ere | 


ete a pee ce eta ae eee, 
4sin?£ 12 ; 4sin?(8—arj)  4sin? rrj 


i tere 7 Ll l 
12 2 De sin? a7Tj 04 » sin? (2 +E?) 


AG) = Se pe Gea (o10/2a3 — »10/2q—)\2 
| oe 2 Cet tae i de er ig =e. titg 3)? 
1 = q?J So e% g23 
= “To @2yq=qup PE PTAC. 2.15 
12 a 2 (1 — 92)? Py (1 — e#9g23)?2 ( ) 
Continuing, we have 
i — q74 
6d) = -—42) ——-—-- 
9(9) a 2 a. gp 


7 eid 7 3 ei 23 " e- 19 gi 
(1 — e#8)2 (1 — e89q25)2 * (1 — e- 18923)? 


| 
| 
— 
Le) 
+ 
“o™s 
_— 
lla | 
| é 
No 
SK 
— 
ho 
+ 
= 
DS 
> 
—_ 
o—™ 
WO. 
Sr) 
— 


Formula (2.13) was used to obtain the last line. Thus if we let 


CO 23 
q 
P=1~24) ———_——_ (2.16) 
se, BO9 ND? 
fag eae) 
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then we have [17, p. 8] 


6(0) = iF pr(e®) — 5. (2.17) 


2.2. Jacobian elliptic functions. We will now look at three special cases of 
the function F'(a,t), which we shall call fi, fg and fs. These functions will turn 
out to be the Jacobian elliptic functions cs, ns and ds, respectively, up to rescaling. 

A number of properties of f;, f2 and f3 (Fourier series, infinite product formu- 
las, double periodicity, location of zeros and poles) will follow immediately from the 
definition of F(a,t) and Ramanujan’s 17%; summation formula. We will then use 
the fundamental multiplicative identity (2.7) to obtain some of the other properties 
of these functions, namely the connection with the g function, elliptic analogues of 
the formula sin? 6 + cos? 6 = 1 and derivatives. 


DEFINITION 2.3. [17, p. 111] Let 


fil) = sF (ee), 2.18) 
oi0/2 | | 

fo(@) = Fie”), (2.19) 
9/2 ee 

f3(0) = ——Fi(e'"t*" , ce). (2.20) 


a 


The factors 1/1 and e®/? /i are included so that f,, fz and f3 will be real valued 
when @ is real. 


2.3. Fourier series and infinite products. Fourier series expansions for the 
functions f;, fo and fs follow directly from (2.2), the definition of F’. For example 


1 eiJ? 
fi@) = = oe gz (2.21) 
1 1 0° elJ9 e718 
4 at Liege aware: 
1]d1 TO ante sis gq?) e%38 g?3 e— 139 
a |2 aA “1+ ae a 


1 6 q et 
= cot aa 2. 14 qi sin 76. (2.22) 
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Similarly, 
pO /2: 422 eiJ8 
f2(8) = ; S- — (2.23) 
j=—oo 
q?2i-} 
= free er in(j — ~)9, (2.24) 
10/2 et 
j=—00 
1 
= = “ese 5 ~ — rere Gal sin(j — 5). (2.26) 


The series (2.21), (2.23) and (2.25) converge in the region 0 < Im@ < Im(2z7), 
while (2.22), (2.24) and (2.26) are valid in the region — Im(2z77) < Im@ < Im(2m7). 
Infinite product formulas follow from (2.3). We find that 


een: 10 _g2e-18 2. 9g? G2) oo 
UO). te. gen 2.27 
fi (9) ti ee odes ( ) 
: 6 +> (1+ 29?) cos 6 + q*3 
2 mora 2 fe ae! — 2q7) cos 6 + q*?) 
athe ge q, q?: g 2) 50 
0) Sa AST eae aa 2.29 
fal ) i - q 2e—10 959; Gas ( ) 
Jeo coe 8 > (1 — 2425-1 cos + q4i-? 
= 1PM 8 TT Aa 2G os +) a 30) 
2 (9397) “2 jal (1 — 2q?) cos 8 + q47) 
e'?/2 (—gel®, —qe—”, gq? 075.9" oo 


he gre 2g, 050" ys 
1(9°79")2 6 (1 4 2925-1 cos @ 4 g4i-2 
5 Te eae § J] AP coh te) en 
2 (-95 97 bo omer (1 — 2q?3 cos @ + q*?) 


From the infinite product formulas we readily obtain the periodicity properties 


fi(@+2mm+2n7Tn) = (—1)"f1(8), (2.33) 
fo(@+2mm+2n7Tn) = (-1)f2(8), (2.34) 
f3 (0 + 2mm + 2mTN) = (—1)™"" fy (0) (2.35) 


where m and n are integers. Thus f; is doubly periodic with periods 27 and 4727, 
fz is doubly periodic with periods 4m and 217, while f3 is doubly periodic with 
periods 4m and 27 + 27T. 

Also from the infinite product expansions we see that f1, fo and f3 have zeros 
at 8 = (2m + 1)r 4+ 2nazT, 0 = 2mn + (2n 4+ 1)a7 and 6 = (2m + 1)a 4+ (2n + 1)a7, 
respectively. The poles of f;, fo and fs all occur at 6 = 2mm + 2narT. 
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2.4. Connection with the Weierstrass g function. The Weierstrassian 
invariants €,, €2 and eg are defined by 


ey = p(n), (2.36) 
eg = (mT), (2.37) 
e3 = (a +77). (2.38) 


Let b — 1/a in the fundamental identity (2.7): 


O 
lim F(a,t)F(b,t)= lim t—F(ab,t lim F(ab,t b)). = (2. 
. (a, t)F(6, t) ja (a aeraces (ab, t)(p1(a@) + pi(b)). (2.39) 
The left hand side is just F(a, t)F(1/a, t). 

The first limit on the right hand side is 


Oo 


O tJ / qt 
lim t— ee ee | etal eee 
ay ot pa 1 — abgq?) Serie Ss 1 — abq?s 


From equation (2.13) it follows that p,(b) = —p,(1/b). Using this and the infinite 
product formula (2.3) for the function F’, the remaining limit on the right hand 
side of equation (2.39) becomes 


oe (ab, t)(p1(a) + 1 (0) 


= je dawd\ rae tim 2 ew 


b—1/a b—1/a 1—ab 
2 bt er ae us = b 1 
= lim ag Ces 1d 07,07) lim p1(a) pi(1/b) ae 
b—1/a (t, q?/t, ab, q?/ab; q*)oo b1/a a—1/b b 
= (1)p;(a)(—a) 
Thus [17, p. 112] 
F(a,t)F(1/a,t) = na (t) — 4 (a) (2.40) 
’ aa dt dare . . 
On letting a = e’*, t = e”” and using equation (2.17), this becomes 
F(e@, 6) F(e~#, €!) = g(a) — 9(8). (2.41) 


This formula can also be obtained by combining the two terms on the right hand 
side of (2.41) into a single series using (2.15), and then applying the 676 summation 
formula. 

Letting a = 7,a=77 anda=7+77 in (2.41), respectively, and simplifying, 
gives [17, p. 112] 


fi(0) = (6) -e1, (2.42) 
f3(0) = (9) —e2, (2.43) 
f5 (8) (8) — e3. (2.44) 
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Successively letting 6 = m7 in (2.42), 9 = 7+ 7 in (2.43) and @ = 7 in (2.44), and 
using the infinite products for f1, fo and f3, gives [17, p. 66] 
Gen Caves 
ANG, G7) G73" Jc. 
Gn ee Came 
6e3-e€2 = 4q——— 2.46 
; Gd?) (0, 0" Jes ee 
1 .g2)4_(q2: q2)4 
AA Jeol G0 
Note that since Im7 > 0 this implies that e; 4 eg # e3 # e1. Further, if 7 is purely 
imaginary, then q is real, and so in this case we also have e; > e€3 > é9. 
If we define the modulus k and the complementary modulus k’ by 


Qj -@€&2 = 2.49 
( 


€3 — €2 (—q?;¢°)8 
ke = = = l6q>~——_ 2.48 
ee. (G5 97)8 oa 
_ . 92\8 
Pleo ve, ee AGT oo (2.49) 


Ge. (Gg). 
then clearly k? + k’ * = 1, and hence we obtain Jacobi’s formula [17, p. 62] 
(9397), + 16q(-9?; @°)3, = (-9597)2.. (2.50) 
If the equations (2.42), (2.43) and (2.44) are combined two at a time to eliminate 
the g(@) term, we obtain 


fz (0) — fi(9) = e1-e2, (2.51) 
fz (9) — f3(0) = e3—e2, (2.52) 
f3(0)-fi(@) = e1-63. (2.53) 


These are the elliptic function analogues of the trigonometric identity 
sin? 6 + cos? @ = 1. In fact, from (2.22)—(2.26) and (2.45)—(2.47), we have 
: 1 6 1 @ 
_ fi (0) = 5 cot 5? lim f2(?) = a f3(@) = 9 8 53 
lime; = 1/6, lim eg = lim eg = —1/12. 
q-0 q—0 q0 
Therefore when g = 0, (2.51) and (2.53) reduce to 
lee, ae, 
= ee OOO eS = 
Fo gO ao 
while (2.52) reduces to a tautology. 
2.5. Derivatives. In the fundamental multiplicative identity (2.7), let t = e” 
to get 


| | 10 | | 

F(a, e”’)F(b, e’’) = 5 gr (ae e'”) + F(ab, e’”)(p1(a) + p1(d)). (2.54) 

Now let a = e’” and b = e’"". From (2.13) we have p1(e'”) = 0, pi(e'"”) = 4, hence 
10 1 

Bay e’)F(q, e"”) = ge (Ww e”) + 5h (4, em (2.55) 


The left hand side of this is 
F(—1, e®)F(q, e”?) = if, (O)ie~?/? fo(0) = —e~*9/? f, (0) fo(0). 
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The right hand side of (2.55) is 


~ & (ie~/? f5(0)) + se"? f(8) 


rg) Ler 4 be 


c~9/ (8). 
Combining gives [17, p. 111] 
f3(8) = —fi (8) fa(9). (2.56) 
Similarly, letting a = e’"7, b= e’™*'"7 and a=e'™*+'"7, b=e'™ in (2.54) leads, 
respectively, to [17, p. 111] 
fi(@) = —fo(@)fs(), (2.57) 
f,(0) = —fs(@)fri(@). (2.58) 


3. Sums of squares and sums of triangular numbers 


3.1. Introduction. Letting a, @ — 0 in Ramanujan’s sum (2.1) gives Ja- 
cobi’s triple product identity: 


CO 


I (Lt 2q")(1 4" /z)\1-@")= So giz. (3.1) 
Let us Pie two functions ¢ and w by ~ 
oa) = Sia’, (3.2) 
j=—0o 
vq) = 5 gG4D/2, (3.3) 


Thus @ and w are the generating functions for square numbers and triangular 
numbers, respectively. 

Putting z = 1 in the Jacobi triple product identity (3.1) and using Euler’s 
identity 


: 2n—1\ __ - ] | 
Ila+e = UV aa ey (3.4) 
we obtain 
(q) = pS qo _ [[a ge VG ge 9°") 
_ Fate ya @) 
- lena) 35) 
CO 1 yan the, n 

- UG =e 86) 


Similarly, letting z = q in (3.1), and observing that 


CO 


S > git) = 2S git), 
j=0 


j=—00 
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we obtain 
COO 1 fore) 7 
va@)= PO) = STTa+eP ate?) a) 
3=0 n=1 
= [[Q+e%)0+¢")0-¢") 
n=l 


_ ppt e™a-@") 
= II (1 + q2-1)(1 — g?n-1) (3.7) 


n=1 
ars Pas gat 
en 3.8) 
— q74n—-2 ( 
n=1 l a 


Furthermore, the modulus k and complementary modulus k’ defined in (2.48) and 
(2.49) are related to the functions ¢ and w by 


= 1/2 $* (9°) 
k Aq Pla)’ (3.9) 
fe ee ¢?(—q) 
— Ba) (3.10) 


We will denote the number of representations of an integer n as a sum of s squares 
by r,(n). That is, r,(n) is the number of solutions in integers of 


gi t+agt::- +2? =n. 
We pay attention to the sign and order of 71, %2, --- , x;. For example, 
1 = (+1)? +0? = 0? + (41), 13 = (+3)? + (£2)? = (+2)? + (48), 


and so r2(1) = 4 and r2(13) = 8. 

Similarly, we will denote the number of representations of an integer n as a 
sum of s triangular numbers by ¢t,(n). That is, t,(n) is the number of solutions in 
non-negative integers of 


1 1 Pe oom 
aes Ly tees Lp ee ) 


= nN. 


The condition that the x’s be non-negative is used here without loss of generality, 
since allowing 21, X2, --: , Z; to be any integers would merely multiply the number 
of such representations by 2°. 

As examples, 
(1) 


(1)(2) , (0)G) _ | (1)(2) 


_ _ (0) 
_— a: = Je 
(3)(4) _ (0)(1) _ (0)) , (3)(4) _ (2)(3) , (2)(3) 


and so t2(1) = 2 and t2(6) = 3. 
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The r,(n) and t,(n) have the following generating functions’: 


S 


gq) = | >So @ ], 


WE 
3 
Va) 
om 
KS», 
— 
2 
Ko 
| 


j=0 J=—-0O 
Sea = wa) = [Sqn 
j=0 j=0 
3.2. Sums of two squares and two triangles. Taking a = 6 = —1 and 


z= 1 in Ramanujan’s sum (2.1) gives 


cn ead a ae 
(1 cs g2n-1)2(] Ee g?”)2 =~ 1+ q? eee q4 eee g6 ; 


n=1 
If we use equation (3.5) on the left hand side, then this becomes 
2 


oC 2 3 

;? q qd q 

=1+44 ne ee ae 3.11 
d, 9 . fee tabee Beer aa Oe 


j=—00 


Equating the coefficients of g” on both sides gives the following theorem of Jacobi: 


THEOREM 3.1. Let d,(n) be the number of divisors of n of the form 4m + 1, 
and let d3(n) be the number of divisors of n of the form 4m +3. Then 


ro(n) = 4{d(n) — d3(n)}. (3.12) 
Similarly, if we take a = 1/q, 8 = q and z = q in Ramanujan’s sum (2.1) and 
use equation (3.7), then we obtain 
2 


x git) _ Ie ego”) (Gg 


(1 + g2"- *) | (1 =92"-*)? 


aes 


1 q q° Y 
I-q 1-@ 1-@ 1-q 
This implies the following theorem about sums of two triangles. 

THEOREM 3.2. 


to(n) = dy(4n + 1) — d3(4n + 1). (3.13) 


3.3. Higher derivatives. We begin by recording the values of i gS 1, 
2, 3, at the points 7, 77 and 7+ 77. Differentiating equations (2.21) — (2.26) and 
using the results 


. (-1)5- 1223 (227 —1)B 
tanzr = s (1)? 120 (2% ~ 1) Ba; " ) 2) p25 — . 
tea 71)’ Ej 


1Ramanujan (16, p. 157] defines rs(n) by $°(q) = 1+2 ara rs(j)q), which is different from 
the standard notation. We will not use Ramanujan’s notation. 
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where Bo = 1/6, Bg = —1/30, Beg — 1/42, Bg = —1/30, Bio _ 5/66, St ce OLE 
the Bernoulli numbers and Ey = 1, Fy = —1, F4 = 5, Be = —61, Eg = 1385, 
Fy9 = —50521, ---, are the Euler numbers, we get 
(2m-1) 7 nO" = 1) Bom - So —1)9 92-1 929 
; 2 ay Ta (3.14) 
(2m) a, Ae — Qi Gt ~ 
2 (™) = Q2m+1 Bam —4 3 AES , (3.15) 
‘fa 
(2m) , ey 3 (=1)9 (27 = 1)?" q77-* 
j=l 
(2m) ie 
ney: == 2a a igh (3.17) 
j=l 
(2m-1) 7 (=1)"— Saal (23 _ Lyell 
fo Rt) JQ2m—2 Dy 1 — q23-1 (3.18) 
j=l 
(2m) +. ee ag 
ie AEE. ra eae (3.19) 
j=l 
2m ‘ m— = (—1)9 7?" 
Om)(n 4+ ar) = 2i(-1) ye a (3.20) 
j=l 
on (=1)"™1 SS (=1)7(25 - 1g? 
j=l 
i iia) eae (= 1)9 (27 — 1)?™-1qi-1/2 
j=l 


Also, 
fr" (a) = fe (n) = fm) =O, 
Pe ar) = fr (ar) = fe" (a7) =, 
ie. (r+a7) = eo ae +77) = Om) (a +a7)=0. 
Next, we calculate the values of Ga at the points 7, 77 and + 77. By (2.42) — 


(2.44), f?, f? and f? differ from each other only by additive constants, so it suffices 
to calculate the derivatives of f?. Using (2.12), (2.17) and (2.42) we obtain 


2m+2 _ CO -2m+125 (__1\5 
(fr )<™)(m) (e)) Pesan. see = 1 — q?i 
(3.23) 
CO -2m4+1_,j 
m m J q 
en \ar) = ye a (3.24) 
J= 
2\(2m) yymtt jem tt ( aia oid 
(fpy™ (a +ar) = 2, i — (3.25) 
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Also, 

ye? aa a) aan) 0 
Now we shall use (2.56) — (2.58) to compute these derivatives in another way. We 
have 


fi = —fefs, 
1 fife + fiff, 
1 —4f? fofs — fof — ffs 
AY = 4f2fo+4Fi fit hfe t+ Ass t+ 4nrg sy, 


Similar results can be written down for derivatives of fg and fz by permuting the 
subscripts and using symmetry. By induction we obtain 


He aa ‘> c(n; At, A2; 3) Ae A a (3.26) 
= ‘> c(n; AL, A2; 3) A (3.27) 
a S © e(ns Ar, A2, As) fe? ae (3.28) 


In each case the sum is over all Aj, A2, Ag satisfying A1 + Ao + A3 = n+], 
0 < Ai, A2,A3 <n, and A; +1, A2, A3 and n all have the same parity. In addition, 
the coefficients c(n; A1, A2, A3) are all integers, and 


c(n; M1, d2, A3) = c(n; M1, A3, A2), (3.29) 
(-1)" S° e(n; Ar, A2, Az) = (3.30) 
We will see later in (3.44) that 
S| e(2m;2m + 1 — 23, 27,0) = |Eam|. (3.31) 
j=l 


In (3.30) the sum is over the same range of values as for (3.26) — (3.28). 
Similarly, 


(f2)™ = So e(n; Ar, ro, As) fp FB? £3" (3.32) 


where this time the sum is over all Ai, A2, Ag satisfying A1 + A2g + A3 = n+ 2, 
0 < Ay, A2,A3 <n, and Ay, A2, A43 and n all have the same parity. In addition, the 
coefficients c(n; 1, A2, 43) are integers, 


COE Ni Ad, AS) SC AAG AE) (3.33) 
for any permutation (2, 7,k) of (1,2,3), and 
(-1)" S—e(n; Ar, A2, Az) = (n +1)! (3.34) 
We will see later (3.49) that 
> c(2m — 2;2m — 27, 27,0) = aim (2'” = 1)/Bam|, (3.35) 
si 2m 


In (3.34) the sum is over the same range of values as for (3.32). 
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TABLE 1. Values of f1, fo, fs. 


5 0" (—@) 


x {4q°/?h(q?)} 


0 


We also record the values of f;(7), f;(a7) and fj(7 +77), 7 = 1,2,3. For 
example, using (2.27) and then (3.5) gives 


Lge 00110 3 Wow. S89 
fi(at i = — f(g). 
>, (9,9, -@7,-G7397)o0 2 \) 
The results are summarised in Table 1. 
3.4. Sums of 4m-+ 2 squares. Formulas for sums of 4m-+ 2 squares, m > 1, 
can be obtained by evaluating 


gem | £2) ny + i(—1)" FP" (nr) (3.36) 


in two different ways. 
First, using (3.15) and (3.17) gives 


gee a (m) + (1) far) 


m a en 
= |Bam| ~ 4(- i ime es ge 


(3.37) 
Now use (3.26) and (3.27) to re-evaluate (3.36). We start with 
(Lf (wr) = i(-1)™ | e(2m Aa, Aa, As)(fu(@7))™ (fa(mr))** (fa(a7))™ 


Since fo(77) = 0, the only nonzero terms in this sum will occur when A2 = 0. 
Consequently 


i(-D™fP™” (a7) 


= i(-1)" \0 e(2m; 2m +1 — 21,0, 24) (fa (mr) 2-24 (fa (7)? 


p=l 
1 ee 
~  2Bm-+1 2, c(2m; 2m + 1 — 2p, 0, 2u)(d?(q))?*9-*# (4q"/?2h? (q?))7# 
m 2p 
gone) ee 

se MS On 0) | 

92m-+1 rear H, 0, 21) ¢2(q) 

4m+2 m 
= Sea c(2m; 2m + 1 — 2p, 0, 2u)k*". (3.38) 


1 


iv 
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Similarly, 
(2m) 207) 


2 (m= pamtl “dal (2m; 2m +1 — 2,0, 2p)k’™. (3.39) 


Adding (3.38) and (3.39) and indies by 22+! gives 
omrt | £2”) r) + (1) FP (n7)] 


= g4¥2(q) J e(2m; 2m + 1 — 2,0, 2) (k +k), (3.40) 
p=l1 
Next observe that 
+k? = 1, 
kA+k = k(L—k*) +k? (1 —k) = 1 — 2(kk’)?, 
k2™ et pie ~_ koe = k'*) it iam _ k*) 


a p2m—2 4 en _ (kk')*(k?™-* ae pes), m= 3,4, ath 2 
(3.41) 
and so by induction k2™ + k/*” is a polynomial in (kk’)? of degree |m/2|, with 
integer coefficients and constant term 1. That is, 
[m/2] | 
Rem $e" = 14+ S~ aj(kk’)” (3.42) 


for some integers a;. Using this in (3.40) gives 


amt | £2) ny + i(-1)" FP (nr) = g42(@) 4 do — D> dj’) O 
j=l 
(3.43) 
for some integers do, d1,--- ,djm/2}, where 
= ys c(2m; 2m + 1 — 2p, 0, 2p). 
p=1 
Comparing the coefficients of g® in (3.37) and (3.43) gives 
do = c(2m; 2m + 1 — 2p, 0, 2u) = |Eam|. (3.44) 
p=1 
This proves the claim made earlier in (3.31). 
Combining (3.37) and (3.43) gives 
|Eam|g°"** (q) 
ym a) pe 2m+2 
= |Eom|—4(- yy! 1 — q23-1 +2 ier 
g=1 
[m/2| 


tre (q) S- d; (kk’)?9. 
g=1 


Substituting the expressions for k and k’ given in (2.48) and (2.49), we have proved 
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TABLE 2. Sums of 4m + 2 squares and 4m + 2 triangular numbers 


61 | 91 
1385 | 3052, -2 
50521 | 138677, -7381 
2702765 | 8782962, -1907349, 2 
199360981 | 747599583, -331261698, 597871 
19391512145 | 82413910232, -56726638356, 1192092896, -2 
2404879675441 | 11423178392809, -10710303333531, 
795134798974, -48427561 
370371188237525 | 1944448737984862, -2309050055554463, 
371179666042442, -745058059693, 2 
69348874393137901 | 398756027759494355, -573212064779230960, 
155636292404293285, -1909093442764355, 3922632451 
15514534163557086905 | 96965838522227598852, -163629856904292739110, 
65144309725506894520, -2434405987601451345, 
465661287307740, -2 


1 
2 
3 
4 
5 
6 
iG 
8 
9 


THEOREM 3.3 (Sums of 4m + 2 squares). 


|Eam|e°"*? (q) 


soe | i( — 1)2mQ2j-1 Oe, AAD 
= |Eom|— 4(- yey! Tat ee OD ery 
j=l j=l 
|m/2] 247 
Gano aes 
sere peer eo d, 167g pe See ae (3.45) 
(q?; q?)o0"** dX, (—4; —a)oo" 


for some integers d;. Values of the integers d; can be readily calculated by comparing 
the coefficients of the first few powers of q on both sides. The first few values are 
given in Table 2. 

This is equivalent to Ramanujan’s formulas [16, pp. 158-9, (133), (134), (146), 
(147)], which are stated without proof. Our results confirm an observation of 
Ramamani [14, pp. 6-7] that in Ramanujan’s Table VI in [16, p. 159], the numbers 
1103272 and 821888 should be 1109416 and 944768, respectively. 

Taking m = 1 in ‘Table 2 gives 

6 


oo 2 N\229=1 CO 2G 
> a7 _ +4 =1)) 27-21)" ¢ 3 I-49 
qd _ 1 — q2J- 1 ae Clan 
I= 


J=-OO g=1 


which is due to Jacobi [9, p. 164]. Equating coefficients of gq” on both sides gives 


n)=4 5° (4e?-d?)-4 S” (4c? - a’). (3.46) 


de=n de=n 
d=1(4) d=3(4) 


Further details may be found in [4]. 


3.5. Sums of 4m squares. Formulas for sums of 4m squares, m > 1, can be 
obtained by evaluating 


2m | (f2) 2-2) (m) + (1) ™(F2) Om") (7) 
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in two different ways. From (3.23) and (3.24) we have 
220 | (f2)(2m—2) (n) + (—1)™(F2) 2") (wr) 


P(e 1) Soe st 1 q7i(- 1) of Sealed 
B sa Sia m g2m+1 : 
2m | - | a ) sere 7 s 1— q?3 
22m (oem — 1) gre he 
= ep ger Teg 
IM | Aunt | x eo (—1)™+3q) 
(3.47) 
Next, from (3.32) we have 
on ante (m) + (-1)™(f2) 2" (x7)] 
m—1 
— (q) > c(2m — 2;0,2m — 2p, 2) (k2" + k’**) 
p=1 
<S 1) /2] | 
= dy — d;(kk')?4 (3.48) 
for some integers do, di, ---, beens where 
m—1 
do = Y_ c(2m — 2;0, 2m — 2p, 2p). 
p=1 
Comparing the coefficients of q° in (3.47) and (3.48) gives 
m—1 
Das ale _ 1) 
dy = e e(2m — 2;0, 2m — 2p, 21) = —T—~——" | Bam. (3.49) 
This proves the claim made earlier in (3.35). 
Combining (3.47), (3.48) and (3.49) gives 
92m (" _ 1) ie g2m Oa ms 1) en gen aa 
—S— Bam g(a) = —S——" Bam| +2 ie aaa 
\(m—1)/2] | 
+¢*™(q) » d,;(kk’)*?. 
j=l 
Thus we have proved 
THEOREM 3.4 (Sums of 4m squares). 
ee a =, 1) ‘4 ahi Oa _ 1) ‘ Sead p2m—I oJ 
—__——_—|B>,,|¢°”™ oe |B oe —______ 
Im | 2 |p (q) Im | 2 Le ps 1 — (—1)™+3q) 
Layee One [(m—1)/2] 24) 
a =e 2 d,16%qi (Tio Joo Cea 
Cee es (-q; -q) 2 
(3.50) 


Values of d; can be obtained by comparing the coefficzents of the first few powers of 


q on both sides. The first few values are given in Table 8. 
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TABLE 3. Sums of 4m squares and 4m triangular numbers 


cae |Bam| | di, da, +++, €\(m—1)/2} 


1 = 
2 eee 
16 | 16 
272 | 512 
7936 | 19712, -256 
353792 | 1060864, -131072 
22368256 | 78286848, -25509888, 4096 
1903757312 | 7615021056, -4300210176, 33554432 
209865342976 | 944394010624, -767588499456, 
33059897344, -65536 
29088885112832 | 145444425433088, -154538996662272 
17594065092608, -8589934592 
4951498053124096 | 27233239291658240, -35743695288401920, 
7638097545134080, -42845607034880, 1048576 
1015423886506852352 | 6092543319039016960, -9519600035503800320, 
3172431722939678720, -72058212513218560, 
2199023255552 


1 
2 
3 
4 
5 
6 
fi 
8 
9 


This is equivalent to Ramanujan’s formulas [16, pp. 158-9, (131), (132), (146), 
(147)]. 
The cases m = 1, m = 2 and m = 6 of (3.50) give, respectively 


2 Ig’ 
Se = 14+8) ——"—__., (3.51) 
fase reg: 
CO CO 
7? = Vy 
Ss" g = 1+16>— (py (3.52) 
J=—-CO j=1 
24 . 
691{ So gi - 691+ 165° FF 
Poa vere eee) 
+33152q(—q; —@)55 — 65536q*(q*; q7)2. 
(3.53) 


Equating coefficients of g” in these equations gives 


rn): =) 8. > aa, (3.54) 


d|n, 4fd 
ra(n) = 16(-1)”> (-1)%d°, (3.55) 
d|n 
691ro4(n) = 16(-1)” )_(-1)%d"? + 33152(—1)""*r(n) — 655367 (n/2). 
d|n 


(3.56) 
The function 7(n) is defined by 


S| r(n)q” = 4(q; 9)25 (3.57) 


n=1 
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and (x) is defined to be zero if x is not a positive integer. Equations (3.53) and 
(3.56) are due to Ramanujan (16, p. 159]. 


3.6. Sums of 4m+2 triangular numbers. Ramanujan [16, pp. 190 — 191] 
obtains formulas for the number of representations of an integer as a sum of an even 
number of triangular numbers from the corresponding formulas for sums of squares 
by applying the modular transformation. In keeping with our promise to give 
self contained, elementary proofs, we give proofs for results on sums of triangular 
numbers which are similar to the ones given above for sums of squares. 

For sums of 4m + 2 triangular numbers, m > 1, we evaluate 


— OM) r+ ar) +4(-1)" £2 (nr) (3.58) 


in two different ways. 
First, using (3.19) and (3.21) gives 


mar [AP tr) + (19 (nr) 


J2m+1 
m+1/2 © 1 —_])mr) 
_ 4 2m_j—-m-1 ie) 
— “94m > (25 -1)?"¢" i¢git 1 — qu . (3.59) 
j=1 


Second, using (3.27) and (3.28) gives 


mar [APM + wr) + 6-1 4 Corr) 


92m+1 
= green (ae) 
é g*#(q) + (-1)#o**(—-q) 
x 3 c(2m; 2m+1- QL, Qu, Or 
=A (2q1/4eh(q?))* 
he 1+ (—k/*)# 
— om+1/2,),4m+2/ 2 
= grtl/2y, (q DO ale — 2p1, 2,0) 5 ——. 
(3.60) 
Next, observe that 
1k” 
ep 
14 _ pl2y2 y2 ps2 
1. Cae y A w1-2(Fr), 
kt k4 kA kA 
;2m rt) fam ss 2m —2 a=) f2m—2 
_ yp? 1 ie p/2m—4 
-( kA {mat nea | TE eG 
(3.61) 


and so by induction 1/k2” + (—1)™k’?"/k2™ is a polynomial in —k’*/k* of degree 
|m/2], with integer coefficients and constant term 1. That is 


5 Lm /2] k!? 4 
Kem = k! =1+ S- ay Ga (3.62) 


SUMS OF AN EVEN NUMBER OF SQUARES AND TRIANGLES 135 


for some integers a;. Comparison of the recurrences and initial conditions in (3.41) 
and (3.61) shows that the coefficients a; in (3.62) are identical to those in Section 
3.4. Using this in (3.60) gives 


— eer) (7 + a7) + a (rr) 


[m/2] _p/? 
set gle ame? Se c(2m; 2m + 1 — 2p, 2, 0) > d; (Fr ) 
p=1 

= gor plan (a) 

ed UUM 7 as . 

_gmti/2 Cali hae (1) aaa ee 

; 4m+2 ; 47°? 
(q?;q?)oo'T* “=z (25697)? (q4; q4)c0? 


(3.63) 
where dj, dz, ---, djm/2| are the same numbers as in Section 3.4. 
Combining (3.59) and (3.63) gives 
THEOREM 3.5 (Sums of 4m + 2 triangular numbers). 
|Eam |pim+2 (q?) sim de _ ie a j—m-1 1 = (—1)™+9 
4m on (23 g 1+ q2-)  1—q-! 
[m/2] ; 
" Ce q* 8m+4 (—1)d, (q?; ere | (3.64) 
(q?sq?)oo't? <7 (2569?) (q4; g4) 50" 
The values of d; corresponding tom =1,2,--- ,12 are given in Table 2. 


This is equivalent to Ramanujan’s formulas [16, p. 191, (12.6), (12.63), (12.64)]. 
The special case m = 1 gives 


6 
oO 


CO 1 = i} (—1) 
iG+1) | = — N° (27 —1)2qi-? cast oda}. 3.65 
BS : 16 ae a i+qi-l * [ql (3.65) 


This has the arithmetic interpretation 


-> = -> a. (3.66) 


oa ein oar eee 
d=3(4) d=1(4) 


Full details of the calculation and references may be found in [4]. 


3.7. Sums of 4m triangular numbers. Formulas for sums of 4m triangular 
numbers, m > 1, can be obtained by evaluating 


i [C1 (FB) (wr) + (F2) 2-2 we + a7) 
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in two different ways. From (3.24) and (3.25) we have 


1 
Pn Lila (nr) + (f2) 2") (a + w7)| 
OO”. 2im=— 1g cay mt+j,2m—-1_,) 
_ j 1 Gooey ee 
— — 1 er T 92m—1 = 1 — g?3 
I= 
1+ ( aah gate h Gd 


Next, using (3.32) and simplifying gives 


a ee + (f2)0" 2) +-47)] 


m-1 L(m—1)/2] _p/? 
= pn ; 
=F ga) c(2m — 2; 2p, 2m — 2p, 0) — >. d; (Ser 


y= j=1 
(3.68) 
where dj, ---, d)(m-_—1)/2| have the same values as in Section 3.5. Combining (3.67) 
and (3.68) and using (3.35) gives 
THEOREM 3.6 (Sums of 4m triangular numbers). 
92m 92m a Bom 
( aa aem(2°™ — 1)|Bom| ly hg) 
ase (aon ee ones lg 
oe ~—— = oer 
m L(m—1)/2] 
mach ee 6 aCe es (3.69) 
GiGi = (25697) (q4; q*)ae" | 
g=1 
The values of d; corresponding to m = 1,2,--- ,12 are given in Table 3. 


This is equivalent to Ramanujan’s formulas [16, p. 191, (12.6), (12.61), (12.62)]. 
The cases m = 1, m = 2 and m = 6 of (3.69) give respectively, after replacing q? 
with gq, 


 i(G+1)/2 — we QF - 1)! 
$7 gi Gt0/ = ) Pree ae (3.70) 
j=0 j=l 
8 
oO 2 48 q5-1 
SG} = ~~ = (3.71) 
7 7 q 
j=0 j=l 
24 
CO oO -11,j-3 
176896 | Yo g@9tV? | = ee — 20727 *(q"39")5 — 7 (G5 a) ce 
j=0 j= 


(3.72) 
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Equating coefficients of powers of gq on both sides gives gives 


ta(n) = YS d, (3.73) 
te(n-1) = SO (Ey, (3.74) 


176896t24(n -3) = ~ Ga — 2072r(n/2) — r(n). 


(3.75) 


A proof of (3.70) using Ramanujan’s ;y~, summation formula was given by Adiga 
[1]. An even simpler proof, also using the 171, was given by Lam [10]. Song Heng 
Chan [6] has pointed out that both (3.52) and (3.71) can be deduced easily from 
(2.40). Equations (3.72) and (3.75) were given by Ono et. al. [13]. 
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Some remarks on multiple Sears transformations 


Yasushi Kajihara 


1. Introduction 


The Sears transformation for terminating balanced 443 series (equation (8.3) 
in [8] and (2.10.4) in [2]) 


i, _ 5, 
(1.1) 493 " d, a “ q; | 


—N 
a” SERIA 403 F WE alae Fee qd, 4| » (abc = defq* =) 


has various applications in g-analysis. On the other hand, in [3], the author derived 
some types of multiple Sears transformations by using the g-Euler transformation 
formula (the equation (2.3) below). The purpose of this note is to discuss some 
properties including some special and limiting case. We also derive a new trans- 
formation formula for multiple 4¢3 series from a multiple Sears transformation 
formula. 

Notation. We follow the notation of Gasper and Rahman’s book [2] for q-shifted 
factorials and basic hypergeometric series. In this note, we usually omit the basis 
q in q-shifted factorials unless stated otherwise; namely we denote (a;q)x as (a), 
for k = 0,1,2,--- and (a;q)oo aS (@)o.. Throughout of this note we assume that 
O<q<l. 


2. Multiple Sears’ transformations 


In this section, we give some of our multiple Sears transformations (see [3}). 
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The most general form of our multiple Sears transformation formula for multiple 
basic hypergeometric series of type A ((7.1) in [3]) is as follows: 


(2.1) S- jee) I] (054/25). (ChLiYk/LnYm) ve 


EN” A(x) <i 7h (qxi/X;)-, ieee (dx iyr/ZnYm)-, 
Fin (@) ia 
(€)iyi(F) 141 
_ ¢/ay(F/an 
(e)n(f)n 
. 5) A(yq?) ((d/c,)yx/YW) 6, ((d/b;)riyk/LnYm) 6; 
pa. AW) ekicm  (GYk/Yt)br at (dr iyk/InYm) 5, 
©) in a 


(g-Na/e)iyi(a'-Na/f)i4 


when aby +++ baci +++¢mg’™ =d™ef. Here A(z) = TTheicjen (i — 25). 


The following formula is a special case of (2.1) (m = n and y; = 2)" for 
7 


| A(zq7) (b;2i/2;), (C9 2i/23)4 (I @ 

(22) KG) dL Geiltsn Gzilts ne Own 
_ (e/a)w(f/a)n on 5, A(z~*q°) 

(e)w (fn a! A(a) 


x I] (Cd/ei)x;/ai)s, ((d/bi)x;/xi)s; (q~™ )i5 (2) 54 


1<i,j<n (qx; /Xi)6, (dx; /xi)6s; (q'-Na/e)\5 (q’-Na/f)j\ 65 


when ab, ---byc1-:+ cng % = def. 
The multiple Sears transformation (2.1) is obtained from multiple g-Euler trans- 
formation [3] 


(2.3) S- uni eet I] (Aste )ve Il Cains 
ces z) ie Ch rae eae ee (CLV Env), 
Ae Bie Bot Ge 
(tt) oo 
x Ayes Ap By «+ Bru som AWD) 
pa 1 1 u/C™) AG) 
. Il ((C/Br) Yn /Yt) 5. ((C/A;)2iYR/LnYm)oy 
1<kl<m (qyn/Y)d. ee ee (Cxjyr/tnYm)é, 


for Aj,...,An,Bi,...,Bm,C € C, and the third Heine transformation for 2¢, 
series 


oe 7 = ee oe q; DEu/F| . 


(2.4) 161 | poe oe F 
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We consider the product of (2.3) and (2.4) 


(2.5) yo hee) Il (A;24/2;)-, Il (BEDI YE/ Lea a 


A(z) 1<ij<n (qx;/23), iS LRA (Cxiyn/ lnm): 


(DEu/F) , [F/D,F/E. : 
(U8) 00 161 F ;q, DE [F 


(UL) 60 
A(yq°) 


Y, 3A Picks BO hls 
{4 AnBi +++ Bmu/C™) AG) 


ASN" 


«JT CE Bduclwe PT (CA tive /envm)oe 


1<k,l<m (qk /Yt) 6, 1<i<n,l<k<m (CriYk/LnYm) bx 


D,E 
291 | F au ‘ 


x 


Suppose that A, ---B,--:B,/C = DE/F. Next, take the coefficients of u% in 
both sides of the equation above. Then by changing the parameters appropriately, 
we have (2.1). 

Similarly, we obtain another type of multiple Sears transformation (Proposition 
7.2 in [3]): 


~~ Fee] Sey Se 


2B) AL Gailey AE dei/en 
Y (qin (24m /Yr ) || 
(Pal chem (CRY / Yee) I 
_ (d/c)n Il ((d/bi)vi/Ln)N 
(de, ---€m/a™b, --+bnc)N (dx;/2n)N 


l<i<n 


x I] Ao oe 


: 5, A(yq?) ((er/a)yn/y)6: ((f/a)yx/Ym) 6x 
2 * AG) oe (qyk/Yt)6r eG (q) Nam lyn /Ym)br 


(q7* )is| Il (qe Nd *an/xi) 1651 
(Gr Ne/A)a) Zien (V™ (bi /d) tn /Xi) 5} 


x 


when ab, ---b,cqgi-% = de,---emf. Note that the m = n = 1 case of (2.6) is 
itself an opposite version of Sears transformation obtained by reversing the order 
of summation. In the remaining part of this note, we deal only with transformation 
of the type in (2.1). 
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3. Some limiting cases of the multiple Sears transformation 


In this section, we discuss some special and limiting cases of the multiple Sears 
transformation (2.1). 
It is convenient to rewrite equation (2.1) as 


Mea") py (b521/2))a fectaaiinctiihs 
ee 2X8 A(x) J (qx; /X;)-, (in, he (C2) ama); 
(Di 

(€)) | (aby bcs: Gag fae) 

(e/a)n(d™e/by --+bnc1 +++ Cm)N 

(e)n(d™e/ab, te bn cy <n Cm)N 

Ss gil A(yq’) Il ((d/c,)yic/Yt) 5x IT ((d/b;)xiye/ZnYm) 6b, 


x 


(q~%)\5)(@)j5 


(qi -Na/e))5(d™e/by Sree Yon 6s Cm )|6| 
Then by taking the limit N — oo of (3.1), we obtain the multiple non- 
terminating transformation formula for 3¢2 


(3.2) > fgen meee A(«q7) Il (b;2;/2;)+, 


x 


: Il (CetiYe/LnYm)vi (2) 
Pera ee ean (dxiyk/InYm)y (€)in1 
(e/4)oo(de/b1 * ++ baci +: Cm )oo 
(€)oo(d™e/aby «++ bn ci +++ Cm )oo 


e\l6l| A(yq? Ale ; 
(2) TE Waddie 


1<k,l<m (qyk/Y)s, 


: Il ((d/b;)LiYs/LnYm)65, (a))65| 


REMARK 3.1. In the case when n = m = 1, this formula reduces 
a,b,c _ de 
(3.3) 302 | d, e ao) =| 


(e/a) oo(de/bC) x a,d/b,d/c._ e 
(€)oo(de/abe) oo ae | d, de/be = : | 


which is due to Sears [8]. 
Next, letting a — 0 in (3.1), we get 


-N) 


(3.4) Sp gi AGM) py Litiltidn (caiyi/tnivm)oe Qn 
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Cig ee eno am eee omen - 
(e)N ( d™ 

\- i Aue) ((d/c))yk/Yt) 5, I ((d/b;)xiYn/InYm)é;, 

inn AY) eke (We/Woe  esericncm  (AtiYR/Tn¥m) oi, 
=N) 


x 


(q |5| 
(d™e/b, wdee bc ee Cm )6| 
Note that all the same results of the previous paragraph are restricted in the case 
of (2.2). 
In the case when m = 1, the right-hand side of (2.1) reduces to a ni3¢n+2 
serles 


(3.5) St the) py eitiltdn PY (tilts 


vow A) ijn (WEI TI  Ze, (Fein) 
; (a i (@) iv 
(€) || (abr - ++ bneg*~% /de) 4 
7 (e/a) n(de/b, ---bnc)n 
7 (e) n(de/ab, --- byc)Nn 
Serie ante (d/b1)@1/2ny-.-(d/bn—1)2n-1/n d/bn, d/o, | 4 | 
eee O24 [Cees Oin tr d,q  afeyde/by=<~bae> 7°" 


Note also that the c = d case of (3.5) essentially reduces to the classical Pfaff- 
Saalschutz summation formula for terminating balanced 3¢2 basic hypergeometric 
series because of the Bailey summation formula for very-well-poised g¢5 basic hy- 
pergeometric series in U(n + 1) due to S.C. Milne [4] 


(3.6) (@1+ ++ Gn) = S- A(aq") II (asti/ 2; ) 3: 


BEN” ,|B|=N ae) 1<i,j<n (qui /X5),, 


Letting c — 0 in (3.5), we get 


(3.7) S7 gi hee Il (bj 25/25) 1 (a@)1y| 


vor A) ijn (WII RI) Eye, (APi/ En) (iI 
= (e/a) ON 
(e)N 


q7§ a, (d/b)21/tn,---(d/bn—1)2n-1/2n,d/bn,d/e b1-+- bag 


Xn+3On+2 | ATi Pichia eg a) e.g aly > ds e 


4. Transformation property of multiple Sears transformations 


In this section, we discuss the transformation property of multiple Sears trans- 
formations, especially (3.5). 
The classical Sears transformation (1.1) 


ay ht 
G00. 


493 | de, abeq'—N /deppp 


19,4 
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(e/a) n(de/bc) Nn ,a,d/b,d/c | 

(Na Gdefabe ta, ie N fe, de/bo 4 
is a transformation for parameters of terminating balanced 4¢3 basic hypergeomet- 
ric series with one of the numerator parameters (a) and one of the denominator 
parameters (d) fixed. If we iterate Sears transformation by choosing a parameter 
to be fixed in various ways, we obtain other types of transformation formulas for 
terminating balanced 43 series. 

When m = 1, we can derive a transformation formula for multiple 4@3 series 

by using the same idea. 


By interchanging a and d/c in right-hand side of (3.5) and iterating the inver- 
sion of (3.5) 


d Gaby Ei) Bassa by— 10 n- if LasOnee 
ntsrnt2 | dr /tn,...d2n—1/Ln,d,e, ad, ‘-> bacg! Niger hd 


(€)(d"e/aby «+ bnc)N y y| A(zq7) Tl ((d/b; )xi/25)>, 


(e/a)n(de/b1---bne)n “A, AM) ep ue,  (qei/2 5) 


(41) x Il ((d/c)xi/an)-, (7 iain 
tejen (48i/tn)y,  (G?~Naa/e) | (d"e/b1 -- ne) 
we have an another multiple terminating balanced 4¢3 transformation formula 
A(zq”) (b; 21/25), (cxi/En)yi 
(4.2) gl awa ee sii Maia 
(Qin (®t 
(€) | (ab, wee bncgi—N /de))4| 


(e) n(de/b; ---bac)n 
5 
< She yy Gerdes py eloedens 
dEN” (x) 1l<i,j<n (qxi/25)s, l<i<n ( t;/Zn)65, 
(a Ss (d/o), 
(de/ac)\5\(q1~% bi - ++ bn/e)j5 
REMARK 4.1. In the case when n = 1, the equation above reduces to 


i Dea 
(4.3) 493 r : ae og a | 
= ke/D)wiae/eONn 4 Behr N a J 
(€) n(de/bc) n aed de /ac q: Nb/e’ ;C! . 


By taking the limit N — oo in the equation above, we obtain 


de In| A(xq7) (b; 24/2; )-, 
(4.4) 3 ( ab, - Es) A(x) I] (qxi/X;)-, 


EN” 1<i,j<n 


yEN” 


Cae MCLif end (a) iy 


’ 
lI (dx; /2n)-, (€)j-1 
( 


1l<i<n 
de/Aac) x 


(e/b1 +++ bn) oo 
(e SaC “Dini )og 
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e  \""! A(aq’) (b;2;/X5)6, 
a> bees) A(z) it (qai/z5)s, 
((d/a)zi/xn)s, (d/e)\6 
II (dip) 2a) (de/ac) 5 


In the case when n = 1, this formula is an incomplete form of Hall’s formula 
(equation (3.2.10) in [2]) 


(4.5) oe ee C= | 


d,e er es 


(C)o0(de/AC) oo (de/bC) 9 d/b,e/b,de/abc 
(d) oo (€)o0(de/abc) x 162 de/ac,de/be ??“ 

REMARK 4.2. In principle, likewise in the case of the classical Sears trans- 
formation, we can give other multiple 4¢3 transformations by fixing other pairs 
of parameters in numerators and denominators in n13¢n+42 series in (4.1). But 
the formula (4.2) is a unique multiple ,¢3 transformation formula that preserves 


the symmetry of parameters of interaction z = (21,...,2,) and the parameters 
bi,...,0n. 


x 
l<i<n 
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Another Way to Count Colored Frobenius Partitions 


Louis W. Kolitsch 


ABSTRACT. In this paper we look at sorting colored generalized Frobenius 
partitions using the color difference. Some interesting symmetries and patterns 
associated with sorting the partitions in this manner are developed. 


1. What is a colored generalized Frobenius partition? 


A generalized Frobenius partition of n using k colors (denoted by subscripts 
Wi Gia, eee. 2G 
be. be. ce. 8s 
entries in each row of the array are taken from k copies of the nonnegative integers 
distinguished by the & colors, the entries in each row are distinct and arranged in 
descending order (ordered first with respect to size and then with respect to color), 


and >, (ai +6; +1) = n[A]. For example, fe poh 


03 02 O00 
4 colors. 

The color difference for a colored generalized Frobenius partition is the sum 
of the color subscripts on the top row minus the sum of the color subscripts on 
- 4 is 1. We let 
cd;,(n,m) denote the number of generalized Frobenius partitions of n using k colors 
whose color difference is m. A partial table of values for k = 3 is given below. 


pn\m | 4 | -3{ -2 | -1] 0 | 1 | 2 [3 [4 
Ss ae Oe ee ee ee ee ee ae 


0, 1,..., k —1) is a two-lined array of the form ( , where the 


; is a partition of 7 using 


the bottom row. For example, the color difference for ( 


C3 | [2[s fis parpis oe [at 
eee ee 
(6 [9 | a4 [126 [216 [265 [216 [126 | 44] 9 


We immediately see that the columns for m and —m are identical. This is a 
consequence of the fact that interchanging the entries on the top and bottom rows 
of our array does not change the number being partitioned but changes the sign on 
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the color difference. We can also see that if we look from left to right starting with 
the column for m = 0, the columns begin to repeat but are shifted down. In fact, 
for k = 3 colors we see that the columns repeat in pairs. 

In the table shown below for k = 5 colors we see that the columns repeat in 
blocks of ten. Because of the symmetry for positive and negative values of m, we 
see that we only need to know 6 columns and how the columns are shifted in order 
to complete the entire table for k = 5. 


In general, as we will show in the next section, the columns repeat in blocks of 
c= (40 — 0)/3 if k = 22 and d = (20 + 307 4+ £)/6 if k = 20+1. 


2. Why do the colors repeat in blocks? 


The generating function for c¢,x (n,m) is the coefficient of z° in 


k-1 c 


f(t,q.2z) = [J [G+ PP) 4 2 gt) 


j=0 i=0 


[B]. In this generating function the exponent on q keeps track of the number being 
partitioned and the exponent on t keeps track of the color difference. We will write 


S Ss” chy (n, m)qrt”™ 


m=—oco n=0 


as coeff (z°, f(t, q, z)). 
For k = 2@ we can replace z by zq~*t? and t by tg? to get 


CO 


SS” > che(n, m)q?*?™2™ = coeff (2°, f (tq*, ¢, zg **1)). 


m=—oco n=0 


Now 
k-1 co 
firaze =| | paeee aee ee), 
j=0 i=0 


We can rewrite the factors of the form 1+ zq’t?I—**2t) where i+2j —k+2 <0 
(that is, when i < k —-2—27 and 7 < @) as 


Ror ee a a: og eee) 
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and the factors of the form 1+ z~!q*~27+*—14-9 where i — 27 +k —1 <0 (that is, 
when 7 < 27 —-k+1 andj >¢-—1) as 

gti 25+k-1 4-5 (1 4 pq 25-k-1I), 


The exponent on z from these factors will be 


£-1 k-1 
S(k- 2-27 +1)- 5 (27 -k +1) =0. 
j=0 j=e 


The exponent on gq from these factors will be 


0-1 k-2-2; k-12j—k 
D Do (¢+27-k+2)+S° N° -2j+k-1) =-(48 -2)/3 
i= j=l i=0 
and a exponent on ¢ will be 
0-1 k-2-2) k-12j—k 
EL tL =-ue-o 
i= j=l i=0 


The binomials _ these factors can be combined with the remaining factors of 
f(tq?,q,zq—**") to yield f(t, q, z). Hence we see that 

OO OO 

S- S- co. (n,m)qrt?™t™ = q-t-° - coeff (2°, f(t,q,2)), 


m=—oo n=0 


where c = (4¢? — £)/3. This gives 


ore) ore) ore) ore) 
d, Doede(n, m)grtemteemte = ST ST cgi (n,m)grt™. 
m=—oo n=0 m=— oo n=0 


We immediately obtain the following theorem. 


THEOREM 2.1. For k even, chy (n + 2m +c,m+c) = chz(n,m) where 
c= (46 — £)/3. 


=f 


In a similar manner for k = 2+ 1 we can replace z by zq-* and t by tq to get 


the following theorem. 


THEOREM 2.2. For k > 1 and odd, chy(n+m-+d,m-+ 2d) = chz(n,m), where 
d = (20° + 367 + £)/6. 


From these two theorems we see that when k is even the rth column (r > c) 
is the (r — c)th column shifted down 2r — c rows. Similarly when k is odd the rth 
column (r > 2d) is the (r — 2d)th column shifted down r — d rows. 


3. A bijection between partitions in corresponding columns 


If we carefully study the transformations that we performed on the generating 
functions in section 2 we can develop bijections between the partitions enumerated 
by cox(n,m) and cd,(n + 2m + c,m-+c) for k even and between the partitions 
enumerated by céz(n,m) and cdzy(n+m-+d,m-+ 2d) for k odd. The bijections can 
be described as follows: 

Bijection for k = 2¢: To transform a partition enumerated by cd;z(n,m) 
into a partition enumerated by c¢,(n + 2m +c,m-+c) do the following: 
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(1) Replace each part a; in the top row with (a—k+1+ 27),. 

(2) Replace each part b; in the bottom row with (b+ k — 1— 27),. 

(3) If none of the parts created in (1) and (2) are negative, insert parts 
of size 0, 1, ..., 27 — k for colors €< 7 < k —1 in the top row and 
insert parts of size 0, 1,..., k — 27 — 2 for colors 0 <j < @—1 inthe 
bottom row. 

(4) If some of the parts created in (1) and (2) are negative, then 

(a) replace (—a),; on the top row with (a—1),_1_,; if (—a@); appears 
in the top row and (—a),x—1_; does not appear in the bottom 
row, 

(b) replace (—b),; with (b—1),-1_; if (—b); appears in the bottom 
row and (—b),—-1—; does not appear in the top row, 

(c) delete parts (—a); and (—a),-1_, if (—a); appears in the top 
row and (—a),—1_; appears in the bottom row, 

(d) forO <j < €-—lLand1<a< k—2j-—1 insert (a — 1),~-1_; in 
the top row and (a — 1), in the bottom row if (—a); does not 
appear in the top row and (—a),x—-1-; does not appear in the 
bottom row. 

(5) Put the parts in the top and bottom rows in descending order. 


Bijection for k = 22+ 1: To transform a partition counted by cdx(n,m) 
into a partition enumerated by c¢é;,(n +m + d,m + 2d) do the following: 

(1) Replace each part a; in the top row with (a— 2+ 9);. 

(2) Replace each part b; in the bottom row with (b+ @— 9),. 

(3) If none of the parts created in (1) and (2) are negative, insert parts 
of size 0, 1,..., 7 —-@—1 for colors €+1< Jj <k—1 in the top row 
and insert parts of size 0, 1,..., 2—j —1 for colorsO <j <¢—1. 

(4) If some of the parts created in (1) and (2) are negative, then 

(a) replace (—a); on the top row with (a—1),_1_,; if (—a); appears 
in the top row and (—a),—-1~; does not appear in the bottom 
row, 

(b) replace (—b); with (b—1),-1_, if (—b); appears in the bottom 
row and (—b),—1—; does not appear in the top row, 

(c) delete parts (—a),; and (—a)x-1-, if (—a); appears in the top 
row and (—a),-1-; appears in the bottom row, 

(d) forO <j < €—-land1 <a < ¢@—j insert (a — 1),-1-; in 
the top row and (a — 1); in the bottom row if (—a); does not 
appear in the top row and (—a),—1_; does not appear in the 
bottom row. 

(5) Put the parts in the top and bottom rows in descending order. 


We illustrate these bijections with the following examples. 
23° lo - enumerated by cd4(7, 1). Un- 


Example 1 Consider the partition 
a 03 O02 Oo 
53 22 13 03 “4 


der the bijection described above this partition becomes ( 
30 290 616 691 Oo 
which is a partition enumerated by c@4(19, 11). 
24 lo ly lo Oo 
13 1g O, O1 a 


enumerated by cés5(12,-—3). Under the bijection described above this partition 


Example 2 Consider the partition 
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becomes 

i ee ee which is a partition enumerated by cds (14, 7). 
20 le li O03 O01 

4. Some other consequences 


The following theorem is an immediate consequence of ‘Theorems 2.1 and 2.2 
and gives another way that cé,(n,m) can be calculated. 


THEOREM 4.1. (1) For k even, 


CO 


ch, (n) = S chy (n + 2r —c,7). 
(2) For k odd, 
chx(n) = S- cby(n +r —d,r). 


This theorem is illustrated in the following tables. 


TABLE 1. Values for c¢2(n,m) 


\m 0 1 2 3 
0 0. O00 20 
Lo 0 2. 2 ‘f 3g 
2 10 O 5 2 oO 
2 (0 Of 9S -490 S O 0 
4/0 1 10 10 1 O 
5 | 0 0 
6 |}0 5 36 65 5 ‘0 
7 {0 10 6 110 6 10 O 
8 |0 20 110 185 110 0 
9 |1 36 185 300 18 36 1 
10 |2 65 300 481 300 65 
11 |5 110 481 752 481 110 5 
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TABLE 2. Values for c¢3(n,m) 


0 


1 
3 
ov 

18 57 102 126 = 102 


44. 126 216 265 216 126 


24 102 265 444 531 444 265 102 24 
1026 864 531 216 957 


Ge Ge iG Cy a. Ss 
a! IN a SS. Ss 
a[wplooo 
E/Blo [sje 
we) 
ele 

ElBle we olH 

|e 
BlRle[]o o ole 
Wore ooCono Oe 
afploooooofda 
CQ 3 DC 2 Ct OS 
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Proof of a summation formula for an A, basic 
hypergeometric series conjectured by Warnaar 


C. Krattenthalert 


ABSTRACT. A proof of an unusual summation formula for a basic hypergeo- 
metric series associated to the affine root system A, that was conjectured by 
Warnaar is given. It makes use of Milne’s A, extension of Watson’s trans- 
formation, Ramanujan’s 17% 1-summation, and a determinant evaluation of the 
author. In addition, a transformation formula between basic hypergeometric 
series associated to the affine root systems An respectively Am, which gener- 
alizes at the same time the above summation formula and an identity due to 
Gessel and the author, is proposed as a conjecture. 


1. Introduction, statement of the result, and of the conjecture 


The purpose of this note is to prove a summation formula for a basic hyper- 
geometric series associated to the affine root system A,,_, that was conjectured by 
Warnaar (private communication). (Another frequently used term for such series 
is ‘basic hypergeometric series in SU(n).’ We follow however the terminology for 
multiple basic hypergeometric series associated to root systems as laid down in [4, 
Sec. 7| and [{1, Sec. 1]. For an overview of the state of the art of this theory and of 
its relevance we refer the reader to [10, 1, 2, 8] and the references cited therein.) 


THEOREM. Let n be a positive integer, let M, and M2 be nonnegative integers, 
and let S be an integer with -M, < S < Mg. Then 


(1) S- (—1)("- 5 ("2") ye ro ae ik; Il (1 es go eI) 
kite+tkn=S . 1<i<jgn 
x ; (G+ Meti-t 23 gts) (BQ) mrtMe 
wy (95 9) Mitnkiti-1 (95 9) Ma—nki+n-i (9; V)an+s (G59) Mo—s 


where, as usual, the shifted q-factorial (a;q)n 1s defined by 
(a; q)k := (1 — a)(1 — aq) ---(1 — ag*™*) 
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ifk > 0, (a;q)o := 1, and 


(a; 4)x = 1/(1 — a/q)(1 — a/q*) --- (1 — ag") 
ifk <0. 


This identity is remarkable, because it essentially! reduces to an identity orig- 
inally due to Milne [9, Theorem 1.9] if we let Mz tend to infinity. The proof of 
Milne’s identity in [9] uses a great deal of machinery (in fact a large part of his 
paper [9] is devoted to the proof of this identity), which, apparently, does not allow 
any generalization or extension. On the other hand, an elementary, combinatorial 
proof of Milne’s identity has been given in [4, Theorem 22]. But, again, it seems 
impossible to extend this combinatorial approach to a proof of the above Theorem. 

I will prove the above Theorem by an unusual combination of, on the one hand, 
classical and, on the other hand, more recent results in classical analysis. ‘The proof 
will require Milne’s A, extension of Watson’s transformation [11, Theorem 6.1], 
Ramanujan’s classical ;7;-summation (see e.g. [3, Eq. (5.2.1); Appendix (II.29)]), 
and a determinant evaluation of the author [6, Lemma 2.2] which is ubiquitous 
in classcial and combinatorial analysis (cf. [7, Theorem 26 and the subsequent 
paragraphs] for a list of occurrences). 

An independent proof of the above Theorem results from an identity for super- 
nomial coefficients due to Schilling and Shimozono [13, Eq. (6.6)] (cf. [14, remarks 
preceding Eq. (6.6)]). I believe that the proof of this paper is still of interest, be- 
cause variations of this approach will certainly turn out to be useful in other cases 
as well. 

A test candidate for the above judgement may be the following conjectural 
generalization of the Theorem. Before I state it precisely, let me recall that in 
[4, Theorem 26] it is shown that Milne’s identity (i.e., the Mz — oo case of the 
above Theorem) is in fact part of an infinite hierarchy of transformation formulas 
between multiple basic hypergeometric of different dimension. (Such transforma- 
tions are, up to now, very rare. Except for Section 8 of [4], the only occurrence of 
such transformations that I am aware of is [5].) Since Milne’s identity admits the 
generalization stated in the above ‘Theorem, an immediate question is whether or 
not it is possible to also introduce an additional parameter into this infinite hier- 
archy of transformation formulas. On the basis of computer experiments, there is 
overwhelming evidence that this is indeed the case. We state the formula in the 
Conjecture below. 

CONJECTURE. Let n and m be positive integers, let M, and M2 be nonnegative 
integers, and let Sy and S2 be integers with —M, < Sy < Mz and —M, < So < Mo. 
Then 


(2) S- (-1)-DSi gS mn k2+m OT, iki-m (S441) —nS1(Sitm)/2 
kit: +kn=Si 
gaa (95) My+My+i-1 
x (1 _ go nkit] e) 1 2 
I] I] (q; Oi. 8 aks (q; Giessen 


1<i<j<n i=1 


‘tn fact, Milne’s identity is the Mz — co, M1 = 0 case of (1). However, it is shown in [4, 
paragraph before Theorem 22], that, by what is called there the “rotation trick”, Milne’s identity 
does also imply the Mz — oo case of (1) (i.e., with Mj, arbitrary). The rotation trick will also be 
used in our proof of the Theorem. 
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= Syl 52g AG EE Ee OE tiom(%) me Sa(Satn)/2 


ly+--+lm=S2 
m . 
J Il (1 —q™ —mly+j-i TI; (93 9) M1+M2+i-1 
een j=1 (q; q)M,- Se+tml;+i-1 (q; Q) Mo+S2- ml,+m-—-1 


Clearly, our Theorem is the m = 1 case of this conjecture. Even more evidence 
in favour of the conjecture comes from the fact that for Mz — oo it reduces to 
Theorem 26 in [4]. 


By means of the “rotation trick” (see [4, paragraph before Theorem 22] and 
the first paragraph of the next section), it can be seen that it suffices to prove the 
Conjecture for S; = Sg = 0. However, in contrast to our proof of the Theorem, 
for a proof of the Conjecture it will not be sufficient to apply Milne’s A,_ 1 ex- 
tension of Watson’s transformation. Perhaps one has to start with a higher order 
transformation formula, for example, with one of the A,,_; extensions of Bailey’s 
very-well-poised j9¢9-transformation formula from [12]. 


2. Proof of the Theorem 


First of all, analogously to the remark of the last paragraph of the previous 
section, I claim that it is enough to prove (1) for S = 0, i.e., 


(3) S- gi"2 Ut pa READ tke I] (1 a gar uney T=) 


kyte-+k,=0 1<i<j<n 


(q; @) M,+M>+i-1 = (q; d) Mi +M> 
nar (934) Mitnks+i-1 (939) Mo—nks+n-i (939) m. (GG) 


This is seen by resorting to the “rotation trick” |[4, paragraph before Theorem 22]. 
Let us assume that we already proved (3). Let S be some fixed integer. Division 
of S by n gives a unique representation S = Qn + R where Q, R are integers with 
0<R<vn. Then in (3) replace k; by ki4rz —Q,..., kn—R by kn — Q, kn—R41 by 
ky -Q-1,..., kn by ke — Q—1. So the effect is a rotation of the summation 
indices, combined with a certain shift. If we rewrite (3) after these replacements 
and finally replace M; by M, + S and Mz by M2 — S, we obtain (1) after some 
simplification. 

Next, I claim that it is enough to prove (3) for M; = 0 mod n. To see this, 
suppose that Mp is given. Multiply both sides of (3) by [][j_,(q™427"2*": q)n and 
write the result in the form 


lig ava) nk;j—nk;+j—-i 
(4) > g\ 2 ) t=1 ke+ oh 1 ke I] (l-q k3 kitg ) 


kit--+k,=0 1l<i<j<n 
- qa :9)Ma—nkitn _ Cheba iye M,+Mo+i. 
OE SE YY g Oss 
4a (q; O) Maa (q; q)M i=1 


Both sides are most obviously polynomials in q™', of degree at most n?(n + M2), 
because, in the summation, each k; is bounded above by 1+ M2/n, and, hence, 
bounded below by —(n — 1)(1 + M2/n). A polynomial is uniquely determined by 
its evaluation at enough points, certainly at infinitely many points. Therefore, if 
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(4) is true for all M,; = 0 mod n then it is true for all M;. Since (4) and (3) are 
equivalent, the same applies to (3). 

Now, choose some M; = 0 mod n. If we want to prove (3) for this particular 
M,, then an analogous argument shows that it is enough to prove it for all Mz = 0 
mod n. 

Summarizing, it is sufficient to prove (3) for M; = Mz =0 mod n. Therefore, 
for the rest of the proof, we assume that this congruence condition is satisfied. 

To begin with, let us rewrite the left-hand side of (3) by replacing k; by k; — 
M,/n,i=1,2,...,n, and performing some rearrangement of terms, 


(5) 624 Mag Maan Mit 2n Maton! 1)/2 


x Ss @ Doter Ki (m—1) Diy thi 
kit-thkn=Mi 


« I 


l<i<jg<n 


(1 zal i am as a a t) gr ate 


ry ) q) nki 


Lg me (9°5 d) nk, ) 


Next we want to apply a limiting case of Milne’s A, Watson transformation 
[11, Theorem 6.1], 


w 2 ee 
XI 


ky1,...,k,>0 <r<s<l Ls 1=1 


(TH an = Ja) 


ae ty eee 


l a’ 
UH (Be ki d; q)k; a) AUD renee va Cop ees 
| Cees ie k; ae e 1: a) ke; ne ay ee +k, (4 a) atta 
ND qd uv 
bcde 


(aq/d; q) Ny +--+; aq/e; Q)N; 


eal arses (T (eee 


. | — 2rgkr—ks L ol (2q s: 
< ehn( E SBE) (pect) 


k1,.--,k1>0 l<r<s<l Ts ee Cie q) 


(oxy 


de ae 

aa (H Ta), GQ) ky +e hy (ez ad ave mea?) eee 
where Nj,...,N; are nonnegative integers. For convenience, let us set ki41 = 
M —ky —---—k and a = 2)/q™@ 2141, so that (6) becomes 


(7) 

1 (q@+t2: 9g) (q'-™ /b;q)m (q' -™ /e;¢) mM + (b-ah) 
M (Ty tei) (PM fsa) (Mesa M Mle; AAT ut! 
: ( 1 ‘ (oq) (Ad; q) am GD 


(=+q-™5¢)m 
| i Ls gks—ky l+1 (2eq—Ns:q), 
a eee 
x q i=1 
3 M LI 1- II I (q=5a)k, 


kit: +kitkiqi= l<r<s<l4+l 
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= l i qi— M 
_ (q? My) / 2141 de; q) q) Ny e+ Ny, Brie (dna nao -) 


(gi May/aidia)yarm, (Lt (eq Jean 
yu tke leg Se (2eq7Ns;q) x, 
; ys a II | _# IU (Gea. 
ky,...,k, 20 l<r<s<l Zs r=l1s=1 q7,04 k,, 
1—-M 
i ae Ls deq™’ OUR een ; 
al Ca d b Oi (f—2 ape -+k) eg Ni Liar) ee 


In this identity we replace q by gq”. Then we set] =n—1, M= M,, x; = q' for 
i= 1,2,...,J+1,b =q7™, d = 6q7>™-M2-1, N, = (M, + M2)/n. Next we 
multiply both sides by (1—4) (this cancels one factor in the term (2141d/21;q)m ~ 
(6q7™41— M2: g”) a4, in the denominator of the left-hand side of (7) and one factor 
in the term (qt~™ 2/2141d; q) Ny 4..-4N, © (qr Tt M2 16; q”)(My,+M>)/n in the 
denominator of the right-hand side of (7)). Finally, we let 6 — 1, c — ov, and 
e — oo. This reduces (7) to the following transformation formula, 


(8) gn Mia) (q; d)nM, 
(qe: d) My +Mp (q; C) aii == G1 


x > q2 et kh -(n-1) OL, tk a. Il —_— 


kyt--+kn=M ee qs-T 
r=1 oo 
pee Me Doe ( Tl {apt 
i —nM,. == 
Ge MATS Eig, a ey Gee eg 
ee = n+r. 
x ( (Co ake (qM2)"" "Ya Op Dean ‘ike 
gl dO ake 


The series on the left-hand side of (8) is exactly the series in (5). What the trans- 
formation (8) does with this series is, in some sense which will become more trans- 
parent below, that it “entangles” the summation indices. Thus, we obtain the 
following expression for the left-hand side of (3), 


1)Mig-(4")_AG Diem 
(9) ( 1) qd (q—7 q”) M, (q™: q”) Mp 


ee nk,—nk,tr—-—s 
x Dy ( I] a) 


k1,).kn-12>0 S1<r<s<n-1 
n-1 /_—M,-—M. 
: (I (q 1—Mg-—n-+r. <Q) ik: (gy gn Ets! iki 
ae (0"; Dake 
(The sign (—1)™! is no misprint since our assumption M,; = 0 mod n implies 


nM, = M, mod 2.) 
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The next task is to split the sum in (9) into many pieces, each of which being 
a product of n — 1 one-dimensional summations. This is done by replacing the 
product over 1 < s <r<mn-—1 by a Vandermonde determinant. More precisely, 
we have 


—n T—s SSG aT) Gy itt nk,+s nky,+r 
I] iso" ket )=q ie (6-1) (nki tt) I] (greet Sgt) 
l<r<s<n-l1 l<r<s<n-1 
_- yo (i= 1) (nk ti) ane ory) 


1<i,j<n-1 


= g PDI thet EST ke-2(3) sino [Jo 1)(mkiti) 
TES n-1 


Hence, the sum in (9) equals 


n—l 


(10) oT gas ave -) 2 seneg gh COsD 


CF (x eta (een) 
a q 


t=1 ‘k,>0 


The next ingredient is Ramanujan’s ;7y|-summation (see [3, (5.2.1)]), 


(459) i (G Goo (b/45 g) 00 (425 G) 00 (4/423 ) 00 
(11) aes TA a a ee 

= (8; Q) 00 (4/45 G)oo (23 Moo (6/42; G) c0 
Each of the inner sums in (10) is an n-section of a special case of the left-hand 
side of (11). (To be precise, it is the special case a = q7™1~™2-™+?, 6 = q’, and 
z = q™2te).) Thus, (10) simplifies to 


(12) @(T] a} 2 sona qv (s)quint (oW@-V 


(gitar Mare, q) 


7 {3 (G5 @) oc re 
x aie Roo Te RGR ee Og ge eee pe Pm eet ee oT ee a Re 
II n a (9° Doo (Gr F MAE G) 00 


(gttOaMiengis Q).o (ge PEM Ges 
(qMetoli) yt: Ges (qe ate es q)oo : 


where w denotes a primitive n-th root of unity. An immediate observation is that 
if any 2; equals 0 then the corresponding summand vanishes, because of the term 


(Gt ig) ag Og 


2G 1G) 6s 


in the numerator. Hence, we may as well sum over @; from 1 ton —1,7=1,2,..., 
ae e 


SUMMATION FORMULA FOR AN A, BASIC HYPERGEOMETRIC SERIES 159 


Some manipulation transforms (12) into 


n—-l 
1 
(13) (1) net Lh (ima FMFR, 9), >, sene 


n—-1 n—-1 
CONGO S. PlestasG) 
“( (gare 
ey 9 CO 


jewln—-1=l i=l 


Mla te a gematg he Dna) 


Now it is not difficult to see that if 2, = @,, r # s, then the summand cor- 
responding to the permutation o cancels with the summand corresponding to the 
permutation o o (rs). (Here, (rs) denotes the transposition which interchanges r 
and s.) Therefore the only summands which survive this cancellation are those 
where the summation indices ¢), €2,...,@,—1 are a permutation of {1,2,...,n—1}. 
Thus, (13) reduces to 


(14) 
ane) 1 (q q”) My ("3.9") oo (4 do Th om w") 


i=1 


—nM,. Mot+1. 
) ) 


x > (Sena) MeO) GMa eg) aca (Ge Pra) 


0,TESy,-1 
= =| 
=5 (gr ia aes Gig" )oo GET Deo TY eee on) ee 
m=" tg 5g) a (G5 Q)ce (Ge 10" Jes a (qi-#+Mi+Mo+tn.q),_ 1 
ict pee hE -a0y. Witten ss 
x ps yyT 4) (n—#) oe (w IT) (g 2 wT: 9q)5 4 Cae BO) aia) 
T n—-l 


The determinant is easily evaluated with the help of the determinant lemma 
[6, Lemma 2.2], 


(15) det, ((Xs+ An) +++ (Xi + Ajaa)(Xi + By) ++ (Xi + Ba) 


1<i,j<n 
= |[ (%-%X;) |] (B-A), 
1<i<j<n 2<i<j<n 
where Xj1,...,Xn, Ag,...,An, and Bo,...B, are arbitrary indeterminates. In 


order to apply (15), we rewrite the determinant in (14) as 


det (w 37) (gett: q)j-1 (Qa: Dag) 


1<i,j<n-1 
n—l 
— (—1)2’) I] wy TO g (Mat) + (Mi +2)+--4 (Mi tn—-i-]) 
i=1 
x tet, (wt = Get (art _ gM2t2) ee (7) ee Gerda) 


; (omen _ qe grt) te go eee) 2, (got) _ pe). 
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Now the determinant evaluation (15) applies with X; = go, Aj = a i a 
and B; = —q™2+J—!. If the resulting expression is substituted back into (14), we 
Abedin 


—n n n.~n n—1 
LG eG te eso 2 sas 
me tg egy (gg) (gn Os 


Y > yt (t)(n-i-1) I] (get ®) 2g) 


(16) 


TESn-1 l<i<jgcn-1 
—n ween n. yn n—l 
= a ole De Taw) TT wen) 
me? (gh @) iy (Gr feo G 2 3d" Jos i=1 (apn 
x S- (sgn 7) w7 O(r—#-1) 
TESn-1 


The sum over permutations in the last line is just a Vandermonde determinant, and 
as such easily evaluated. If we substitute this in (16), the resulting expression for 
the sum in (9), we obtain 


1 (45 7) My +Mz 7 saat glad Wang" ote 
OC Bae aoe it ) at! )(w' — 0) 


for the left-hand side of (3). Clearly, there holds 


n—-1 


[] G-+') =n, 


i=1 


because it is the limit lim,_,,(1 — z”)/(1 — z). Moreover, we have 


I] (w* — w4)(w* — w4) 


= [I a-4)-- ae) Tae) a 
= [[ 0-4) @-w Tae) Gai) 
= T]Q-4) eo) =n, 


in view of the previous observation. Thus, (17) does indeed reduce to the right- 
hand side of (3). In view of the remarks of the first paragraph of this section, the 
proof of the theorem is complete. L 
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On the representation of integers as sums of squares 


Zhi-Guo Liu 


Dedicated to the memory of Loo-Keng Hua on the 90th anniversary of his birth. 


ABSTRACT. Let k be a positive integer. Let r,(n) denote the number of rep- 
resentations of n as a sum of k squares. Also, let t,(n) denote the number of 
representations of n as a sum of k triangular numbers. In this paper we utilize 
a trigonometric series identity of Ramanujan to derive some striking Lambert 
series identities. Using these identities and some identities of Jacobi, we give 
a new and simple derivation of Ramanujan’s formula for r24(n). We also de- 
rive formulas for r12(n),r16(n), and rgo(n) in the course of our investigations. 
Applying some simple modular transformations to r12(n),ri6(n), r20(n), and 
r24(n), we derive formulas for t12(n), t16(n), tzo(n), and to4(n), respectively. 


1. Introduction 


Suppose throughout that q := e™'7, Im(7) > 0; this condition ensures that all 
the sums and products that appear here converge. We will use the familiar notation 


CO 


(1.1) (20). = [[@ — zq”). 


w= 1 


Let k > 1 bea positive integer. Let r,(n) denote the number of representations 
of n as a sum of k squares . Also, let t;,(m) denote the number of representations of n 
as a sum of k triangular numbers. To study r;,(n) and t;,(n), we recall Ramanujan’s 
definitions of the theta-functions $(q) and ~(q) defined by 


(1.2) oq) = >- a”, 
13) wa) = Doane. 
n=0 


1991 Mathematics Subject Classification. Primary 11E25, 11F11, 11F27. 
Key words and phrases. theta functions, Lambert series, Dedekind eta function, squares, 
triangular numbers, Ramanujan 7(n)-function, Jacobi’s identities, modular transformations. 
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Consequently, the generating functions for r;,(n) and t,(n) are 


CoO 


(1.4) oq) = Yore(nja”, 


n=0 


(1.5) vi@) = Sota(n)a”. 
n=0 


Formulas for r,(n) have an interesting history. In his famous paper, “ On 
certain arithmetical functions” [16], [17, pp. 136-162], S. Ramanujan established 
the following trigonometric series identities by elementary methods: 


1 — q” 


Es 2 
| : sia q” sin(2nu) 


) 


ae cos(2nu) 1 s nq” (1 — cos(2nu)) 


——_————— + — 
(1 —q”)? y) = 1 —q” 


and 
ee 2 
2 nq 
{foo er ae i 4 — stanu) | 
1 Lo 1 GB n3q” 
(Lt) = 13 cot? u + 3} + rr S- a (5 + cos(2nu)). 


Identity (1.6) was used by Ramanujan to prove Jacobi’s formula for r4(n) based 
on Jacobi’s formula for r2(n) (for the details of the proof, see [16] and [9, pp. 134- 
135].) An interesting and more motivated proof of (1.6) has recently been given by 
L.-C. Shen [20]. G. E. Andrews|/1] established the Jacobi’s formulas for r2(n), r4(n) 
and rg(n) using Bailey 6% summation. In [3], R. Askey used Ramanujan’s \71 
summation to evaluate r2(n). Recently, G. E. Andrews, R. P. Lewis and Z. -G. Liu 
[2] used a striking identity relating a theta product to a sum of Lambert series to 
derive many theorems on sums of squares. 

It is surprising that Ramanujan’s identity (1.7) can also be used to evaluate 
ro.(n). In this paper we will use this identity and Jacobi’s identities to provide a new 
and simple proof of Ramanujan’s formula for r24(n). We also derive the formulas for 
r12(n),rig(n) and r29(n) in the course of our investigations. Applying some simple 
modular transformations to rj2(n),7rie(n), r20(n), and roa(n), we obtain formulas 
for t12(n), tig(”), tao(m), and tz4(n) respectively. Our method is different from those 
of Kac and Wakimoto [10], and Milne [12, 13] , and is somewhat more transparent. 
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2. Some basic facts about Jacobi’s theta functions 


The Jacobi theta functions 62(z|T), 03(z|7r), and @4(z|r) [7, p. 63], [15, p. 166] 


are defined as 
62 (z|T) 
(2.11) 


(2.2) 03(z|T) 


(2.3) 04(z|T) 


2q3 Ss goer cos(2n + 1)rz = qa S- grlntl) (ant l)riz, 


n=0 


Leapree ere q” cos(2n7z) = 


n=1 


142-1 


We obviously have 


(2.4) 


(2.5) 


(2.6) 


62(0|7) 


63(O|r) 


6,(O|7) 


gh 


= 2q2 Sig") = 2g? H(q?), 


cos(2n7z) = 


CO 


Mm=— CO 


s qh erent 


n=—C 


We recall the Jacobi triple product identity [1, 3] 


(2.7) 


yo ae" = 


N= — CO 


(97; @*)co(—923 97) 00(—927"3.q7)oo- 


Appealing to the above identity, we find that |7, p. 70] 
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A2(0|r) = 2q4W(q?) = 293 (9; 9? )oo(—4?; 47) 
(2.8) O4(0|7) = $(—-G) = (9°59") 0(95 9") oo, 
@3(0|r) = $(q) = (42s 4)o0(—43 a2). 
Therefore, we have 
62(0|7)@3(0|r)@4(O|r) = 2q(q547)3,, 
(2.9) 42(0|r)63(0|r)z(0|r) = 24* (43 9)e0 
05(0|7)03(O|7)O4(0|r) = 2q4(q5q)50(975 47) 50. 
The imaginary transformation formulas of Jacobi [7, p. 76], [15, p. 177] are 
ae = -7i63(0|r), 
(2.10) 0}—1/7T) = V—ri64(0Jr7), 
64(0] —1/7) = W—ri62(0|r). 


A2( 
( 
| 


The Dedekind eta-function [7, p. 122] is defined by 


— petit /12 Ila- 
It is well-known that [7, p. 126] 


ad 


(2.11) 


(2.12) 


1 
ea) = gi2 Ceve re 
V—Tin(T). 
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The Bernoulli numbers B, are defined as the coefficients in the power series 


2.13 as _JS°B.z 2 
(2. ) e-i7d et jz} < a. 


It is to show that Bo,41, = 0 for k > 1, and the following additional values may be 
listed: 


Bo =1 Bi = Bo =i, Bag = —d, 
(2.14) 1 2 5 30-51 
Be = 7, Bs = S30) Bio = % Biz = —3739- 


The normalized Eisenstein series F2,(7) are defined by [11, p. 111, eq. (2.11)] 


foe) = . ore) = 
2k 1 27inT n2k 1.2n 


Bey Site ee 


Bo, ar 1 = g2rinr Bo, — 1 _ gen 
Ak 

2.15 = j-— _ ae 

(2.15) Bos 2.72 i(n)q 


where o;(n) is the standard function and is defined as 
(2.16) on(n)= > d*. 
d|n 


It is also understood that o;,(x) = 0 if x is not an integer. 
The first few Fo,(7T) are 


2n es 
q 
gn 1 — 24 X a(n)q? 


a = 14240) a(n) ge 


n=1 


E,(r) = 5 oe pe = 1 S04 a(n nm 


E2(r) 


E4(r) = 


(2.17) Exg(r) = entender rae 


n=1 
Ei0(T) = a i= 204) o0(n) oe 
Eyo(r) =< 1-4 82520 20 aa _ 1, 85520 5 fn) 2" 
Nas 691 4+ 1— qr 691 ec a 


We need the modular transformation formula [11, p. 110] 


(2.18) Eo, (—1/7) = 77" Eox(T), k > 2. 


3. Some identities of Jacobi 


In this section we will first prove the identity 


(3.1) 63(0|r) + 64 (0|r) = 14+ 24 7 


oe 
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Proof. The Lambert series expansion formula for 03(q) is 


(3.2) 94(0|r) = 1 aera: 


ae 


and the Lambert series expansion formula for 63(0|T) is 


——. (Qn+1)q27t*! 1 
(3.3) yippee oe = +562 (07). 


“| = g2(2nt]) 


The identity (3.2) implying Jacobi’s formula for r4(n), [5, Theorem 5.5], [6] , and 
the identity (1.3) is Example (iii) in Section 17 of Chapter 17 in Ramanujan’s 
second notebook [4, p. 123] , [6]. Hence, we have 


(2n+1 geet 
tS eg aa eee ee eet 


= 2nq2” (2n + 1)q*"t 
— mee l+q m8 ee — L — g2ntl 


(2 1)q 2n+1 y) i) 2n+1 
a oe Se one 


Lt ao 1 — 241 


63 (O|r) + 63 (|r) 


n=0 
gour. 


an COs 7 + 16 Meee eS ae 


OO 
nq” nq” 2nq 
= 1+8 16 _ 
+89 Sf. ae 


q” 


We also require the Jacobi identity for eight squares [5, Theorem 12.9], namely, 
3.4 6°(0lr) =1+16 5 ——~, 
(3.4) tor) =1 416 


and the following identity due to Jacobi [18, p. 467, eq. (1.1.25)], 
(3.5) 43 (0|r) + 64(O|r) = 63 (0|7). 


An interesting proof of the above identity is given in [8]. Employing the above 
identity we obtain 


(3.6) 63(O|r) + 64(0|r) = 63(O|r) — 263(0|7)64(0|r), 
(3.7) 63°(O|r) + 84°(O[r) = 83° (O|r) — 363 (0|7) 63 (0|r)94(0|r), 
63° (O|r) + 44°(O[r) = 83° (O|r) — 465 (0|7)63 (O|7) 44 (Ol) 


(3.8) +268 (0|r)68 (O|r). 
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4. Some Lambert series Identities 


Multiplying both sides of (1.7) by 576 and then replacing u by u+ 5 , we obtain 


CO ng 
3 tan? 2+ 24 
an°u+2Z2+ 27 


7 (1+ (-1)"" cans) | 


(4.1) (—1)” cos 2nu). 
Using 
2 17 62 
tan®u = w+ gui + w+ eu + Ou"), 
248 1382 
{3tan?u+2}° = 4412u?+17u*+ Fe oy? Tos u® + O(u'®), 
and 
2 4 2 
cos(2nu) = 1—2n?u + gu a re = Tl + O(u'), 
we find that 
3tan*u+2+4 24 S- — (1+ (—1)"~* cos(2nu)) 
a q” 
n=1 
Oo nq” CO n3(—q)” ; 
= 241424 3¢1+16 ee a 
co 5 n OO 7 n 
n° (—q) die ok n'(—q) P 
2<1-—8 => ean — (17+ 32 + 
(4.2) + 31 >> ed u® + O(u?®), 
105 oo de 
and 
(—1)”" cos(2nu)). 
n=1 


0° 5 n 
n?q” n°?(—q) 2 
fiend Pe — +12 ae Coby afi-sy Soe |, 
+ nD Ie amas ape y OE u® 
—~ j—q" 15 44 1-q" 
(4.3) pee co +16 oe aie u + O(u°). 
105 


Substituting (4.2) and (4.3) into (4.1) and then equating the coefficients of 


u7,u+,u® and u® respectively in the resulting equation we obtain the striking Lam- 


bert series identities 
OO 3 n 
n°(—q) 
1+ 16 ) ———— }, 
4 * n=1 1— ie 


(4.4) TDi OF = fanz 5 


ON THE REPRESENTATION OF INTEGERS AS SUMS OF SQUARES 169 
= nl(-9)" Sng" = n¥(-9)" 
i74+32N°--—/ = 921494 ae = aa 
© 13(—g)" |” 
n° (—q)” 
45 941-446 Sh 
’ ap eer 
ey 
2{a1- DSieer a 
= +24) d 
Ay 
(—q)” — n°(—q)” 
4.6 GAS TG SN ee 
46) f 5 Poo} fs ay ear} 


n=1 


a — nt (—q)” 
+ ae ae 


{er} 
aha, Tv {2 yrs = : 
(4.7) sa {i416 y SoM aoa Pr} remy reo x} 


5. Formulas for rj2(n) and t)2(n) 


Substituting (3.1) and (3.4) into (4.4) , we obtain the following Lambert series 
identity associated with ia i and 64(0|7) 


(5.1) ~8 ie = 63 (Ol) (63 (O|r) + 3 (O|r)) . 


From (2.17), we find that 


— n>(—q)” 
1-8) > era 


ied nq?” 
— 912 
64 1 
, = pe | 
(5.2) o* Ho(7) ~ > Ko(7/2) 
Therefore, identity (5.1) can be written as 
64 1 
Bot) ~ aa Bar /2) = 05 (Or) (04 (017) + 6$(0Ir)) 
Replacing 7 by —1/7 and then using modular transformation formulas, (2.10) 
and (2.18), we obtain 
64 


oe (Ora =: 
63 p8(27) 


(5.3) 


o" Be(r) = 68 (Olr) (04(0|r) + 64(0Ir)) 


(5.4) 7 
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Adding the above two equations and using (3.5) and (3.6) in the resulting equation, 
we have 


64 ly 
G3 U6l27) — 63 E6(1/2) 
64 64 64 1 
= { Bba(2r) — So Bo(r)} + | Eza(r) ~ a E6l/2)} 


= 64 (0|r)63 (Or) + 64 (0|7)83(O|r) + 63 (0|7)63 (O|r) + 45 (|r) 44 (Ol) 
= 63 (|r) (63 (0|7) + 64 (0|r)) + 63 (0|7) 64 (0|7) (63 (0|7) + 84 (0\7)) 
=  93(0|r) (83 (O|r) — 263(0|r)64(O|7)) + 93 (O|7)83 (O|r) 64 (0|7) 

(5.5) = 637(O|r) — 63(0|r)63(0|7) 64 (|r). 

Therefore, by (2.5), the first identity in as and — we have 


-s2 yo ee. 


(5.6) 637(O|r) = 16q(q*; 9") 32 


ae 


By using (2.17), we find that 

Sas nbg2n Sone z 
te ge 8 (251 n) ~ 64os(>)) 4 
We define integers a(n) by 
(5.8) q(9q73.9°) 3 = oat a(n 


Substituting (5.7), (5.8), and 637(0|7) = = r12(n)q” into (5.6) and equating like 
powers of q to obtain Glaisher’s formula for rj2(n) [18, p. 242, eq. (7.4.30) 


(5.9) r12(n) = 16a(n) + 805(n) — 51205(-). 


(5.7) 


Replacing g by —q, we find that identity (5.6) becomes 


Sess 5 4n 
6,°(0[r) = —169(q7;97)5 + 1-8 2. =a = 


(5.10) +528 a — 1024 os 


Using (2.11) and (2.17), we find the identity above can be rewritten as 


(5-11) 04° (O|r) = —16n"*(r) + 3 E¢(7t/2) — 5 Be 1 )+ = 


Replacing 7 by —1/27 in the identity above, using (2.10) , (2.12), and (2.18), we 
obtain 


F6(27). 


912 33 x 27 
(5.12) 296}?(0|2r) = -21°y!?(2r) ~ Ee (47) + a 


Replacing g? as g, and performing a considerable simplication, using (2.4) and 
(2.11), we obtain 


7 
FEe(27) — = Es(). 


(Qn+1 1? ger 
(5.13) 256°" (q") = —4(9739") co +S ee 
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By expanding the summands into geometric series and inverting the order of sum- 
mation, we find that 


CO sae! 5 geen pnt 


Substituting (2.4), (5.8), and Sy2(q2). i, = _S*, t12(n)q2"*? into the equation 
above and then equating the coefficients of q” in the resulting equation we obtain 
the following result of Ono, Robins and Wahl [14] 


6. Formulas for rig(n) and ti6(n) 


Substituting (3.1), (3.4), and (5.1) into (4.5) and using Jacobi’s identity, (3.5), 
in the resulting equation, we obtain the following striking Lambert series identity 
associated with theta functions 62(0/7), 63(0|7), and 64(0|7): 


O° nm! a pw\n 
17+ a atl 
= 68 (0|r) {8(63(0|r) + 63(0|r))? + 968(0|r) } 
= 65 (O|r) {8(63(O|r) — 43(0|r))* + 3263 (0|7) 63 (O|r) + 967 (|r) } 
= 68(0[r) {1768(0|r) + 3264(0|7)64(0|r)} 
(6.1) = 1764°(0|r) + 3263(0|r)63(0|r) 63 (0|7). 
Therefore, by the third identity in (2.9) and (6.1), 
Sam n? Nt 
(6.2) 1764'°(O|r) = 17+ 325— ue 


n=1 


~ 5129(95 9) 50 (975 4") So 
We define O(n) as the coefficient of q” in 

(6.3) 0(45 9)80 (475 97 Jeo = ye O(n 

Substituting (2.6), (6.3), and 


tay oe a 1432 {2%oy 5) —ar(n) ba”, 


into (6.2) and equatinging the coefficients of gq” in resulting equation, we obtain the 
following formula of Glaisher {18, p. 242, eq. (7.4.32)]: 


(6.4) rie(n) = F(-1)" {28or( 5) — on(n)} + (-1)" 1 E(n). 
By (2.17), identity (6.2) can be written as 
(6.5) Bal )— -Ba(1/2) = 512n°(r/2)n*(r) + 1703°(0]7). 


Replacing 7 by —1/7, and using (2.10), (2.12), and (2.18), we find that 


> (g(r) — Eg(2r)) = 17 x 28q4b'®(q2) + 32n8(27)n8(47). 


(6.6) rr 
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Replacing q? as q we obtain 


oe) 7 on SS fon 
67) Pt SO Pe = 1360'v6(a) + (ag) .@s0?)% 


Equating coefficients of g” on both sides of (6.7), and using (1.5), (6.3), and (2.17), 
we find that 


(6.8) 136tig(n — 2) = o7(n) — o7(5) ~ O(n). 


7. Formulas for ro9(n) and tao(n) 


Substituting (3.1), (3.4), (5.1), and (6.1) into (4.6), we obtain 


oes n? ~q n 
a8 TCU = a (olr) (66(01r) + 640017) 
al 
(7.1) x (3169(0|r) + 1605(0|r)63(0|r)) . 
The above equation can be rewritten as 
2 1 
<= Ex0(t) — = Ero(7/2) = 65(0tr) (68(01r) + 64(017)) 
(7.2) x (316§(0|r) + 1605 (0|r)83(0|7)) . 
Replacing + by —1/7, and using (2.10) and (2.18), we obatin 
910 
33 (Fi0(27) — Fio(r)) = 63 (O|r) (83(0|r) + 64 (0|r)) 
(23) x (3165(0|r) + 1603(0|r)64(0|r)) . 


Adding the above equations, and using (3.5), (3.7), and (3.8) in the resulting equa- 
tion, we find that 
910 1 
= fi G2T)=— 2 2 
3g P10(27) — 33 Fio(/2) 
= 3103(0|r) (63°(0|r) + 645(0|r)) 
+3104 (0|r)64(0|r) (32(O|r) + 632(0|r)) 
+1662? (0|7)04(0|r)64(0|r) 
+3263 (0|7) 05 (0|7) 64 (0|7) 
3102°(O|r) — 77632 (O|r)03(0|r)64(0|7) 


(7.4) +63(0|7)85(0|7)04 (07). 
Therefore, by (2.17), we have 
3103°(O|r) = 773” (0|r)63(0|r)04(O|r) — 63 (0|7) 83 (0|r) 44 (Ol) 


92n of 9 4n 
ra" _ gigg $3 tat 
1 — q” ere a ia 


+31+8 3 
n=1 


2480 1216 
= eq OU ae FY 


ce n°qr oa n9qt” 
7.5 3148 23192 
(7.5) ial Sc cor teen 


1 
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where 
Bir) = )>_ db(n)g” 
n=1 
1 
= 76 82 (lr) 3 (Olr) 84 (lr) (63 (O|r) — 63(0|7)64(0|r)) 
(7.6) = - GP 0089 wets 
B*(r) = S_b*(n)q” 
n=1 
1 
= 692 (OT) 3 (Ol7 )84 (lr) (63 (O|r) + 263 (0|7)64(0|r)) 
(7.7) = g+48q? — 156g? + 768q4 +---. 
Equating the coefficients of qg” in (7.5) gives the identity [19] 
8 8192 on 2480 1216 
; = — _ —) + ——b —— }*(n). 
(7.8) r2o(n} = 3, 09(n) — —,-99(7) + ga b(n) + —9, b(n) 
Replacing q by —q in (7.5), we have 
20 16/2 Cees 
3167°(O|r) = —12329(9;¢)30(47;.97)o, — 256g? 2 
(9; 9) 5 
ee n%q” cee q?” 
31-8 202 
PS age TO a 
ee 9 ,4n 
7.9 OG ae 
Using (2.11) and (2.17), we can write (7.9) in the form 
1 1026 2048 
— Ff py — Ff —— f39(2 
35 10(7/2) 33 10(T) 33 10(27) 
(7.10) 3102°(0|r) + 1232n'°(7/2)n*(7) + 256 nm (1) 
. — z : 
: n° (7/2) 
Replacing 7 by —1/27, using (2.12) and (2.18), we find that 
20 1026 2 
— 3g Fiol47) + 3 F49(2T) = 33 fi0(7) 
8,4 16 n?* (27) 
(7.11) = 3162°(0|2r) + 1232 x 2°n*(27)n'°(47) + 16 aay 
‘a 
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Replacing q* as q and using (2.4) and (2.11) in the resulting equation , we obtain 


16.5.,20/;.2\ __ —~ (2n + 1)9q?ht? 
31 x 2° gy (q y= 1 — g2(2n+1) 
n=O 
Ceca 
(7.12) -77 x BP qq) (says — Tah gis. 


We define c(n) as the coefficient of g” in 


(7.13) reg aT) .= >. daa, 
n=0 
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and c*(n) as the coefficient of g” in 
27908 2S 
(7.14) (q me | es _ by ct (agers, 


Equating coefficients of g?"*° in (7.12) to conclude that 
(7.15) 31 x 2'tog(n) = o9(2n + 5) ~— 77 x 22c(n + 1) —c*(n 4 2). 


8. formulas for r24(n) and to4(n) 


Substituting (3.1), (3.4), (5.1), (6.1), and (7.1) into (4.7), using (3.6) and (2.9), 
we find that 


Oo ni} (—q)” 
691+ 16 d. ers 
= 268(0|r) (04 O|r) + 63(0|r)}* {16768 (O|7) + 3263 (0|r)85(0|r)} 
+2165 (Olr) {1768(0|r) + 3264(0|r)04(0|r) } 
= 26% (0|r) {403 (0|r)03(0|r) + 63 (0|r) } {16763 (0|r) + 3263(0|r)63(0|r) } 
+21618(O|r) {1768 (0|r) + 3264(0|r)64(0|r) } 
= 691024(0|r) + 207263 (0|7)03(0|r)03°(0|7) + 25605 (0|r)03(0|7) 08 (O|r) 
(8.1) = 691624(0|r) + 33152q(q; q)24 + 65536q?(q?; q7)24. 
Therefore, we obtain the identity [9, p. 153, eq. (9.16.1)], [18, p. 243, eq. (7.4.37)] 


16 l1l/__,\n 
624(0\r) = tae a) 
=] 


691 1 — q” 
33159 65536 
(8.2) q(q;q)23 —- ——¢7(a"3.9")24. 


691 691 


Using (2.17), we find that 


(8.3) 


| 
+ 
=) 
Yon 
2|5 
— 
bho 
N 
Q 
— 
— 
“——~ 
S 
| 
2 
=~ 
3 
— 
ee, 
WR 


We recall the Ramanujan 7(n)-function [18, p. 197, eq. (6.1.13)] defined as the 
coefficient of g” in 


(8.4) a(qig)e5 = > 7(n)q”. 
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Then 
(8.5) 5) = rg 7 


if we agree that 7(x) is 0 when z is not an integer. Substituting (8.3), (8.4), (8.5), 
and 624(0|r) = 3+", rea(n)(—q)” into (8.2) and then equating coefficients of g” we 
obtain Ramanujan’s formula [9, p.155, eq.(9.17.1)], [18, p.241, eq.(7.4.37)] 


Ca), = ed) a  {24o13( 5) ~ an1(n)} 
(8.6) tae { (=1)"-7259r(n) = 512r(5)} 


Using (2.11) and (2.17), we can write (8.2) in the form 


gle 33152 65536 
7) 624(0|\r) = ——E 2 fg) 2) 2 
(8 7) 4 ( |v) 4095 12(T) — _ 12(T #2 i= 691, (7 / ) 691 1) (7) 


Replacing 7 by —1/7, and using (2.12) and (2.18), we find that 


912 912 33152 x 2! 65536 
aneeew 5 Rag aiicenees se ee) 
4095 @12\7) ~ Zog5 gor? (27) ~ ~Gg 


Using (2.4), (2.11), and (2.17), we obtain 


(8.8) 63°(O|r) = 


(8.9) 1768964°d*(q) = > fe ~ 4(q5 aap + 207247 (qs 4°) 25. 
n=l 
We note that 
CO | i1on CO i1an © 7 11,9n 
(8.10) —— Y font —ou(5)}q". 


Substituting (8.3), (8.4), (8.10), and w?*(q) = S-°-., tea(n)q” into (8.9), equating 
coefficients of g”, we obtain the formula for t24(n), which is equivalent to the identity 
[14, Theorem 8| 


(8.11) 176896to4(n — 3) = o11(n) — o11(5) — r(n) — 20727 (=) | 

When n = p* where p is an odd prime, the identity above reduces to the identity 
[14] 

(8.12) 176896t24(p* — 3) = 0311(p*) — T(p*). 


Acknowledgements. I am grateful for Bruce C. Berndt for his many helpful 
criticisms and suggestions leading to an improvement of a earlier version of this 
paper. I also would like to thank Stephen C. Milne and Li-Chien Shen for their 
comments. 


[1] 
[2| 


(3 


le 


[4] 
[5] 


[6] 
[7 
[3] 
[9] 
[10] 
[11] 
[12] 


[13] 


[14] 
[15] 
[16] 
[17] 
[18] 
[19] 


[20] 


ZHI-GUO LIU 


References 


G. E. Andrews, Applications of basic hypergeometric function, SIAM Review, 16 (1974), 
441-484. 

G. E. Andrews, R. P. Lewis and Zhi-Guo Liu, An identity relating a theta function to a sum 
of Lambert series, Bull. London Math. Soc., 33 (2001), 25-31. 

R. Askey, The number of representations of an integer as the sum of two squares, Indian 
Journal of Mathematics, 32 (1990), 187-191. 

B. C. Berndt, Ramanujan’s Notebooks, Part III, Springer-Verlag, New York, 1991. 

B. C. Berndt, Ramanujan’s theory of theta-functions, Theta Functions, From the Classical 
to the Modern (M. Ram Murty, ed.), Centre de Recherches. Mathematiques Proceedings and 
Lecture Notes, Amer. Math. Soc., Providence, RI, 1993, pp 1-63. 

B. C. Berndt, Fragments by Ramanujan on Lambert series, Number Theory and Its Ap- 
plications (Kyoto, 1997) (K. Gy6éry and S Kanemitsu, eds.), vol. 2 of Dev. Math., Kluwer, 
Dordrecht, 1999, pp. 35-49. 

K. Chandrasekharan, Elliptic Functions, Springer-Verlag, New York, 1985. 

Paul Hammond, Richard Lewis and Zhi-Guo Liu, Hirschhorn’s Identities, Bull. Austral. 
Math. Soc., 60 (1999), 73-80. 

G. H. Hardy, Ramanujan, Cambridge University Press, Cambridge, 1940. 

V.G. Kac and M. Wakimoto, Integrable highest weight modules over affine superalgebras and 
number theory, Lie Theory and Geometry (J. -L. Brylinski, R. Brylinski, V. Guillemin, and 
V. Kac, eds.), Birkhauser, Boston, 1994. 

N. Koblitz, Introduction to Elliptic Curves and Modular Forms. Springer-Verlag, New York, 
1984. 

S.C. Milne, New infinite families of exact sums of squares formulas, Jacobi elliptic functions, 
and Ramanujan’s tau function, Proc. Natl. Acad. Sci. USA 93 (1996), 15004-15008. 

S. C. Milne, Infinite families of exact sums of squares formulas, Jacobi elliptic functions, 
continued fractions, and Schur functions, Preprint; arXiv:math.NT/0008068 (8-5-2000) (to 
appear in the Ramanujan Journal). 

K. Ono, S. Robins, and P. T. Wahl, On the reprensentation of integers as sum of triangular 
numbers, Aequations Mathematicae, 50 (1995), 73-94. 

H. Rademacher, Topics in Analytic Number Theory. vol. 169 of Grundlehren Math. Wiss., 
Springer-Verlag, New York, 1973. 

S. Ramanujan, On certain arithmical functions. Trans. Cambridge philos. Soc. 22(1916), 
159-184. 

S. Ramanujan, Collected Papers, Chelsea, New York, 1962. 

R. A. Rankin, Modular Forms and Functions, Cambridge University Press, Cambridge, 1977. 
R. A. Rankin, On the representation of a number as the sum of any number of squares, and 
in particular of twenty, Acta Arith. 7 (1962), 399-407. 

L. -C. Shen, On the logarithmic derivative of a theta function and a fundamental identity of 
Ramanujan, J. Math. Anal. Appl. 177 (1993), 299-307. 


XINXIANG EDUCATION COLLEGE, XINXIANG, HENAN 453000, PEOPLE’S REPUBLIC OF CHINA 
Current address: Nanjing Institute of Meteorology, Nanjing 210044, People’s Republic of 


China 


E-mail address: liuzgi8@hotmail.com 


Contemporary Mathematics 
Volume 291, 2001 


3-Regular Partitions and a Modular K3 Surface 


Jeremy Lovejoy and David Penniston 


1. Introduction 


A k-regular partition of n (k > 1) is a non-increasing sequence of positive 
integers whose sum is n, with the condition that no summand is divisible by k. We 
denote the number of k-regular partitions of n by b;,(n), and follow the convention 
that b,(0) = 1. Elementary techniques in the theory of partitions [3] give the 
generating functions 


(1.1) Yo bla” = Tl (—") 


n=1 


In classical representation theory, k-regular partitions of n label irreducible k- 
modular representations of the symmetric group S, when k is prime [8]. More 
recently, such partitions have been studied for their arithmetic properties in connec- 
tion with the theory of modular forms and Galois representations [1, 6, 10, 11, 12). 
Although one may presumably use the ideas from [1, 10] to study the k-regular par- 
titions modulo any prime, more focus has been placed on the most straightforward 
case, the p-adic behavior of p’-regular partitions. For example, we have 

THEOREM 1 (Gordon-Ono [6]). Jf S(p, j,a) denotes the set of natural numbers 
n such that b,j(n) is not divisible by p*, then S(p,j,a) has arithmetic density 0. 

In general there is no elementary characterization of the sets S(p,j,a), but in 
the best cases we do have simple congruential formulas for b,(n). For example, the 
classical expansions 


(1.2) [[a oe, q”) ca Se (ig 
n=1 n=—oo 
and 
(1.3) [[G- 4")? = S02)" an tgrery? 
n=1 n=0 


reveal that b2(n) is even unless 24n + 1 is a square and b4(n) is even unless 8n + 1 
is a square. The case of b(n) has a famous combinatorial proof by Franklin [3], 
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while K. Ono and the second author [11] have determined b2(n) modulo 8 in terms 
of the arithmetic of Z[,/—6]. 
Here we undertake an investigation of the 3-adic behavior of b3(n). Let 


OO 


n(z) = [[(-4") 


sl 


denote Dedekind’s eta funcion, where q := e?7’*. From (1.1) we have 
S © b3(n)q?"*1 = 77(12z) (mod 3), 
n=0 


where 77(12z) is a weight 1 modular form which is the Mellin transform of an 
Artin L-function for Q(i). Modulo 9, it turns out that the generating function for 
bs3(n) is related to an eigenform which is essentially the Mellin transform of the 
”*complicated factor” in the Hasse-Weil Z-function for a certain K3 surface. 


THEOREM 2. Let X be the K8 surface defined by 
(1.4) X:s* =a(x + 1)y(y+1)(a t+ 8y). 
If p is a prime such that p= 1 (mod 12), then 
meat | 


Using the fact that the relevant eigenform has complex multiplication, we can 
use Hecke theory and the arithmetic of the Gaussian integers to build a formula for 
the number of 3-regular partitions modulo 9. 


THEOREM 3. Given a positive integer n, write 
12n+1= N*M 
with M squarefree. For every prime divisor p of 12n+ 1, set 
kp := ord,(12n + 1). 
If p = 1 (mod 12), let dp and e, be integers such that 3 | dp, and 
p= de = ae 


(1) If there is a prime p such that p | M and p = 5,7 or11 (mod 12), then b3(n) = 0 
(mod 9). 


(2) If every prime divisor p of M satisfies p= 1 (mod 12), then 


(1.6) ba(n)=(3n+1)- J] (-1)**(kp+1)- JT] (-1)% (mod 9). 


p|(12n+1) p|(12n+1) 
p=1 (mod 12) p=5 (mod 12) 


For comparison with (1.2) and (1.3) we cite the following, which is a direct 
consequence of ‘Theorem 3. 
COROLLARY 4. 63(n) is divisible by 3 unless both of the following hold: 
(i) All prime divisors p = 5,7,11 (mod 12) of 12n+ 1 divide 12n +1 with 
even order. 
(it) All prime divisors p = 1 (mod 12) of 12n+1 divide 12n +1 with order 
not congruent to 2 modulo 3. 
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EXAMPLE. If n = 5, then 12n +1 = 61 = 6% + 5%, so b3(5) is not divisible 
by 3. More specifically, 63(5) = 16 -(—1)1°-2=5 (mod 9). Indeed, the 3-regular 
partitions of 5 are 5,4+1,2+2+1,24+1+4+1+4+1,and1+14+1+4+141. 


2. Proof of Theorem 2 
Let 


(2.1) n°(42) =) a(n)q", 
n=1 

a weight 3 cusp form for the congruence subgroup I'9(16) with character ._1(d) := 
(=). We denote the space of such forms by S3(I'9(16), x—1) (see [9] for definitions 
related to modular forms). It is well-known [5] that °(4z) has complex multipli- 
cation by K = Q(i). Specifically, let Ox denote the ring of integers of K, and let 
x be the character on (Ox /(2))” defined by x(i) = —1. Extending y to the set 
of all elements of K* prime to (2), we find that for d+ ei € Ox with d+ e odd, 
x(d + ei) = (—1)©. Denote by c the Hecke character on K with conductor (2) and 
exponent 2 given by 


(22) c((d + ei)) = x(d + et)(d + ei)?. 
Then 
(2.3) n®(4z) = > e(I)g™™, 


where the sum is over ideals I of Ox prime to (2). 
This form is the fundamental object in our work, as it relates 3-regular parti- 
tions, the K3 surface (1.4), and the arithmetic of the Gaussian integers. 
Proof of Theorem 2. Let 
n° (122) 
n° (362) 
which is easily seen to be a modular form in $3(I'9(1296), x_1) (see [10], for exam- 
ple). From (1.1) and the fact that 


FaZja= 


we have 
S| b3(n)q'?"*" = F(z) (mod 9). 
n=0 


By definition, a(n) = 0 unless n = 1 (mod 4), and therefore 


24) FE ((G)am+(3)G)amar= SL aimer 


n=1 (mod 12) 


From [9], p. 127, (2.4) is a modular form in $3(I9(1296), x_1). By computation, 
the first 648 coefficients of F(z) and (2.4) are equivalent modulo 9, and hence by a 
theorem of Sturm [13] we have for every n, 


(2.5) b3(n) =a(12n+1) (mod 9). 
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To complete the proof, we recall the modularity of the surface (1.4) [2]. For every 
prime p > 5, we have 
(2.6) #X (Fp) =1+4+ p* + 20p + a(p). 
O 
REMARK. Since the L-series for X is the symmetric square of the L-series for 
the congruent number elliptic curve given by the equation E : y? = x? — x [2], the 


congruence (2.5) is dictated by Galois actions on certain points on EF. Specifically, 
let g(n) denote the Fourier coefficients of the associated eigenform: 


Then for every prime p > 5, a(p) = g(p)? — 2p. Denote by Gg the absolute Galois 
group of Q, and by E|n] the group of n-division points of EF for any n > 1 (as a 
eroup, E[n] & (Z/nZ)*). If € is prime, Gg acts on the Tate module 


Ty(E) = lim Ele] = Ze X Ze, 


and therefore we obtain a representation 


pe: Ga — GL2(Ze). 
If frob, denotes a Frobenius element for p (p # @), then trace(pe(frob,)) = g(p). 
With (2.5), this shows that the behavior of b3(n) modulo 9 is determined by the 
Galois action on the 3-division points of EF. 


3. Proof of Theorem 3 


Since 7°(4z) = S°°°_, a(n)q” € S3(T'0(16), x-1) is a Hecke eigenform, we have 
that 


(3.1) a(mn) = a(m)a(n) if (m,n) =1 


and 


(3.2) a(p**!) = a(p)a(p*) — x_1(p)a(p**)p? if p > 5 is prime and k > 0. 
In light of (2.5), (3.1), and (3.2), we begin by studying the a(p) for p prime. 
PROPOSITION 5. Let p be an odd prime. 
(1) If p =3 (mod 4), then a(p) = 0. 
(2) If p =5 (mod 12), then 3 | a(p). 
(3) If p = 1 (mod 12) and we write p = d+ e% with 3 | dp, then a(p) = 
(—1)% . 2p (mod 9). 


ProoF. For (1), see (2.1), or recall (2.3) and note that since (p) is prime in 
Ox, there are no ideals of norm p in Ox. 

Now suppose p = 1 (mod 4). Then there are integers d, and ep with p = d+ e?, 
and hence the prime ideals of Ox of norm p are (dp + €p?). Since x(dp + epi) = 
(—1)©, (2.2) and (2.3) give us that 


(3.3) a(p) = (—1)**(2d2 — 2e2) = (-1)*? (4d? — 2p). 
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If p = 5 (mod 12), then since p = 2 (mod 3), it follows that 3 + d,e,. Hence 
d? = e*, = 1 (mod 3), and the proof of (2) is complete. 
To finish the proof of (3), if p = 1 (mod 12), then 3 | d,e,. We assume without 


loss that 3 | dp. Then by (3.3), 


a(p) = (—1)°?*? - 2p = (1) -2p (mod 9). 


Combining Proposition 5 with (3.2), it is straightforward induction to show 


PROPOSITION 6. Let p be an odd prime, k a positive integer. 

(1) If p =3 (mod 4), then a(p?*—1) = 0 and a(p?*) = p?* (mod 9). 

(2) If p=5 (mod 12), then 3 | a(p?*—1) and a(p?*) = (—p?)* (mod 9). 

(3) Ifp = 1 (mod 12) and p = d2+e? with 3 | dp, then a(p*) = (—1)*%(k+1)p* 
(mod 9). 

Theorem 3 follows now from (2.5), (3.1), and Proposition 6. 

We have not observed any simple congruence condition which determines the 
parity of d, as a function of p, which is tantamount to distinguishing between 
primes of the form x? + 36y? and those of the form 4x? + 9y?. In this direction it is 
known [4] that for all but finitely many primes p = 1 (mod 4), p is represented by 
x? + 36y? if and only if the minimal polynomial for j(\/—36) has a root modulo p. 


4. Concluding remarks 


Since the generating functions for partition theoretic objects are typically prod- 
ucts and quotients of the 7 function, connections to objects in arithmetic geometry 
such as that given by Theorem 2 are not unexpected. A striking example of this is in 
recent work of L. Guo and K. Ono [7], where it is shown that values of the ordinary 
partition function reveal structure of Tate-Shafarevich groups of motives of modu- 
lar forms. In our case, an examination of, for instance, the five 3-regular partitions 
of 5 and the 4920 F.1-points on our K3 surface gives one little reason to expect 
that there is something in the combinatorics of 3-regular partitions or irreducible 
3-modular representations of S,, that is related to the structure of modular surfaces 
or the arithmetic of Q(z). We must for now be content that the theory of modular 
forms is a meeting place for diverse mathematical objects whose connections often 
cannot be otherwise explained. 
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A new look at Hecke’s indefinite theta series 


A. Polishchuk 


ABSTRACT. We describe a family of modular q-series associated with indefinite 
binary quadratic forms. We prove that these series generate the same space 
of weight 1 modular forms as Hecke’s indefinite theta series and study linear 
relations between them. 


This note is devoted to the q-series of the form 


S> f(m,n)q2™™ —  S>f(m, nq 


m>0,n>0 m<0,n<0 


where Q is an indefinite quadratic form on Z?, f(m,n) is a doubly periodic function 
on Z? such that the sums of f(m,n)q?™”) over all vertical and all horizontal lines 
in Z? vanish. Some of these series appeared as coefficients in univalued triple 
Massey products on elliptic curves computed via homological mirror symmetry in 
[P]. In particular, in this context the condition of vanishing of sums over vertical 
and horizontal lines appears to be related to the standard necessary condition of 
the existence of triple Massey products (the vanishing of two double products). In 
the present paper we generalize Theorem 3 of [P] which relates such series to the 
indefinite theta series considered by Hecke in [H1], [H2] (our approach is completely 
elementary and doesn’t use the connection with triple products on elliptic curves). 
The main consequence of this relation is the modularity of our q-series. We also 
show that the problem of finding all linear relations between our series is related 
to the study of orbits of actions of dihedral groups on (Z/NZ)?. 


1. Main result 


1.1. Hecke’s indefinite theta series. Let us recall the definition of these 
series. Let K be a totally real quadratic extension of Q, i.e. K is either a field 
of the form Q(VD) (where D > 0) or the algebra Q @ Q. We have the norm 
map Nm: K — Q (in case of Q@ Q this is the product of components). Let us 
denote by C' C K the set of elements with positive norm. The cone C’ is a union 
of two components and we define the function sign : C — +1 which assigns value 
1 (resp. —1) on totally positive (resp. negative) elements (in the case of Q@Q 
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“total positivity” means positivity of both components). Let us denote by U;(K) 
the subgroup of the multiplicative group K consisting of totally positive elements 
k € K* with norm 1 (in the case of Q@ Q this is the group of elements (r,r~') 
where r > 0). Note that the group of Q-linear automorphisms of K preserving Nm 
decomposes as follows: 


Autg(K,Nm) = +id x U,(K) x Gal(K/Q) 


where U,(K) acts on K by multiplication. Let A Cc K be a lattice (ic. a Z 
submodule of rank 2), A +c be a coset for this lattice (where c € K). Hecke’s 
indefinite theta series is 


G@xnc= >. — sign(r)g*NmO 
AE(A+c)NC/G 


where G is the subgroup in U,(K) consisting of the elements preserving A +c, d 
is a positive rational number such that dNm takes integer values on A +c. Hecke 
proved that this series is modular of weight 1 for the subgroup I'9(n) C SL2(Z) with 
some explicit level n. ' Note that the elements of U,(K) preserving A are totally 
positive units, hence, G is an infinite cyclic group. In particular, if we replace in 
the above definition G by any infinite subgroup in U,(K) preserving A +c the 
resulting series will be an integral multiple of Oa... 


1.2. Formulation of the main theorem. Let Q(m,n) = am? +2bmn+ cn? 
be a Q-valued indefinite quadratic form on Z* (so b? > ac) which is positive on 
the cone mn > 0 (1.e. a, b and c are positive). Let f(m,n) be a doubly periodic 
complez-valued function on Z? (so f(m+N,n) = f(m,n+N) = f(m,n) for some 
N >0O). Assume that for all mp and no one has 


SFG ge = ye mga oa 0 


meEZ nEZ 


(i.e. all sums along horizontal and vertical lines are zero). Assume also that Q 
takes integer values on the support of f. Then the series 


Og; = S> f(m, nq?) we 2 f(m, n) gon) 
m>0,n>0 m<0,n<0 
1s modular of weight 1. 
Moreover, the space of modular forms of weight 1 spanned by these series coin- 
cides with the space generated by Hecke’s indefinite theta series. 


1.3. Proof. Our first task is to unravel the condition that the sums along 
horizontal and vertical lines are zero. Let us extend the function f(m,n) from Z? 
to Q? by zero. Then we claim that this condition is equivalent to the following two 


identities: if 
f(m,n) = ork a —m,n), 


2b 
F(m,n) =f (m, gle n). 
Indeed, this follows from the fact that Q restricted to a vertical or horizontal line 


assumes each value at exactly two points (sometimes coinciding, in which case the 


1tm the original definition of Hecke A was an ideal in the ring of integers, however, the same 
proof works for any lattice. Also, Hecke makes a concrete choice of d. For our purposes it is more 
convinient to allow any d such that d Nm takes integer values on A + c. 
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coefficient should be zero), so in order for the sum to be zero the corresponding 
coefficients should cancel out. Let us consider the following two operators preserving 


Q): 
fal 2p 
a= (9 4), 
1 0 
Bie: (; - | 
where p = — 22. — — 22. Then the conditions on f can be rewritten as 
(4) f(Az) = f(Bz) = -f(2) 


for every x € Q*. Let S Cc Z? Cc Q? be the support of f. We can assume that f 4 0 
so that S is non-empty. Let A = {2 € Q?: S+zxz=S}. Since f is doubly periodic, 
A is a sublattice of Z?. On the other hand, both operators A and B preserve S, 
hence, they preserve A. It follows that Tr(AB) = —2+rp is an integer, i.e. rp = ab" 
is an integer. 

Making the change of variables of the form m = m’/mo, n = n'/no, where mo 
and no are positive integers such that a = 5;, we can always assume that a = 26. 
Then the above condition will imply that both matrices A and B have integer 
coefficients. In particular, we can consider them acting on (Z/NZ)*, where N is the 
(double) period of f. Let us denote by Gy the subgroup of GL2(Z/NZ) generated 
by these two operators (by abuse of notation we will denote the corresponding 
elements of Gy also by A and B). Note that A? = B? = 1, so Gy is actually a 
dihedral group. Now clearly the space of functions f on (Z/NZ)? satisfying the 
condition (1.1) is spanned by functions supported on orbits of Gy (and satisfying 
(1.1)). Let O c (Z/NZ)? be an orbit of Gy, f be a function on O satisfying (1.1). 
In order for f to be non-zero the orbit O should satisfy the following condition: 
for every x € O one has Ax #4 x, Bx # x. Let us call such orbit admissible. 
Conversely, it is easy to see that for every admissible orbit O there is a unique (up 
to a constant) function f on O satisfying (1.1). Indeed, let x : Gy — {+1} be the 
character defined by x(A) = x(B) = —1. Then the orbit is admissible if and only if 
x is trivial on the stabilizer subgroup of a point in O (since every element g € Gy 
with x(g) = —1 is conjugate either to A or to B). Thus, for every admissible orbit 
O = Gz we can define the function fo on O by setting fo(gx) = x(g) (up to a sign 
fo doesn’t depend on x). It suffices to deal with the series associated with such 
functions. So, in the rest of the proof we will assume that f is a doubly periodic 
function on Z? with values +1 satisfying (1.1). Let S c Z* Cc Q? be the support 
of f. Then S = S; US_, where S; = f~+(1), S_; = f7*(—1). Furthermore, we 
have AS; = BS, = S_,. Let K be the quadratic extension of Q associated with 
the form Q. If D = b* — ac is not a complete square then K is a real quadratic 
field Q(VD), otherwise, K = Q@Q. The usual notation x + yVD for elements of 
a real quadratic field K can be extended to the case when D is a complete square 
and K = Q@Q. Namely, in this case we set x + y/D := (x + yVD,2 — yVD). 
We have 


Q(m,n) = = ((bm + nc)? — Dm?] = : Nm(bm+ne+mvD). 


Thus, it makes sense to consider Z? as a lattice in K via the map (m,n) (bm + 
ne+myD). For two non-zero elements k,,k2 € K let us denote (k,, k2) = Qsoki + 
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Qsoke, [k1, ko] = Qsoki + Qsoke, (ki, ke] = Qsoki + Qsoke. Using this notation 


we can write 


Gore YO OOPS OS OPP: 


AES N[1,b+VD] AES N(—-1,-b-VD) AES_ 1 N[1,b+ VD] 
Nm(A) 
ae 
AES_1N(—1,-b—-VD) 


Let us extend the operators A and B from our lattice to K by Q-linearity. We have 
B(1) = -1, B(b+ VD) = —b+ VD. Therefore, making the change of variables 
A +> BX in the last two sums we get 


Nm(A) Nm(A) 
rn 2 a ee 


AES_1A[1,b+VD] AES A[—-1,-b+ VD] 
Nm(A) Nm(A) 
) q c — ) qd c 
AES_1N(—1,-b—VD) AES1N(1,b—VD) 


Hence, we can rewrite Og,f as follows: 
Nm(A) Nm(A) 
> ae i » on 
AES N(b—-VD,b+ VD] AES, N[-b+ VD, —-b- VD) 


Now it is easy to check that the operator AB : K — K coincides with multiplication 


b+VD 
by the element ama of norm 1. Therefore, we have 


Bar= S> signe = 
NESINC/G 
where G is the infinite cyclic group generated by AB. Note that the set Sj is a 
union of a finite number of cosets (Aj + 2;,7 = 1,...,8) for the lattice Ay = {x € 
kK :S,+ax = S;}. Furthermore, since A; is preserved by the action of G, there is 
a subgroup of finite index Go C G preserving each of these cosets. Then we have 


: Nm(A) : p Nm(A) 
IG : Go|©a,f = », sign(A)q < =) >» sign(A)q <¢. 


AESINC/Go t=1 AE(AL+24)NC/Go 


Now each of the terms is a scalar multiple of Hecke’s series. 

Conversely, assume that we are given a lattice A C K in a totally real quadratic 
extension of Q and a coset A+c. Let G C U;(K) be the subgroup preserving A+c. 
Recall that G is an infinite cyclic group. Let € be a generator of G. Let us define the 
Q-linear operators A and B on K as follows: B(x) = —Z where Z is the conjugate 
element to x (in the case K = Q@Q and z = (21,22) one has ¥ = (x2,21)), 
A(x) = —e-%. Note that A* = B* = 1 while det A = detB = —1. Letk eK 
be an eigenvector for A with eigenvalue —1, so that ek = k. Changing k by —k if 
necessary we can assume that k is totally positive. Then we have 


s sign(A)g? Nm) a 3 gi NmQ) _ S- gt Nm), 


rAE(A+c)NC/G AE(A+c)N[k,k) AE (A+c)N(—k,—k] 


Note that we have 1 € (k,k) since k is totally positive. Therefore, we can split 
each of the above sums into two according to decompositions [k, k) = [k, 1] [_](1, k), 
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(—k, —k] = (—k,—-1)| |[-1,—k]. Making the change of variable \ ++ B(A) in the 
sums over (1, k) and over [—1, —k] we can rewrite the above sum as follows: 


Oe= S- f(A) sien(A)q@ 2, 
AESN([1,kJU(—k,—-1)) 
where S = (A+c)U B(A +c), the function f supported on S is defined by 


f(x) = date(Z) — OB(Ate) (2) 
where 0; is the characteristic function of the set J. Note that since the operator 
AB preserves A + c and (AB)B = B(AB)~", it also preserves B(A +c), hence, 
f(ABz) = f(x). On the other hand, by definition f(Bxr) = —f(x). Therefore, we 
also have f(Ax) = —f(x). Now taking the coordinates with respect to the basis 
(1,k) as variables of summation we see that the above series assumes the form 


S sneer >. snare 


(m,n)ES,m>0,n>0 (m,n)ES,m<0,n<0 


where S is a finite union of cosets with respect to some Z-lattice in Q?, f is a periodic 
function on S with the property that sums of f(m, n)q?™”) over all vertical and 
horizontal lines are zero. It remains to change variables (m,n) to (Mm, Mn) where 
MS Cc Z? to rewrite this series in the form we require. C 


2. Remarks and examples 


2.1. Linear relations. The series Og + is often equal to zero. It is an impor- 
tant open problem to formulate the necessary and sufficient conditions for it to be 
zero. In other words, the problem is to describe all linear relations between such 
series for some basis in the space of functions f satisfying the assumptions of the 
main theorem. We restrict ourself to several observations. As above we assume 
that p = —2b/a and r = —2b/c are integers, so that we have an action of operators 
A and B on Z? preserving the form Q. In the course of proof of the main theorem 
we introduced the subgroup Gy C GL2(Z/NZ) generated by these two operators 
modulo N. As we have seen above the space of functions on (Z/NZ)? satisfying the 
condition (1.1) (further called admissible functions) has a basis (fo) enumerated 
by admissible Gy-orbits. The change of variables (m,n) + (—m,—n) shows that 


99,f = —8Q, fol-1) 

where f o[—1](m,n) = f(—m,—n). Let us call an admissible orbit O symmetric if 
—O = O, and asymmetric otherwise. Note that for an asymmetric orbit one has 
OM-—O = 9. For every symmetric orbit O the corresponding function fo is either 
even or odd. We call a symmetric orbit O even (resp. odd) if fo is even (resp. 
odd). Now the above equation shows that for an even symmetric orbit O one has 
Og,fo = 0, while for an asymmetric orbit O one has 0g, ,, = +O9Q,f_, (the sign 
comes from the sign ambiguity in the definition of fo). 

The action of the operator 7 : (m,n) +> (n,m) gives some additional relations 
between Og,7,. Indeed, for any @ we have 


OQ,f = OQor,for- 
If Qor =Q (i.e. a =c) then for every admissible orbit O we have fo oT = fo: 


for some other admissible orbit O’, hence Og fp = +0Q,7,,- In particular, if 
foot =-—fo then Og f, = 9. 
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Finally, we can make the changes of variables (m,n) +> (tim, ton), where t 
and t2 are positive rational numbers, in the case when this transformation sends the 
support of f into Z?. This transformation will always change the form Q (unless 
t; = tg = 1). However, combining it with the operator 7 with respect to the new 
variables we can derive more linear relations for fixed @ (generalizing the above 
relations for the case a = c). Namely, assume that c/a = t? for some positive 
rational number t. ‘Then the operator 


T (m,n) + (tn,t7*m) 


preserves Q and satisfies 7? = 1, A = Br. In particular if f is an admissible 
function such that 7 sends the support of f into Z? then f o 7% is also admissible 
(perhaps with a different double period) and we have Og, for, = 9a, +f. 

We were not able to find any other linear relations between the series (Og, s) 
for fixed Q. However, at present we are far from proving that these are all relations. 
Even the non-vanishing of Og, , for odd symmetric and for asymmetric admissible 
Gy-orbits (in the case when a/c is not a square in Q) is still an open problem. 
Note that some non-vanishing results were proven in [P] using homological mirror 
symmetry. 

In Hecke’s paper one can find the following vanishing condition for an indefinite 
theta series O, . (see [H2], Satz 1): if there exists a totally negative element 6 € K* 
with Nm(6) = 1 such that 6(A +c) = A+c then O,,, = 0. Let us show that this 
vanishing is actually one of the linear relations considered above. We will use the 
notation introduced in the proof of the main theorem. Let (Q,f) be the data 
constructed in the second half of the proof so that Oa. = Og,7. First of all, notice 
that 6% € G, hence 6? = e” for some integer n. Changing 6 by a power of € we 
can assume that either 6? = 1 or 6* = e. In the former case 6 = —1 so one has 
fo[-1] = f. In the latter case we have «6 = 6, so rescaling k we can assume 
that k = —0d. It is easy to see that the operator 6B : x +» —dz% preserves Nm 
and switches 1 and k, as well as A+ c and B(A+c). Hence, the transposition 
T: (m,n) (n,m) preserves Q and satisfies for = —f. A different choice of k 
would lead to a similar relation with S replaced by 7. 


2.2. Symmetric orbits. Henceforward, operators A and B are always con- 
sidered modulo N. In the situation when the subgroup Gy C GL2(Z/NZ) (N > 2) 
contains the matrix — id every orbit is symmetric. Furthermore, since the character 
x : Gy — {+1} defined by x(A) = x(B) = —1 coincides with det |g,,, we have 
x(— id) = 1, hence every orbit is even. Thus, we get Og = 0 for all admissible 
f. The following proposition gives a criterion allowing to recognize this situation 
in the case when WN is an odd prime. 

PROPOSITION 2.1. Assume that N 1s an odd prime. Then —id € Gy if and 
only if rp mod N is of the form 2+XA+A7! where A is an element of even order in 
F*,2 (Fz is the finite field of cardinality N*). The number of such residues modulo 
N is equal to N — Bate where n, (resp. nz) is the mazimal odd divisor of N — 1 
(resp. N +1). 


PROOF. Since Gy MSL2(Z/NZ) is generated by AB the condition —id € Gy 
is equivalent to (AB)” = — id for some n. We have Tr(AB) = rp— 2, det(AB) = 1, 
so the eigenvalues 41, A2 of AB are roots of the equation 3 


d? — (rp — 2)A+1=0. 


A NEW LOOK AT HECKE’S INDEFINITE THETA SERIES 189 


Assume first that 43 = Ag. Then either rp = 4 or rp = 0. In the former case 
A, = A2 = 1, hence, no power of AB equals — id. In the latter case one can easily 
check that (AB) = —id. On the other hand, 0 can be represented in the form 
2+2X+A7? for \= —1. 

Now assume that A; # Ag. Then the condition (AB)” = — id is equivalent to 
A”? = —1, ie. A, has even order in the multiplicative group of Fy. It remains to 
notice that \1 € F*,. and that we have rp - 2 =, 4+ Aj’. 

To compute the number of such residues modulo N we note that the condition 
\ +27! € Fy means that either \Y~! = 1 or \Nt+! = 1. The number of elements 
A of even order such that \”" = 1 (where m is either N — 1 or N +1) is equal to 
m—n where n is the maximal odd divisor of m. Therefore, the number of elements 
in Fy of the form 1+ A~? is equal to 

ny + n2 


N—-1)—-n,-1 N+1)—n2-1 
( ope ae Ml ge Se) +1) M2 = N — ; 


1 
2 2 2 


C 


Taking in the above proposition A to be —1, C4 and ¢g (where ¢; is a primitive 
root of unity of order 1) we get rp = 0 mod (N), rp = 2 mod (N) and rp = 3 
mod (NV) respectively. On the other hand, we claim that if rp = 1 mod (N) or 
rp = 4 mod (N) then —id ¢ Gy. Indeed, the equation 4 = 2+ A+ 7? has 
the only solution \ = 1 while the solutions of the equation 1 = 2+ ++ A7! are 
roots of unity of order 3. These are the only cases of the above criterion which are 
independent of N. Here are the lists of values of rp mod (N) such that —id ¢ Gy 
for small odd primes JN: 

N =3: rp=1 mod (3); 

N=5: rp=1,4 mod (5); 

N=7: rp=1,4 mod (7); 

N = 11: rp=1,4,5,9 mod (11). 

N = 13: rp =1,4,9,10,12 mod (13). 

Our last general observation is that in the case when WN is an odd prime, all 
symmetric Gy-orbits have the same parity, i.e. they are either all odd or all even. 


PROPOSITION 2.2. Assume that N is an odd prime. Then either —id € Gy or 
every symmetric Gy -orbit 1s odd. 


Proor. Assume that there exists a non-zero vector v € (Z/NZ)? and an ele- 
ment g € Gy such that gv = —v and det(g) = 1. Then both eigenvalues of g are 


—1, hence, g™ = — id. L] 
2.3. Examples. In all examples below we assume that a, c, p = — 20 and 
r = —#* are integers (6 is a half-integer). Note that we are interested only in the 


cases when Gy doesn’t contain —id. In particular, if N is an odd prime we can 
assume that rp #4 0 mod (N). In this case the conjugacy class of the subgroup 
Gy C GL2(Z/N)* depends only on rp mod (NV). For instance, if rp = 1 mod (N) 
then Gy is isomorphic to the permutation group S3. In examples 1 and 2 below 
we consider in details cases N = 3 and N = 5. It turns out that in these cases all 
admissible orbits are symmetric (they are automatically odd by proposition 2.2). 
The simplest example of an asymmetric admissible orbit (for prime N) occurs for 
N =7 (see example 3 below). 


190 A. POLISHCHUK 


1. N = 3, rp =1 mod (8). Then there is a unique admissible orbit: the orbit 
of (1,0). For r= p=1 mod (3) (resp. r = p=-—1 mod (3)) the corresponding 
admissible function is f(m,n) = y3(m+n) (resp. f(m,n) = x3(m—n)) where x3 is 
the non-trivial Dirichlet character modulo 3 such that y3(+1) = +1. Let us assume 
that a < c (we can always achieve this using the transformation (m,n) +> (n,m) if 
necessary). Then we have 


Gg,5 =9° + xa(r)q° mod (q***). 


It follows that this theta series doesn’t vanish unless r = —1 mod (3) and a =. 
In the latter case we have Q(n,m) = Q(m,n) while f(n,m) = —f(m,n) so that 
2. IN = 9. 


(a) rp=1 mod (5). In this case there are two distinct admissible orbits: the orbit 
of (1,0) and the orbit of (2,0). It is easy to see that unless a = c the corresponding 
two theta functions Og rf, and Og, yf, are linearly independent. More precisely, the 
initial terms of these series look as follows (in (i) and (ii) we assume that a < c): 


(i)p =r =1(5): 
0o,F, = hi oe ig mod Cepia? 09, Ff, = 7 a mod Coa 
(ii)p =r = —1(5): 
Og, =a°-¢ mod (q**"), Og sp, =a" -— 4 
(iii)p = 2(5), r = —2(5): 
09,7, =¢°- q** mod (q 


Ac aaa? 


mod (q 


Bae) 2) pee) 


, Og,p =a —9°* mod (q 
Furthermore, in the case a = 4c we have 


0a; = "as mod qo) 


while in the case c = 4a we have 


09,f, = "a mod (qo. 


If a = c then in the case (ii) we have Og, 7, = Og,7, = 0 while in the case (iii) 
we have 0g, fo = 0g, f,- 
(b) rp = —1 mod (5). In this case AB has order 5 but there are still two admissible 
orbits: the orbit of (1,0) and the orbit of (2,0).* The analysis of the initial terms of 
these series (very similar to the case (a)) implies that the corresponding two theta 
series are linearly independent unless a = c. 
3. N=7,r=p=1 mod (7). There are 5 admissible orbits: 3 symmetric orbits 
and 2 asymmetric orbits. The symmetric orbits are O; = Gy - (1,0), 2-O 1, and 
3-QO,. The asymmetric orbits are O2 = Gy - (1,3) and —O 2. Using the relation 
OQ,f-o, = —9,fo, we can exclude the orbit —O2 from our consideration. The 
initial terms of the remaining 4 theta series look as follows (assuming that a < c) 


0Q,fo, = a + @ mod (or); 


OG fie, = "a age mod Casa 
QQ, fr0, = a oo i mod (grees), 
9, fo, = i 4 i mod (qrreecer a). 


2In this case A and B have a common invariant vector which allows to have bigger admissible 
orbits than in case (a). 
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This immediately implies that they are linearly independent. 
4. The indefinite theta series considered in Theorem 2 of [P] correspond to the 
following situation. Let us assume that o and é are integers (not just half-integers 
as before). In this case the discriminant D = b? — ac is divisible by ac. We are 
going to take N = a2. Let s; and sg be arbitrary odd numbers. It is easy to check 
that the Gy-orbit of the element 

Usieas i= (As, — $1, ° — 89) € (Z/NZ)* 
is admissible and consists of four elements which are congruent to v,,,,, modulo 
N/2. On the other hand, if J divides 2+1 and 2+1 then & is divisible by J and the 
2I-torsion element vj = 2? (1, 1) € (Z/NZ)? is Gy-invariant. The series considered 
in [P| correspond to the orbits of the elements vs,5, +t-v, where t € Z (these 
orbits depend only on t mod (I)). 
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A proof of a multivariable elliptic summation 
formula conjectured by Warnaar 


Hjalmar Rosengren 


ABSTRACT. We prove a multivariable elliptic analogue of Jackson’s gW7 sum- 
mation formula, which was recently conjectured by S. O. Warnaar. 


1. Introduction 


Elliptic hypergeometric series form a natural generalization of hypergeometric 
and basic hypergeometric (or q-) series. It is surprising that they were introduced 
only very recently, by Frenkel and Turaev [FT], who expressed the 6j-symbols 
corresponding to certain elliptic solutions of the Yang—Baxter equation, cf. [DJ], in 
terms of the ;9w9-sums defined below. It is expected that elliptic hypergeometric 
series play a fundamental role in the representation theory of elliptic quantum 
groups, though so far there has been little work in this direction. 

Recall that a series 0, an is called hypergeometric if f(n) = a@n4i/an is a 
rational function of n and basic hypergeometric if f is a rational function of q” for 
some q. This can be compared with Weierstrass’ theorem, stating that a meromor- 
phic function of z which satisfies an algebraic addition theorem is either a rational 
function, a rational function of q*, or, in the most general case, an elliptic function. 
This suggests that an elliptic hypergeometric series should be a series }/,, an with 
An+1/An an elliptic function of n. Actually, the series introduced by Frenkel and Tu- 
raev only fit this description if one interprets the term “elliptic” somewhat loosely. 
Nevertheless, their properties stem from addition theorems for elliptic functions (it 
is worth noting that the Yang—Baxter equation is an algebraic addition theorem for 
matrix-valued functions). 

Let us write [z] for the “elliptic number” (a Jacobi theta function, normalized 
so that [1] = 1) 


2) = ¢?7 ll gle er)d ae) 
q-? T29(1 — apt) (1 — qu tpitt) ’ 
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where p and gq are fixed parameters with |p| < 1. When p = 0, gq = e?*”, we have 
the trigonometric number 

q2 —q 2 sin(hz) 

[x] as eee Cee ey Tie 

q2—q 2 sin(h) 
which tends to the rational number [x] = x as q tends to 1. Returning to the 
general case, we write 

ijn = [e)e+1J---[e@tn—] 


for the elliptic Pochhammer symbols. The elliptic, or modular, hypergeometric 
series occurring in [FT] are finite sums of the form 


POO, HM, Dy jana Des) 
_ ye la t+2h] @}el—T]& [bi Je «+ * [br—a) 
= fa} (1},(1 t+a+n],[1 +a —bi],--- [1 +a—b,_3]x’ 
where 
(1.1) (r—3)(a+1) =2(1—n+)5, 5). 


When p = 0, this is a terminating very-well-poised balanced basic hypergeometric 
series [GR], which tends to the corresponding hypergeometric series as q tends to 1. 
As was pointed out in [FT], the series ,,,w, has remarkable invariance properties 
under the standard action of SL(2, Z) on (p,q)-space. 

Most (or possibly all) known identities involving terminating q-series may be 
proved by induction, using the trigonometric addition formula 


(1.2) [z + 2]p—o|x — z]p=o = | + y|p=olx — ylp=o + ly + Z]p=oly — Z]p=o- 


However, only a tiny subset of these identities may be obtained from the elliptic 
addition formula 


je + z][2—z]ly+w]ly—w] = [e+ yjla—yllz + w]lz — w] + [2 + wl [2 — wlly +2] ly — 2] 


satisfied by the elliptic numbers. At least as a rule of thumb, these are the identities 
involving series which are both well-poised and balanced, and thus only these admit 
elliptic analogues. In particular, Frenkel and ‘Turaev obtained the elliptic Jackson— 
Dougall summation formula 
(1.3) 
a+ 1nla+1—b—cl,la+1—b-d,/a+1—c—dr, 
;—n, b,c, d,e) = ————— oF Se 
Sat a a TR EN Zao RE a A TO 
and (more generally) the elliptic Bailey transformation formula 


la+1),la+1—e-— fln[A+1—-eln[A+1—-f]n 
la+1—el,la+1—fln[A+1—e-fln[A+1)n 
X jqW9(A; —n, A +b—a,A+c-—a,A\+d—a,e, f,g), 


10W9 (a; TN, b, C, d, €, iz g) = 


where \ = 2a + 1—b—c-—d; note that the balanced condition (1.1) is assumed. 
If one wants to further develop the theory of elliptic hypergeometric series, 
there are two natural directions: quadratic (or higher) transformation formulas and 
multivariable series. In [W], Warnaar initiated the investigation of both topics. 
We will be concerned with the multivariable theory. As Warnaar pointed out, 
progress in this direction requires essentially new ideas, since the known proofs 
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in the trigonometric and rational case usually depend on “lower level” identities, 
corresponding to the degenerate addition theorem (1.2). 

The purpose of this paper is to prove an identity conjectured by Warnaar in 
[W], cf. Theorem 2.1, which is a generalization of (1.3) connected with the root 
system C,. Our main tool will be a different generalization of (1.3), obtained by 
Warnaar |W] from a determinant evaluation. 

We mention that one degenerate case of Theorem 2.1 is the terminating case of 
a multivariable 67g sum due to van Diejen [D]. It generalizes various Macdonald- 
Morris-type identities for root systems, cf. [D] for a detailed discussion. Moreover, 
van Diejen’s sum gives the norm evaluation for the multivariable g-Racah poly- 
nomials studied by van Diejen and Stokman [DSt]. 

When [|W] was published, Theorem 2.1 was new even in the trigonometric case 
(p = 0). This case of the conjecture was settled by van Diejen and Spiridonov [DS], 
who deduced it from a certain multiple integral due to Gustafson |G], which reduces 
to the Nassrallah-Rahman integral [NR] in the one-variable case. The multiple q- 
series in question appears as a sum of residues of the integrand. Moreover, it was 
demonstrated that both sides of the equality in Theorem 2.1 are invariant under 
the action of SL(2, Z). Using the theory of modular forms, it was then proved that 
for g = e?*", the two sides are equal at least up to order h!° around h = 0; a strong 
indication that Warnaar’s conjecture is true. Finally, van Diejen and Spiridonov 
conjectured an elliptic generalization of Gustafson’s integral, involving the elliptic 
gamma function introduced by Ruijsenaars [R]. A proof of this identity would yield 
another proof of ‘Theorem 2.1, completely different from the one given here. The 
one-variable case of the integral is treated in [Sp]. 

Acknowledgement: I would like to thank Jan Felipe van Diejen and Vyach- 
eslav Spiridonov for illuminating correspondence and the referee for some useful 
comments. 


2. Notation and statement of results 


In the rest of the paper we will use the “multiplicative” notation of |W] rather 
than the “additive” notation of [FT] used in the introduction. Since the elliptic 
modulus p is fixed we suppress it from the notation. ‘Thus we write 


ie Lap) Ca ia) 


j=0 
E(21,...,%2m) = E(21)---E (atm) 
k-1 
[| 2), k € Zso, 
(a; q) siren 
, ke Zep, 
Ul E(ag*+4) = 
(Gina sist Die= (ard) p* “aa G)e 


q) 
(a; 4,2) — [iG@e as, AE Z”, 


J 
(a1, -++54m;q4,2 a) x = (a1;q,2) ie (Gin Gs 2) x 
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We will use freely standard identities such as (a; q)n(aq";q)k = (@;q)n+z. We also 
mention the easily verified identity 


21) (agan TE Blog?) =(a9:@)n T Elagit?) 
ee “tee 
We can now state the main result of the paper, conjectured by Warnaar |W}. 


THEOREM 2.1. In the notation above, 


ge) Np9G= iy 
2) SAS . ) 


A t= 1 
x J] ee ete CCU oe Coumuaagr ) om 


l<i<j<n E(a~") Elan 3) (aga * 95) yen (Ga) @) yay 


(qx"—', aq/b, aq/c, aq/d, aqg/e,aq’*';q,r)y 
_ (aq, ag/bc, aq/bd, ag/cd; q, x) N 
~ (aq/b, aq/c,aq/d, aq/bed; q, 2) Nn’ 


where the sum is over the partitions 
NE Ann = {AE ZN > dry > r2>-++ > An = O}F,—7 


where 
bcdex” 1 = a2gh*! 


and where N” denotes the partition with 4; = N,1=1,...,n 
Note that the factor 


nr 


—] = 
Hla ) Ci Beas 
Ox; —Ai+1 (Gi? G7) 5, 


i= 1 


vanishes for 4 € Z” \ Ann. Therefore, we may equivalently sum over all A € Z”. 
Our main tool for proving Theorem 2.1 will be the following identity, again due 
to Warnaar. 


LEMMA 2.2. In the notation above, 


1 n 


> I] __ (5, chi dei, eB Dk ___(_y yb gli— Dk 
(agz;/b, aqz;/c, aqz;/d, aqz;/e; q)k; 

l<i<j<n Bae.) Bana) 

E(aqz?) 


al yayh bd 7 io 
(aq/ c,aq/bd, aq/cd; q ) I] E(aq2-” /beda;, aqz;/b, aqz;/c, aqz;/d) 


where a7q?—-” = bcde. 
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In fact, Warnaar proved the more general identity [W, Theorem 5.1] 


N | 
ss yp eerie) ae gel eek it ik; 


l<i<j<n E(x;/2x5) E(ax,x;q% ) 
fee ee ae Rave ae 


where a agNtt-n = bcde. For n = 1, this is equivalent to (1.3) and for N = 1 it 
reduces to (2.3). The case p = 0 is due to Schlosser [S]. 

We will prove Theorem 2.1 by induction on the “terminator” N. However, 
because of a duality property for the sums in question, cf. Proposition 4.1, we can 
alternatively formulate the proof as an induction on the number n of variables. In 
this context we remark that, for p = 0, (2.3) is a special case not only of Schlosser’s 
identity but also of yet another multivariable Jackson—Dougall formula due to Denis 
and Gustafson [DG] and Milne and Lilly [ML]. The degeneration of the latter to 
the gy6-level, together with induction on the number of variables, was used by van 
Diejen [D] to prove the trigonometric gwg-version of Theorem 2.1. Nevertheless, 
our proof is essentially different from the one in [D], since we only need a very 
special case of the (as yet unproved) elliptic Denis—Gustafson—Milne—Lilly identity. 


3. Proof of Theorem 2.1 


We will prove Theorem 2.1 by induction on N, starting from the trivial case 
N = 0. Assume that Theorem 2.1 holds for a fixed value of N. Let us fix parameters 
with 
(3.1) bedex”—* = a*q*?. 
We write the right-hand side of (2.2) with N replaced by N + 1 as 


7 (aq, aq/bc, aq/bd, aq/cd; q, ©)(n-+41)" 
~ (aq/b, aq/c, aq/d, aq/bcd;q,£)(n-+41)" 

(aq, aq/bc, aq/bd,aq/cd;x~*)n (aq?, aq?/bc, aq? /bd, aq? /cd; q, x) N 
~ (aq/b, aq/e, aq/d, aq/bed; x-*),, (aq?/b, aq/c, aq?/d, aq? /bed; q, x) nm’ 
where the second factor is the right-hand side of (2.2) with a replaced by ag and e 
by eq. Using our induction a, we have 


_ (aq, aq/bc, aq/bd, aq/cd; x~" » 11 (2 (Imi) g2Ait1) pgili-D . 
(aq/b, aq/c, aq/d, aq/bced; 2~*)n + A (ax?(1—-%)q) 
Il Leer oad re (aqgze Trg) uaxs 
I<i<n E(x)~*) E(ax?~*Jq) — (aq?a**I; g) asta, 
Ce rye (qz"—*, aq? /b, aq? /c, aq?/d, ag/e, aq’ +?; q, x) 


We now apply (2.3) with 


(a, b, C, d, €, Xi, q) oe (aq/z, b, C, d, eq, eae a ’ a) 
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which allows us to write 


(aq/bc, aq/bd, aq/cd; ple I] E(ax?\t—4) g2X+1) 


i=1 


n 
=| eae gr [bcd ane gba gs /ean' gh"? /d) 


1 n _ = aah ane = | a | 
Y S- I (bx igri, cr} igri, dx} tat. er! igri N x) k, (—1)Fi 1)k; 
Kiyuokn=0 iI oe az)—*qrit! fc, aal—tqritt fd, axl—*ght NT Je; x), 


—tgri-A;j 2-1-J Qritajtl 
ere FG ig’ 5 Egger a) 


Plugging this into the previous identity and then replacing ’ by A — k in the 


summation (here we use the observation succeeding the statement of Theorem 2.1) 
yields 


(agi 2" ns ki gi hi (5-1 
Se 1) i—1)(2A;—k;) 
(aq/b, aq/c, aq/d, aq/bcd; gt), SI (— 


. E(az* ngk Ait! /bed, agl—tghi— kit! /b, ar!- then wert [o. axi—tg*i— kit! /q) 
E(aqx20-)) 
(balighi— ki eg l-ighi— ki dz l—ighi- ki eg l-ighi-i- Np) 
(axi—ighi—kit+1 /b, agl—ighi—ki tT /¢, gg l—tghi— kit /q, gz —ighi ki N41 Je: 7), 
E(ad~ithi-ki gi As kithy) B( agli it hit hy hits ki kj 41) 
gee Ba) Blax®iq) 
(aga PO) Net Pence ae) Ns he PR 
COG BE Ge ctf (QI lg ena 
: (aqz'—", b,c, d,eq,q7%3q,2)y—k 
(qx”—1, ag?/b, aq? /c, aq? /d, aq/e, aqgX +?; gq, £)y—k 


rel will identify the sum with respect to k as a case of (2.3) with q replaced by 
. Since k; € {0,1}, we can write 


(agx'—", eq,q7~%3q,2)x—k = (aga egg" 3G, 2 )5 
(qa ,aq/e,dq"**59,¢),—%. ~ (ga +,0g/€, aq" **\ 9,0) 
1 & nr 1 qr ax a qr i /e, ar VGN lege te 
2S (ag-— n- ig Ni = igri, ¢l— igri —N—- 1. a) 


t 


x 


(6; qd, Ei Veer gs aye, — (b; qd, 1) 


axi~igh Be +1/bsx)g, — (aq/bs 9,2) 


1 “, E(ax\ tq’ kt! /b) 1 
(aq/b; 2~*)n(aq?/b; g, x welt 
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and similarly with b replaced by c and d. Using the reflection formula E(x) = 
—xFE(1/x) and recalling (3.1), we have 
Bae Cg OF (bed) ae. aS ca = ae 
Considering the four cases k;, k; = 0,1 separately, we find that the factor in curly 
brackets may be written as 
E(ai-iths Fi ghi—d3, qg3- iF kik Qi 43 gq !-*-J) 
E(aj- ae VI <aqgee J) 
(Gar 2 0g) a aan, 
* (aga !--F; q)y,4 (Dray 


Finally, by (2.1), we have 


n 
(a9;0-"\n [L 5a 


1=1 


Il E(aqz*"*9) 1 


2(1—i)) 2-i-j 
aaa TD eee 


These simplifications lead to 
n 
Re (Ele gi-lg--N-1 /g er 
ie (aq/bed; x-1)n HH Fe oy 
5K I] E(aI- Alvear Iq> ies) Chm ee se 
E(xi~*,ax3—*-J) (agz'—*-3; @)ai+a, 


l<i<j<n 

Ce ore (b,c, d, aqxz!—", eq,q7%3q,2)\ 

(qtI~*~15q)a,-r, J (qe"~1, aq/b, aq/c, aq/d, aq/e, agNt?; q, x) 
E(a3— —i+k; —k; igri —A; CN 1 Cr ccm la aa aa) 


x A i A, a 
ye II E(zj-tghi- A;) Eiaae=*sgetr"s) 


k 1l1<i<j<n 
ce ia ar! 1 qr Bike art a ex ae —N-1. 7 aes 
x I, | 


The sum in k is the left-hand side of (2.3) with 
(a, b, C, d, E, £5q) Pot (az, a aye. aq’ +, eq7 a qd Pome | 
and thus equals 
2(1- ae ex’ n a pale epg 1 Ja) 


_ pete TI E(axz?0—) gq?) 
(eq,q-"39,2), a ae SgNeg gi TG) 


Finally, we use (2.1) to write 


a 1 1 
(agx*—"; 4,2), | | —— a 
Ll ew i—ngri) a E(ax3-*-3) 


1 1 
l—n, | 


l<i<j<n 
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Putting all this together we find that R equals 


3 ee ee 
\ i=l (axe) eeerees E(xj~*) 
E(ax?-*1q¥ 3%) (az?-* J g)y 4 (2? 5), 
E(az?*-*~J) oe ee) 
7 (b,6;d,a0 "6,4" Saga) x 
(qx"—!, aq/b, aq/c, aq/d, aq/e,aqN*?;q,2x) 
which is indeed the left-hand side of (2.2) with N replaced by N+1. This completes 
the proof of Theorem 2.1. 


4. Duality 


In this section we prove a duality property for sums of the type occurring in 
Theorem 2.1. To state the result, we use the notation 


2(1- — 4) g2Ai ) 


(n)(,. —N, Ni p2(i-1)A3 
r+10;, (a; b1,..., br_3, 59,2 a (AR E(azx2(1— )) ge ) 
nN = 
’ Il Gea E(ax2—*-3 gh +45 ) (age qd), 1s (git 1. ee 
Zo Pe) E(az?*~3) (aga! ~*53.q) a, 4.0, (G29 15 Qai—a; 


. (Go Dis nay Orgy Saya 
(qn, aq/bi, ty aq/b,—3, ag’; qd, aE, 


It is natural to assume the balanced condition (aq)"~3 = (a"~'q'—% J], b;)*, though 
we do not need it to prove the following proposition. 


PROPOSITION 4.1. One has 
41” (a; bi, eens b,_3, qs q; zr) = rN)? (aqz; bi, ae ey 6,3, a o*; q-*). 


In fact, this holds as a termwise symmetry between the two sums, the change 
of summation variable A,nj — Ayn being conjugation of partitions. Let us write 
r’ for the conjugate of a partition A. Note that, since we consider partitions into 
non-negative parts, \’ depends not only on the Young diagram of but also on the 
choice of n and N. For instance, (3,2,0) € A33 and (3,2,0) € A3q has conjugate 
(2,2,1) and (2,2,1,0), respectively. 

To prove Proposition 4.1, we observe that, since (b;q,r), = (b;27+,q7!)y,, it 
is enough to show that, for A € Ann, the two quantities 


BA ax2—*-45 ATA; (ax°— ie J: q)y AHA; ag”: »r)»d 


- 1<i<j<n E(aa*~*~3) l<i<j<n (agr*—*— J; Dak fags? q; Z) 


and 


By =|] ae22-D™ Il Ee) eae Age aes 
i= 1<i<j<n E(x1~*) (qaj~*— ei eeee (qx”—'; 9,2) 


are invariant under the transformation (a,q,z,n, N,A) + (aqz,x2~',q7+, N,n, 2’). 

We prove the invariance of A), the case of By being similar. We fix n and N and 
proceed by induction on the number of boxes in the Young diagram of 4, starting 
from the trivial case of zero boxes. Suppose that the invariance holds for a fixed 
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partition A. We will show that it also holds for any partition A* obtained by adding 
a box to the Young diagram of A. There exist k and! withl1<k<n,1<I1<WN 
such that AT = X; for 7 # k, A = 1-1 and es = 1. After straight-forward 
simplifications, we may write 
Ay+ — E(ax2-?%g?!, ag!-2kg2l-1 qg?—n—kgl-1) 
Ay _ Tae ag 3—2k g2l—2 | azi—kgl+N) 
g2-imkg Atl gg3—i-kgd+l-1) 
: Nee Baa RGN ATHY, gai Fgh 


Next we observe that 


n 1-ig N) AN=1 ig N-1 = 1-1 
AA ati igh: & E(ba-tqh) vee re igi ) | E(bx-*) 
_ __ E(bq’) perry E(ba-™) _ E(bq’) il E(ba~*:q'-') 
 E(ba>n qh) E(ba~>-1qN-1) E(be-") Elbe") 22 Ee (be="q"). 
which gives 


Ay+ Fare "ga hae an gn) 


A, E(ax2—2kg2l-1, qz3—2k g2l-2 gz1—k—ngl) 
N fay Prem i / 
x k Agnh 1 ax 2—k— Acgh te 2) 
—— E(ax1—*-Xi gti, ax2—k-Ngit+i-1 ) 
This agrees with the expression obtained from the previous one by substitutin 
& & 
(a,q,2,n,N,A,k,1) + (agz,x2~*,q7*, N,n, ’,1,k). Thus the invariance of A) im- 
plies that of Ay+. 
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Multilateral transformations of g-series with quotients of 
parameters that are nonnegative integral powers of q 


Michael Schlosser 


ABSTRACT. We give multidimensional generalizations of several transforma- 
tion formulae for basic hypergeometric series of a specific type. Most of the 
upper parameters of the series differ multiplicatively from corresponding lower 
parameters by a nonnegative integral power of the base qg. In one dimension, 
formulae for such series have been found, in the gq — 1 case, by B. M. Minton 
and P. W. Karlsson, and in the basic case by G. Gasper, by W. C. Chu, and 
more recently by the author. Our identities involve multilateral basic hyper- 
geometric series associated to the root system A, (or equivalently, the unitary 
group U(r + 1)). 


1. Introduction 


The theory of hypergeometric and basic hypergeometric (or q-hypergeometric) 
series (cf. L. J. Slater [33], and G. Gasper and M. Rahman [13]) contains numer- 
ous summation and transformation formulae. Many of these appear in applications 
including number theory, combinatorics, physics, representation theory, and com- 
puter algebra (see e.g. G. E. Andrews [1]). 

One particular example is B. M. Minton’s [26] summation formula, found in 
1970, which is useful for simplifying sums that arise in certain problems in theo- 
retical physics (such as Racah coefficients). B. M. Minton’s formula is of special 
interest since it sums a specific hypergeometric series with an arbitrary number of 
parameters. B. M. Minton derived his formula by expanding a hypergeometric se- 
ries in terms of other hypergeometric series, exploiting an identity already obtained 
by C. Fox [9] in 1925 (but published in 1927). B. M. Minton iterated this expansion 
and suitably specialized the parameters to successively evaluate the (inner) sums. 
A condition on the parameters of the specific hypergeometric series considered by 
B. M. Minton is that most of the upper parameters differ from corresponding lower 
ones by a nonnegative integer. B. M. Minton’s result was slightly extended by 
P. W. Karlsson [19] who was using the same method. 

In the early 1980’s, G. Gasper [10] found q-analogues of Karlsson and Minton’s 
results. In the basic case, the condition on the parameters is that most of the upper 
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parameters differ multiplicatively from corresponding lower ones by a nonnegative 
integral power of g. G. Gasper even extended his results to a transformation for- 
mula [10, Eq. (19)]. For the above material, see the exposition in G. Gasper and 
M. Rahman [13], in particular Section 1.9, and Exercises 1.30 and 1.34. 

Note that G. Gasper and M. Rahman [13] use the terminology “Karlsson— 
Minton” and “g-Karlsson—Minton”, respectively, to denote the type of the series in 
question. We are dropping this terminology in the present paper, since the work 
is based on expanding a hypergeometric function in terms of another, which has a 
longer history. Instead, we introduce the acronyms IPD and q-IPD, respectively, 
where IPD stands for “Integral Parameter Differences” (motivated by the title of 
P. W. Karlsson’s [19] article), see Section 2. It should be mentioned that expan- 
sions of hypergeometric series in terms of other hypergeometric series have also 
been obtained by J. L. Fields and J. Wimp [8], by A. Verma [35], and in more 
generality (concerning identities between general sequences), by J. L. Fields and 
M. E. H. Ismail [7]. Thus, as pointed out to us by Mourad Ismail [18], one may 
easily write generalizations of the Karlsson—Minton formulae to series involving 
partly hypergeometric coefficients and partly general sequences. 

By using an essentially different method, namely by partial fraction expansions, 
W. C. Chu [5] generalized G. Gasper’s g-IPD type identities further to a bilateral 
series transformation. In another article, G. Gasper [11, Eq. (5.13)] found a new 
summation for a very-well-poised basic hypergeometric series of g-IPD type. Again, 
W. C. Chu [6] extended G. Gasper’s result to a summation for a very-well-poised 
bilateral basic hypergeometric series. 

Very recently, the author [31, Sec. 8] found even more general identities of g-IPD 
type, by elementary manipulations of series, using L. J. Slater’s [32] general trans- 
formations for bilateral basic hypergeometric series. Already earlier J. Haglund [17, 
pp. 415-416] had discovered that W. C. Chu’s [5] bilateral transformation formula 
can be obtained by specializing L. J. Slater’s [32] general transformation for 1% 
series. 

In this article, we provide multidimensional extensions of several specific trans- 
formation formulae of g-IPD type, in particular, multivariate extensions of the 
identities in Propositions 2.1, 2.2, 2.3 and 2.4. These multivariate extensions in- 
volve multiple basic hypergeometric series associated to the root system A,_; (or 
equivalently, the unitary group U(r)). Such type of series are considered in the work 
of R. A. Gustafson, 8. C. Milne, and several other authors, see e.g. [4], [14] [15], 
[16], [20], [21], [22], [23], [24], [25], [27], [28], and [29]. 

As a matter of fact, there are unfortunately no suitable multidimensional ex- 
tensions of L. J. Slater’s [32] general transformation formulae known (yet). Thus, 
in higher dimensions we cannot specialize down from such higher level identities. 
Instead we proceed from lower level identities to systematically derive the up- 
per level ones. In this fashion, using certain A,;_,; summation theorems (from 
R. A. Gustafson [15] and S. C. Milne [22]), elementary manipulation of series, 
and induction, we prove two multilateral transformations of g-IPD type, namely 
Theorems 4.2 and 4.6. The first one of these, Theorem 4.2, involves very-well- 
poised multilateral series (over A,_ 1), and contains r-dimensional generalizations 
of W. C. Chu’s [6, Theorem 2] and G. Gasper’s [11, Eq. (5.13)] summations as 
special cases, see Corollaries 4.3 and 4.4, respectively. The other transformation 
formula in Theorem 4.6, involves multilateral series with an arbitrary argument 
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z. Four other multilateral transformations of g-IPD type are derived by simpler 
means, using tools developed in [25], see Theorems 4.7, 4.8, 4.9, and 4.10. 

In [29, Theorem 6.4], we already gave some multiple series generalizations 
(associated to the root systems of classical type) of W. C. Chu’s [5] bilateral 
transformation. The multiple series identities in [29] were derived by using one- 
dimensional identities, combined with certain determinant evaluations. Using the 
same determinantal method, one could also deduce multilateral generalizations of 
L. J. Slater’s [32] general transformation formulae, and in particular of the g-IPD 
type transformations which were found in [31, Sec. 8]. However, most of the results 
of this article, in particular ‘Theorems 4.2 and 4.6, are deeper since they are derived 
by using genuine multidimensional summation theorems. 

Our article is organized as follows. In Section 2, we introduce some standard 
notation for q-series and basic hypergeometric series, and state several important 
one-dimensional results. In Section 3, we consider multiple series and recollect some 
specific ingredients which we need in Section 4 to state and prove our multilateral 
identities of g-IPD type. 


2. Notation and one-dimensional results 


In order to state and prove our theorems, we employ some standard q-series 
notation (cf. G. Gasper and M. Rahman [13]). For a complex number gq with 
0 < |q| < 1, define the q-shifted factorial by 


(a; q)o0 = [[ 0 - 2°), 
j=0 


and 


(2.1) (a:a)e = ane 


Further, for brevity, we also employ the notation 


where &k is an integer. 


(Cieisaitee G po (A) eats Gag ps 


where & is an integer or infinity. Further, we utilize the notations 


oe 

Q1,Q42,..-.,Qt (€1,@2,---,4t3Q)k ki 

2.2 6-1] a; | =). es 
\ a bi, b2,.--, be-1 ei. adh 


and 


Q1,042,---,Qt —— (@1,02,--., 44; Q)k k 
2.3 39,2), = Soro age oe ee. 
( ) es t E | 2 (by, bo,..., 045 q)k 


for basic hypergeometric 4@4-1 series, and bilateral basic hypergeometric 4y;4 series, 
respectively. Note that G. Gasper and M. Rahman [13] have more general defini- 
tions for ,@, series and for ,w, series, but in this article we are only really concerned 
with the case where s = r —1 for the ,@, series, and where r = s for the ,w, series. 

Clearly, a bilateral ,y~; series becomes a unilateral ;¢;_1 series if one of the lower 
parameters, say ;, is q (or more generally, g? where 7 is a positive integer). This is 
because CA = 0, for k = —1,-—2,..., by definition (2.1). In this case, the 47; 
series terminates naturally from below. On the other hand, if in a ;¢:_1 series one 
of the upper parameters, say az, equals q~”, where n is.a nonnegative integer, then 
the ¢¢:_1 series terminates naturally from above. This is because (q~"; q)x = 0, for 


k=—oo 
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k=n+1,n+2,..., by definition (2.1). Such a 4¢4_1 series terminates after n + 1 
terms. 

The ratio test gives simple criteria of when the above series converge, if they 
do not terminate. Remember that we assume 0 < |q| < 1. The ;¢;_1 series in (2.2) 
converges absolutely in the radius |z| < 1, while the 17%; series in (2.3) converges 
absolutely in the annulus |b, ...0:/a,...az| < |z| < 1. 

The classical theory of basic hypergeometric series consists of several summa- 
tion and transformation formulae involving ;¢;_1 series. ‘The classical summation 
theorems for terminating 3¢2, g6¢5, and g@7 series require that the parameters sat- 
isfy the additional condition of being either balanced and/or very-well-poised. A 
4-1 basic hypergeometric series is called balanced if b,---bs-1 = a,---az¢q and 
z= q. An ¢d¢_1 Series is well-poised if ayq = agb) = --- = azbhy_1. It is called 
very-well-poised if it is well-poised and if ag = q,/a; and ag = —q,/a;. Note that 
the factor 


(2.4) (q\/ai, -—4\/01;9)k — 1—aiq** 


(\/a1, -—V/15 Qk 1—a, 

appears in a very-well-poised series. ‘the parameter a; is usually referred to as 
the special parameter of such a series, and we call (2.4) the very-well-poised term 
of the series. Similarly, a bilateral ,y, basic hypergeometric series is well-poised if 
a,b, = agbo--- = azb; and very-well-poised if, in addition, ay = —ag = qb, = —qbo. 

In our proofs in Section 4, we often make use of some elementary identities 
involving q-shifted factorials, listed in G. Gasper and M. Rahman [13, Appendix JJ. 

With the above notations for basic hypergeometric and bilateral basic hyperge- 
ometric series, we are ready to state some important (one-dimensional) summation 
formulae. 

One of the most fundamental summation theorems in the theory of (bilateral) 
basic hypergeometric series is W. N. Bailey’s [2] very-well-poised 676 summation, 


q/a, —qv/a, b,c, d, e a*q 
676) a, —/a,aq/b, aq/c, aq/d,aq/e'" bede 
_ (aq, aq/be, aq/bd, aq/be, aq/cd, aq/ce, aq/de, q, ¢/a; 4) 
~ (aq/b, aq/c, aq/d, aq/e, q/b, a/c, q/d, q/e, a2 q/bede; q) oo’ 
provided the series either terminates, or |g| < 1 and |a*q/bcde| < 1, for convergence. 
For a simple proof of (2.5) using elementary manipulations of series, see [30]. 


Another important summation is the terminating balanced q-PfaffSaalschiitz 
summation (cf. [13, Eq. (II.12)]), 


a, b, q” : _ (c/a, c/b; q)n 
28) ue Re abgi—" [0° ‘ ~ (¢,¢/ab;q) 
S. Ramanujan’s ;~; summation (cf. [13, Eq. (5.2.1)]) 
a _ (¢,6/a, a2, 4/42; q)o0 
(2:7) V1 fia -_ (b, q/a, z,b/az;q)oo ) 


provided the series either terminates, or |q| < 1 and |b/a| < |z| < 1, for convergence. 
Finally, the terminating g-binomial theorem is (cf. [13, Eq. (II.4)]) 


(2.5) 


nm 


reads as follows, 


(2.8) igo aa q, | = (2q7"53q)n- 
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Note that (2.8) is just the special case a — q~", b — q of (2.7). 

In this article, we prove multidimensional extensions (associated to the root 
system A,_1) of four transformations of g-IPD type, namely Propositions 2.1, 2.2, 
2.3, and 2.4. We need to explain our terminology first. 

We say that a basic hypergeometric series is of g-I[PD type if there are s up- 
per parameters a),...,a; and s lower parameters b;,...,6, such that each a, dif- 
fers from b; multiplicatively by a nonnegative integral power of q, i.e. a; = b;q"™™ 
m; > 0. G. Gasper [10] found some summation formulae for particular basic hy- 
pergeometric series of such type. ‘These were qg-analogues of formulae originally 
discovered by B. M. Minton [26] and P. W. Karlsson [19], using C. Fox’ [9] expan- 
sion of a hypergeometric function in terms of other hypergeometric functions. We 
call the series considered by B. M. Minton and P. W. Karlsson to be of IPD type, 
where IPD stands for “Integral Parameter Differences”, motivated by the title of 
P. W. Karlsson’s [19] article. G. Gasper [10, Eq. (19)] also extended his summa- 
tions to a transformation formula. Later, W. C. Chu [5] found bilateral summations 
and transformations of g-IPD type, generalizing G. Gasper’s identities of [10]. In 
an expository paper, G. Gasper [11, Eq. (5.13)] derived a summation formula for 
a specific very-well-poised basic hypergeometric series of g-IPD type. His result 
was then generalized to a summation for bilateral series, again by W. C. Chu |6, 
Theorem 2]. (It is maybe interesting that as application W. C. Chu [6, Eq. (5.25)| 
applied an inverse relation to his bilateral summation and (re-)derived an impor- 
tant bibasic identity, actually due to G. Gasper and M. Rahman [12, Eq. (2.8)]. 
This shows how strongly seemingly different aspects in q-series are interconnected. ) 

In a recent article [31, Sec. 8], the author found formulae of g-IPD type covering 
all of the above q-IPD type identities as special cases. In the following, we list the 
four transformation formulae from [31, Sec. 8] which we extend to higher dimen- 
sions. The first one of these involves very-well-poised bilateral basic hypergeometric 
series. 


PROPOSITION 2.1 (A bilateral very-well-poised q-IPD type transformation). 
Leta, b, c, d, e, f, and hy,...,hs, be indeterminate, let m,,...,m, be nonnegative 
integers, let |m| = >>;_, mi, and suppose that the series in (2.9) are well-defined. 
Then 


dV a, —q a,b6,d,€; 
(2.9) seartoen| V8 Ee aq aq aq 


b? c?d?’e? 
l+m lt+ms 2,1—|m| 
aq aq m 
Migeens Ng py ae ees 
a a — = 
pe .-+y pt, hig nn (ae bcde 


(a,%, 49, 4, fa fa 2g og ag ag.g) os (La 24. GQ) 
1a? b’ c’? d? e? bf cf? df ef? 4/0 IT hi) fri? d)mi 
qq4q aq aq aq aq f*q aq. 


Ce ae ore eee are i=1 (Fes hs mi 
af _af bf cf df ef 


et as 
X 6428V6+42s ve _¥ fa fa fa fa 
Ja’? Ja’ b’ c? d’ e? 


fhi fie pore fg | Ain 
a + es e * 4 a b) hy 9:<9 e © 9 jis z q 

fq fq fhig—™! tisq »q, bede : 
oe 7h? a ease) a 


where the series either terminate, or |a2q!—'™! /bede| < 1, for convergence. 
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Note that f does not appear on the left side of (2.9). 

The special case f +> b, c+ a/b of Proposition 2.1 is exactly W. C. Chu’s 
summation in [6, Theorem 2]. If we specialize this summation then further by 
setting e +> a we arrive at G. Gasper’s [11, Eq. (5.13)] summation. 

The following transformation formula involves bilateral basic hypergeometric 
series with an independent argument z. 


PROPOSITION 2.2 (A bilateral g-IPD type transformation). Let a, b, c, z, 
and hy,...,hs be indeterminate, let m,,...,ms be nonnegative integers, let |m| = 
>>;-1 Mi, and suppose that the series in (2.10) are well-defined. Then 


a,hig™,...,hsqh 
(2.10) i14sWi+s iC 4 


_ (c/a, bq/c, a2, q/A2Z; q)oo ee a (hig/¢3 Q)mi 
~ (q/a, b, azq/c, ¢/az; q) x crm 


b aq/c, a ; 
Peres bq/c, hiq/c,...,hsq/c aa 


where the series either terminate, or |bq~!" /a| < |z| < 1, for convergence. 

Note that c does not appear on the left side of (2.10). 

The next two transformations involve series whose argument depends on the 
parameters. 

PROPOSITION 2.3 (A bilateral g-IPD type transformation). Let a, b, c, d, e, 
and hi,...,hs be indeterminate, let N be an arbitrary integer, m1,...,ms be non- 


negative integers, let |m| = >-3_,m, and suppose that the series in (2.11) are 
well-defined. Then 


a, b, hig™, Saas ia ; eq“ 
(2.11) rrsthate| C, d, hi, hs 1Q; ab 


= (<) (e/a, e/b, cq/e, wes q) oo yy ae te Onde don i - 


q (q/a,9q/b,C,d3q)oo 5 
oe aq/e, bq/e, hiq'*™ /e,... prem eq % 
2+s¥2+s cq/e,dq/e, hiq/e,... ,heq/e >; ab ’ 


where the series either terminate, or |e/ab| < \q™| < iaiitial: for convergence. 
If we reverse the 24,~2+4, series on the right side of (2.11), we obtain 


PROPOSITION 2.4 (A bilateral g-IPD type transformation). Let a, }, c, d, e, 
and hy,...,hs be indeterminate, let N be an arbitrary integer, m1,...,ms be non- 
negative integers, let |m| = >~;_, mi, and suppose that the series in (2.12) are 
well-defined. Then 


a, b, Rigo <r hq’ ; eq 
(2.12) rratbare| ort ee im ers: 


_ (2) (clove (vegies dafeid)e 7 (hig/es Q)mi 


q (q/a,q/b,¢,4;q)oo 5 (Ris mi 


x 49H) e/c,e/d,e/hi,...,e/hs cdg —lml 
2+s2+s | e/a e/b,eq~™ /hy,...,eq7™ /hg? 2 ; 
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where the series either terminate, or |e/ab| < |\q%| < |eq'™!/cd|, for convergence. 


The e = aq case of Proposition 2.4 reduces to W. C. Chu’s [5, Eq. (15)] trans- 
formation. If we specialize the resulting transformation further by setting c = q we 
obtain G. Gasper’s [10, Eq. (19)] transformation. 

Propositions 2.1, 2.2, 2.3, and 2.4 appeared as Corollaries 8.6, 8.3, 8.2 and 
Equation (8.8) in [31]. They were originally derived as special cases from even 
more general transformations for bilateral basic hypergeometric series of g-IPD 


type. 


3. Preliminaries on multiple series 


In general, we consider multiple series of the form 
Oo 


(3.1) >» = Stk), 


ky ich S— OO 


where k = (k,...,k,), which reduce to classical (bilateral) basic hypergeometric 
series when r = 1. We call such a multiple basic hypergeometric series balanced if it 
reduces to a balanced series when r = 1. We define well-poised and very-well-poised 
series analogously. In case these series do not terminate from below, we also call 
such series multilateral basic hypergeometric series. 

In our particular cases, we also have 


(3.2) I — 
l<i<j<r ae?) 

(or something similar), as a factor of S(k). A typical example is the right side of 
(3.5). Since we may associate (3.2) with the product side of the Weyl denomina- 
tor formula for the root system A,_; (see e.g. D. Stanton [34]), we call our series 
A,—1 basic hypergeometric series, in accordance with I. M. Gessel and C. Kratten- 
thaler [14, Eq. (7.1)]. Note that often in the literature (e.g. [3], [23], [25], [27], 
[28]) these r-dimensional series are called A, series instead of A,_1 series. 

For convenience, we frequently use the notation |k| := kj +---+k,. Note that 
on the right side of (3.5) we have (in addition to (3.2)) 


4 (1 —azq%tlkl 
(3.3) II ( - 
appearing as a factor in the summand of the series. It is easy to see that the 
r = 1 case of (3.3) essentially reduces to (2.4). To clarify the special appear- 
ance of the very-well-poised term in the multidimensional case (and even in the 
one-dimensional) case, it is useful to view the series in one higher dimension. In 
particular, we can write 


(3.4) |] ag’ — 25q"9 Il Lag ee 
Zi — 2; 1 — az; 


l<i<j<r i=1 
ht = py 
aghtethe TT (3 | 
~~ y) 
ai —— “aa 
1<i<j<r+l : J 


where 2,41 = 1/a and k,4, = —(k, +---+k,). Thus, some A,_; basic hyperge- 
ometric series identities are sometimes better viewed as identites associated to the 
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affine root system A, (or, equivalently, the special unitary group SU(r+1)). For 
such an example, see Remark 3.2. 

Let a, b1,...,0,, c, d, €1,...,€,, 21,.-., 2p, and w be indeterminate. For pur- 
pose of compact notation, we define for r > 1 


(3.5) UO” [a5 b1,..-, rj C, ds C15... ,€p3 21) +++ 3 Zr| GW] 

fed ys Il zg’ — 29° II 1 — azqh tlk 
: eae 2 2; A. 1 — az; 
: <i<j<r 1=1 


x I (0521/27; Dei TT (C4245 D) 


(azig/e52534)ki ny (a24q/di5 g) xe 


Ty ez GO 
II (aziq/d; 9) x. | 


j= 1 (aq/Cc; @) ie 


1,j=1 


The above ob” series is an r-dimensional g%g series (which reduces to a clas- 
sical very-well-posied gw when r = 1). 

For convenience, we sometimes use capital letters to abbreviate the (r-fold) 
products of certain variables. Specifically, in this article we use A = a,---a,, 
B=b,::-b,C =a -:-c,, H=e,---e,, and F = f,--- f,, respectively. 

In our derivation of the multilateral g-IPD type transformation in Theorem 4.2 
we utilize the following r-dimensional generalization of W. N. Bailey’s summation 
formula in (2.5). 


THEOREM 3.1 ((Gustafson) An A,_1 6% summation). Let a, b,,...,6,, c, d, 
€1,...,€,, and z1,...,2, be indeterminate, let r > 1, and suppose that none of the 
denominators in (3.6) vanishes. Then 


(3.6) ou” Disa nig Det Cod CLs yO Zipang ee 


attlg 
ma) 


BcdE 
_ (aq/Be, a"q/dE, aq/cd; q) x 1 (azig/bie; 25, 92/253) 0 
(a’+!q/BcdE, aq/c, q/d; q) oo ae (qz;/biz;, @21¢/€; 253 Q) co 


aor (aziq/bi, g/eizi, q/cz%i, azq/d; q)oo 


provided |a™*'q/BcdE| < 1. 
REMARK 3.2. Using (3.4), the multilateral identity in (3.6) can also be written 


in a more compact form. We then have R. A. Gustafson’s [15, Theorem 1.15] A, 
65 Summation: Let aj,...,@,41, b1,...,6-41, and 2z1,..., 2-41 be indeterminate, 


let r > 1, and suppose that none of the denominators in (3.7) vanishes. Then 


. ag 
(3.7) 3 Il — [yp cozzie. 
—oo<ki,...,kr4i <oo 1<i<jg<r+l oe <j i,j=l (0524/25; q) ki 
kite +kr41=0 


a r+1 
(b; 122 OP439 ,q/a1 . piipAets ds (G29 1 25510724) 0427) cs 
(q,b1-. Br p19 /A1---Or413 Doo yey (0724/25 219/04295 GQ) oo 
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provided |b, ...b,41q7"/a1..-@r41| < 1. It is not difficult to see that (3.7) and 
(3.6) are equivalent 

We also need the following r-dimensional generalization of the terminating q- 
Pfaff-Saalschiitz summation from S. C. Milne [22, Theorem 4.15]. 

THEOREM 3.3 ((Milne) An A,_1 terminating 3¢2 summation). Let a,,...,4@,., 
b, c, and 2,...,2,, be indeterminate, let N be a nonnegative integer, let r > 1, 
and suppose that none of the denominators in (3.8) vanishes. Then 


fe k. r 

ie 21 ad (a; 21/253 Q)ki 

38) ( NM (#5=3") 11 See 
kiy..kp>O \1<i<j<r ae, pap re 
O<|k|<N 


. I (bi; @)k, (a7; @) xi qi! 
t* (Cis q)k; (A1---arbqt—% /c; q) jx| 
(c/b; q) yy Sees la) 


GY ian arb;q)n to (crisg 


The r = 1 case of (3.8) clearly reduces to (2.6). 

In our derivation of the multilateral g-IPD type transformation in Theorem 4.6 
we utilize R. A. Gustafson’s [15, Theorem 1.17] A,_, extension of S. Ramanujan’s 
1¥1 summation (2.7). 

THEOREM 3.4 ((Gustafson) An A,_; 1W, summation). Let a,,...,@,, 61,..., 
b,, £1,...,2,, and z be indeterminate, let r > 1, and suppose that none of the 
denominators in (3.9) vanishes. Then 


k; Tr 
Liq — LFqQ? (0521/2553 q) ks [k| 
(3.9) pe lagei Bi Dh 
a. J ae) i (bjs [253 9) 
_ (Az, g/Az; q)oo - (b;2;/it;, Li /L5; 4) 
(z, Bg'-"/Az; q)c eset (qx; /aiz;, bj 24/2534) oo 


where |Bq’—"/A| < |z| <1. 
Further, we make use of the following terminating q-binomial theorem from 
S. C. Milne [22, Theorem 5.46], which is a multiple extension of (2.8). 


THEOREM 3.5 ((Milne) An A,_1 terminating g-binomial theorem). Let j,..., 
x,, and z be indeterminate, let nj,...,n, be nonnegative integers, let r > 1, and 
suppose that none of the denominators in (3.10) vanishes. Then 


k; k. rT 
Liq * — L5Q? CHEZ ssa) ks 

ea (MT (=e) 1 Seem TT 

O<k; Sn, l<i<j<r a ij=l (qxi/253 9) 

i=1,. 

x gq (a)tEis (am =| [eid aa 
i=1 
In Section 4, we also give two multiple series extensions each of Propositions 2.3 

and 2.4, see Theorems 4.7, 4.8, 4.9, and 4.10. These A,_, extensions are not as deep 
as those in Theorems 4.2 or 4.6. In our derivations, we make use of Lemmas 4.3 
and 4.9 from [25], displayed as follows: 
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LEMMA 3.6. Let b,,...,6, and 21,...,2, be indeterminate, let r > 1, and 
suppose that none of the denominators in (3.11) vanishes. Then, if f(n) is an 
arbitrary function of integers n, we have 


(3.11) 3 ae = pitts TT nets 


neceo (BUTT )n (BOTT Ioo 2, (Gi/£75 Woo 


= aight — aq) \ 7 LTT ..rki—lkel 
t J . = rKi— 
«(TE (MGB) UD eavesoe Te 
11 


k1,...,kp=—00 \1<i<j<r ij=l 
x (—1)0-Diklg- Ca) +7 De a i) ) 


provided the series converge. 


LEMMA 3.7. Let aj,...,a,, b1,...,0,, and 21,...,2, be indeterminate, let r > 
1, and suppose that none of the denominators in (3.12) vanishes. Then, if g(n) is 
an arbitrary function of integers n, we have 


312) So as g(n) 


Ba" d)x 
= (q, Bq’—"/A; Q) : (6505/25, 04q/AiL5; q) co 
(Bq!-",q/A; Bes i, j=l (G25 03,0; L;/ Qi DO ss 
tight — 25g ~) 7 (a;2i/2539)K, 
x Se 7 IK) 
p> II ( BG I (0521/2534) k, (HD 


k1,...,kp=—00 1<i<j<r ij=l 


m= — OO 


provided the series converge. 


4. Multilateral identities of q-IPD type 


Here we give six new multilateral transformations of qg-IPD type, extending 
the g-IPD type transformations of Propositions 2.1, 2.2, 2.3, and 2.4 to higher di- 
mensions. The transformation formula in Theorem 4.2, which generalizes Proposi- 
tion 2.1, involves multiple series very-well-poised over the root system A,_,. A spe- 
cial case of that theorem is given as Corollary 4.3, which is a multilateral summation 
formula extending W. C. Chu’s [6, Theorem 2] bilateral summation to r-dimensions. 
A further specialization gives a multiple extension of G. Gasper’s [11, Eq. (5.13)| 
very-well-poised summation, see Corollary 4.4. In Theorem 4.6 we provide an A,_1 
extension of Proposition 2.2. The interesting feature about that transformation 
is that it involves multilateral series with an independent argument z (subject to 
convergence), similar to the case of S. Ramanujan’s ;w~, summation (2.7) and its 
extension in Theorem 3.4. We were, unfortunately, not able to give multidimen- 
sional extensions of Propositions 2.3 or 2.4 which are as deep as Theorems 4.2 and 
4.6. Instead, we derive multiple extensions of a sampler type, using Lemmas 3.6 
and 3.7. Theorems 4.7 and 4.8 are simple A,_; extensions of Proposition 2.3, while 
Theorems 4.9 and 4.10 are simple A,_1 extensions of Proposition 2.4. Of course, 
by the same method one could also derive simple multilateral generalizations of the 
g-IPD type transformations in Propositions 2.1 and 2.2. However, we decided to 
derive the identities of simpler type only in the cases were we were unable to find 
corresponding deeper ones. 
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For our derivation of ‘Theorem 4.2, we need the following lemma, which is easily 
established by applying Theorem 3.1 twice. 


LEMMA 4.1. Leta, b1,...,b,-, c, d, €1,...,€r, fi,..-, fr, and 21,..., 2, be inde- 


terminate, let r > 1, and suppose that none of the denominators in (4.1) vanishes. 
Then 


a’tlg 
aa | 
(aq/c,q/d; 9) 00 (qf; 21 / Fi2j, 21 /di25, 21q/€5 253 Q) co 
e TI (azq, q/a2, Fq/e:2;, aziq/biF, aziq/dfi, fig /C2i3 Qo 
ny (FP fig/azi, a2ig/F fi, a21q/0i, 9/ei2i,9/C2%, 219/d3 q) x 
pf Se to OP ee bee Pp 
x 6VG — Ga 22 SAP SE a, ka : 


(4.1) ol” asda, nt CTO ac ng Che Cian ye aids 


t9=1h 


a™ttg 
ais 


’ 


; pias ; ) ) yeoeey ns ee 
a a aaa afj, af, 21 2 


provided |a™*'q/BcdE| <1. 


Now, for compact notation, let us extend definition (3.5) by introducing addi- 
tional indeterminates g,,...,g; and h1,...,hs: 


(4.2) Sig 5, |G Dinan ag DEE OT pans sepa ei yess 

Giger wes Misses Mel Gey) 

Il (20 z= os II (- — ca | 
gee Oe Fe BA 


(O52) 275 Oe: ~ (€4245 Y) ie] 
1 (a24q/€5 2539) k, pat (4249/i; q) |x| 


I 
Me 
. 


ae (azq/d, ey T on) azq/Ns; Qk 


o Gay hss Oi wiki |. 
) in| 


(ag/c,aq/g1,---,4q/9s34 
We have 
THEOREM 4.2 (A multilateral very-well-poised A,_; q-IPD type transforma- 
tion). Let a, bi,...,0,, C, d, Cl ys a%'5 Cry Fincniee 1s Agee ers and Rising ls be 


indeterminate, let Ni,...,Ns be nonnegative integers, let |N| = >0;_, Ni, r > 1, 
and suppose that none of the denominators in (4.3) vanishes. Then 


(r) epee 
(4.3) 6+2sVe195 a; by, er ORC: d; €1, ee er es ee ee ee 


agi t™1 agit Ns 


ii Teer 


“Hf 


SIA ore tonanl be qd, 


a’ tigi—IN| 
‘ BcdE | 


(Fq/h339) Nn;  (azq/fihs;Q)N, 
(q/hgs DN, z yp ec (azia/hy3 Q)N; 
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. (Fq/d,aq/cF3 q) (qz;/2;, 021/05 fizj, f524q/0i2;3 1) cx 
(aq/c,q/d; q) 00 iat (qf; 21 /fiz5, 924 /bi 25, 0219/5 2559) 
: I (az, q/a2, Fq/e,2;,02:q/b,F, azq/dfi, fig/C23 1) 00 
aq (F fiqg/az:, aziq/F fi, aziq/bi, q/ei 2, 9/c%, 02iq/4; q)oo 
(r) = eifi Cntr d cr bf Oe ae fi he 
X 6425W6 495 SSG a 


y) 


a ’) man a b) a a y) af > aaa | af, 9 zy ) ene | ee. 
hy h. Fqit™ FqitNs a’ tigi IN| 
Ge Ge pe OE ’  BcdE 


provided |a™+*q!—|\!/BedE| < 1. 


PROOF. We proceed by induction on s. For s = 0 (4.3) is true by Lemma 4.1. 
So, suppose that the transformation is already shown for s +> s—1. Then, by using 
some elementary identities from [13, Appendix J], 


(r) 
642s V6 195 G50 yee Op CON Clertswylny eine dune, 
1+N 1+N; 1.1—|N 
> /U1,---5%5) q, BcdE 
c kitlk 
-(n Gn ug" — 24" 2 NT] (=! + ) 
2i— 2; 1 — az; 
uk JIL ( J i=1 ed. 


«T; (052/253 Dei " (€4 243 q) xc 


jal ee 5, (azig/Bis W) [xc 


3 TI lence dee ce .. zg 8) /hsa0 
ww (a%g/d,azig/hi,...,a2q/hs—159)k, 


a ae (oe 
(aq/c,hig7™?,..., ies 1q Ns— 1° 5) |x| BcdE 


. hss Di [ee */Rsi Qk: 
(hsq7 953 @)iql 5, (@%19/hsi Q)k, 
_ (a"g/Ehssa)n, yy (eizia/hsi On, 
(q/hssQ)n, sy (azig/hss a), 


& Pe TT s _ kit|k! 
Zi z5qQ" 1 — azq 
- Des II fees I] 1 — az; 
ky,...,kp=—00 1<i<gj<r 1=1 
«Ty een Fy oasan 


pram oo 5, (azig/bi; 2) Xe 


y II (2; anes /ha, rey azgitNe-1 igi Q)k; 
5 ((aziq/d,azigq/hi,...,a%q/hs-15 Qk 


(d, hi, ro Ng=1: Q) \k| ( |k| 
x iis apa See | 
(ag/e, hiqr™,...5he—1g7 45 9) BedE 


MULTILATERAL TRANSFORMATIONS OF q-SERIES 215 


(qi |*!/hs; @)N, - (azq't** /hs; Q)N, 
(a"g/Ehsiq)n, 55 (€s219/hsi ON, 


Now we expand the last factors (those involving (-;q)n,) by applying the a; 
eq */a, bt glkl, cto g/hs, £4 e;2;,1=1,...,r, and N + N, case of the A,_1 
q-Pfaff-Saalschtitz summation in Theorem 3.3. We obtain 


Tr 


(a"q/Ehs3Q)N, Il (e:z:q/hs; q)N, 
(q/hsiq)n, 24 (aziq/hss @)N, 
— Zi 25 1— az; 
Ki <cokp=—oo \ lsi< jer 1 
: (652: /253 9) k, “ (€42i; @) lic 
x PPS ncaa ee OE 
IT 


pe A24,q/ C5253 Dk: j= 1 (aziq/di; q) |x| 


ae (aziq/d, azgq/h1, si ewig aziq/hs—1; Dk 


(d, hy, ice ieag8 q) |x| (Cee |k| 
) jn 


ee SS a 
(aq/c, hiq—™}, ty hezige 1 3 BcedE 


li; L, f = 
x S- Il (Sa ot | Il (exziq””) /az53 Q)1, 
Cize— CyZ; C924 /-€52 35-0) 
Iy,...,Jp>0 1<i<j<r ee Id ij=l (q a i/ 3 B35 Dls 
O<|I<Ns 


(eziq!*!; g), (q ss q)u ql 
a (eizig/hs Qu, (Ehsq7Ns/a"; q)jj 


(a"q/Ehs;q)n, T7 (ei2%9/hss @)N, 
(q/hssQ)N, 52 (@2q/hsi@)N, 


« Sot Ht (Se et | [] ceelazsie 
C424 — €4 24 (qe.2;/€5253 qQ)l, 


lyjglr>O0 \1<i<j<r ij=l 
O<|I]<SNs 
. (€z43 @)1, (q~™ss@)jy qt! 
wn (ei%iG/Rss ght, (EAsq7™s/a"3q) jy 
x sey, ea) [a bi, sy Os C, d; eq", eee eng": Z1, cy ers 
agit ™ ages h h at ig a ea alll 
By the e; + eg, i=1,...,7r, case of the inductive hypothesis we obtain 


rT 


(a'g/Ehs3q)N, Il (e:zig/Nss DN. 
(q/hsiQ)Ne sy (a21q/hsi @)N, 
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21 

C325 — C22 
ly,.lp>0 \1<i<j<r ie IJ 
O<|I|<N. 


II (€:27/ 42350) ), 

j=l (gexz;/€5 253 Qu, 

<T] (czigu (a_i 
— Qi; (Ehsq7 Ns /a’; q) | 


| (Fa/hysa)n, py (azia/fahys Oy; 

(q/hj; q)N Nj 5-4 (aziq/h;; qQ)N; 

, biiicaataika : (qzi/z;,azq' "Les fiz5, £5 %4@/bi273 Doo 
(aq/c,q/d; q) c ey (qf52i/ fiz, G2 /biz3, az1q'~"5 /€5253 qo 


2, 


. TI (aziq, q/azi, Fg" /e:24, 024 9/biF, aziq/dfi, fid/C2i3 9) 
j=1 (F fiq/az, aziq/F fi, azeq/bi,q’—" /e:zi, q/czi, 0219/4; Q) co 


x > II (eo ce eee II (- ae ee 
sion ba esteizi<e file — f5/%3 i=l 1— Bfi/azi 
TI (e5 fiz5q'5 /a2i3. 9) k, Il (b;F'/az4; 4) je 
ij=1 (f1259/b; 243 Dk, 1 (Fig! /es24; @) i| 
TI (Opi G255 FN) G2 ee5 Filigas/ O25 ie: 
wn (fia /czis fihig” ™ /azi,..., fibs-197 2-1 02:3 Qk, 
(cF/a,Fqt™:/hy,... Fg Ns) /hs_13q) hie (aoc at t1gi- (M1 +--+ No—1) Ill Ne 
(Fq/d, Fq/hi,...,Fa/hs—1; 4) | BcedE 


~ Carmen, Ceara TY (Pafhsidiny py (azial Ahsan, iON, 
(q/hsiq)N, jz (@%i9/hs3 9), (q/h339)n, 52, (a%ag/hy39)N; 
. (Fq/d,aq/cF;q)oo T- his Pesueihidlin: hietosethe 
(aq/¢, 4/45 Q)o0 ey (QS524/ fizis 924/25, 0219/€5255 1) 00 
. II (azq, 4/02, Fq/e:z,079/biF, azq/dfi, fiq/ C213 Doo 
a5 (PF fig/a2i, a%ig/F fi, azig/bi, 9/ei2i, Q/C%i, 4219/4; Y) 00 


fig’ /zi — fyq% leg\ Fy (1 — Fe fight! az 


l<icjc<r ieee f5/%; 


: <= ( 
ky geeey k,;=—0o 
(C9 f72; (02:70) aie JF/azi q) lk 

= 2 (Fiz 9/05 2ir q)k ky py (Fq/ei2; q) |x| 

Cw ire.) mae |r s—1/A243 Q)k, 


x 


eevee . ., FgttNs-1 /he_13.) nl (ie sae 


(Fq/d, Fq/hi,...,Fa/hs—1; 9) |x| BcdE 
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l; L; r k; 
Y 3 I (2 at) Tl (ei f; zig"? (A253 QI, 
€;,2; — C72; €,2;/€;253q)1. 
Iy,...,l,>0 1<i<j<r oe IJ ij=l (ge; i/ #) iQ) 
O<|k|<N5 


: > (eziq7*!/F3.9)1, Om | 
i=l (e;2:¢/hs3@)1, (Ehsq7 Ns /a™;q)i1 


Now, we evaluate the inner multiple sum by the a; + e;fiq*/a, b HH qo Kl /F, 
cro g/hs, 2%; e;%, 1=1,...,r, and N + N, case of the A,_; g-Pfaff-Saalschiitz 
summation in Theorem 3.3, and obtain 


Ss 


I] 


j=l 


(Fq/h;; 9); II (aziq/fihj; 4) N, 
(q/hysq)n, = (az4/hy3 Q)N; 
y (Fq/d,aq/cF3 qd) - (G2: / 2750200) C5 15255 15210 012530) 
(4q/¢,4/4;Q)oo ey (OF; 2i/ fiz5, 12% /d123, 219/€5 253 1) 00 
: TI (aziq, q/az, Fq/e;2;,,az:q/biF, aziq/dfi, fiq/CZi; q) <0 
a (Ffig/azi,azg/F fi, a2iq/di, q/e:%, /c%, a2i1g/d; q) x 
2 3 ll Coa a on II (- = Fh ine) 
kyy.ekp=—00 \1<iej<r file — £512; 1 1 — Ff;/az 
(65525 /O27°0) i; (bj, F'/az;; q) | 


x 
(F125 q/d;5 213 Qk. j=1 (F'q/€s245 %) jx 


1,j=1 
- (Of) G25 oF iy Oza cney Jas Gee, 0): 
rae bhg/cm: fihiq™™: faz, ney fsa jaz; Qk: 


(cF/a,Fqi*™ /hi,..., Fatt /hs; q) |x| ia [k| 


x 


(Fq/d, Fq/hi,...,Fq/hs3 @) hx) BcdE 


which is the right side of (4.3). O 


A special case of Theorem 4.2 immediately gives the following summation for- 
mula as a corollary. It is an A,_, extension of an identity due to W. C. Chu [6, 
Theorem 2]. 


COROLLARY 4.3 (A multilateral very-well-poised A,_, q-IPD type summa- 
tion). Leta, b,,...,b,, d, €1,.-.,€p, 21,---,2r, and hy,...,hs be indeterminate, 
let Ni,...,.Ns be nonnegative integers, let |N| = >>;_, Ni, r >1, and suppose that 
none of the denominators in (4.4) vanishes. Then 


- a 
(4.4) 6400S) ag asbas ss. Bri Fo dheds sori hye 2 
aqit™: aqitNs a’ gi-lN| 
(oo ——$ = lhe ay. a 
hy hs dk 


(Bq/d, g; q) 0 - (aziq, q/azi, Bq/eszi, a2:q/db;; q) 0 
(Bq, 4/d3q)oo #7 (aziq/bi, q/ei2i, Bg/azi, a2iq/d; q) 00 
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x MG sy encens aera | (Ba/hsi 9); Ny Ty (azea/bihai dy, 


ee (qz; /; 25, 02.Q/ C7 27;q) (q/hj3 Qn, Q)N; ae (aziq/h;;q)N; 


provided |a’q!—!"!/dE| <1. 


ProoF. In (4.3), we let c > a/B and f; — 6;, for i = 1,...,r. In this case 


the er ae series on the right side terminates from below, and from above, and 
evalutes to one. In particular, the appearance of the factor 


r 


I] (biz5q/b; 24; Di, 


1,j=1 
makes the terms in the series vanish unless k; > 0, 1 = 1,...,r. Similarly, the 
appearance of the factor 
(15) jc 
ensures that if |k| > 0, the terms of the series are zero. In total, only the term 
where kj = --- = k, = 0 survives, and that term is just one. E) 
A further specialization of Corollary 4.3, namely the case e; > a,1=1,...,7, 


yields an r-dimensional generalization of G. Gasper’s [11, Eq. (5.13)] very-well- 
poised 642.0542, Summation. 

COROLLARY 4.4 (A very-well-poised A,_, q-IPD type summation). Let a, 
b1,...,0,, d, 21,...,27, and hy,...,h, be indeterminate, let N,,...,N,; be nonnega- 


tive integers, let |N| = >>;_, Ni, r > 1, and suppose that none of the denominators 
n (4.5) vanishes. Then 


= eT ee . ~ az. qhitlkl 
Ziq z5q°4 1 —azq 
4.5 + ——— 
oo) 2 ( I] ( C= 23 )II( L=aZ; 
Ky ycgky=0- \ 11 <j sr at 
y II (521/253 Q) ki : (A245 2) |x| 


i (921/253 Q) kei zy (O29 /i5 2) 


2 11! (G2,/B GG Risa Gag) Neva )e 
(azq/d,azq/hi,...,a21q/hs3 qk, 


(diay hs Dp (a 
(Ba, Qs since ma q) | d 
(Ba/d, 45 q)oo =T] (aziq, aziq/bid; q) oo 
~ (Bq,4q/diqoo | (a2z4g/0:, 2219/4; J) 00 
(Bq/h;;9)N; II (aziq/bih;; q)N; 
(q/hjsq)n, <2 (a21q/hj3 @)N, 


<I] 
j=l 


provided |q'—!%! /d| < 1. 
To derive the multilateral g-IPD type transformation in Theorem 4.6 we need 
the following lemma, which is easily established by applying Theorem 3.4 twice. 
LEMMAL 4.5, beh Gi xnccg Qt Di ehaey Uy Chen aa nig DB lgnng Dey igs eon Uap Ade 
be indeterminate, let r > 1, and suppose that none of the denominators in (4.6) 
vanishes. Then 
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a ae : 
(4.6) x I (see) ll (452i /253Q) ki 
p=—oo 1l<i<j<r a ij=l (bj x;/23; qQ) ky 
(Azq"/C,Cq'~" /Az; q) oo ee (qui/Ys, bj ciys/Qsc5 yj, Li /AiX5, 0524/25; q) 00 
Sad r 
> Tl ee eT :) I] (aj yid/CiYFi Dash 
k1,...,.kp=—00 l<i<j<r ~ Yi ij=l (b5 yiq/CiUj3 WV) ki 
where |Bq'—"/A| < |z| < 1. 
We have 


THEOREM 4.6 (A multilateral A,_; g-IPD type transformation). Letay;,...,a,, 
by,. 22,0, C1605 Cr, L1,-++5Lr, Yty--+, Yr, A11,..-,Aps, and z be indeterminate, 
let Ni1,...,Nrs be nonnegative integers, let r > 1, and suppose that none of the 
denominators in (4.7) vanishes. Then 


an ( qT Gc ap! 1 ae ie 


ky,...,kp=—0o l<i<j<r 
(his Nid zlk| 
x Pane nS ae ee 
HI (higs @) cl 
_ 18 oe og ea ee "/C3q)N (Az, q/AzZ3q)o 


eras hig3 Q)Ni; ~* Cazgt [C, Cg" /Azi ae 


(9%7/ 25, bj @;/ axes, Gis) aiN;, 6,910 /CGU;5 4) os 

get (yi U5» Oj Cys /GiCj Y5, Q2i/AiL;, 0;L;i/L53q) 0 
one) ke ee r 

yig’’ — yg" (aj yi /CiYj3 Dk 

(TT (eae) TT Gaetano 


kij..kp=—oo \1<i<j<r me) ij=l (b5444/ C7453 VD) ki 


3 II Nie ages /[C; qd) |x| | | 


ie (his i Oe q) || 
provided Bgl ss * /Al lz A 
PROOF. We proceed by induction on s. For s = 0 (4.7) is true by Lemma 4.5. 


So, suppose that the transformation is already shown for s+» s —1. Then (again 
using some elementary identities from [13, Appendix I]), 


kiy..skp=—00 \1Si<j<r i,j=l 
r N; 
(hajq”™ a Md 9 GF) |] alk I 2 (hisg #85) Ink 
> rs 
nT oe hig Q) hie I (Riss @) jie 


| 
: 

> 

S — 

= 

8 


Il (ae a Il (G5, 23/230) 
ae Ly — 2; (6504/2535 q) ky 


1<i<gj<r 
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r s-—l h; ie rT 
x I] | ——— ( ie 4) ii ARE LAL S| zik bs | [ (risa! a) is 
j=157=1 (i554) =i 
Now we expand the last factors (those involving ( 
4 He AVG 55 t= Lares ’ 
Theorem 3.5. We obtain 


r—1 Summation in 
y ( II e = 25g" 
1=1 (hiss DN k1,...,.kp=—0o 


1<i<j<r 


Li — 2; i521 (bj 24/253 q)k, 
r s-l 
(hig a (rag 5 Die 
3B A Weeerresre, ac (h; 
j=1 j=l 1994 
x . 


) | 
I] (os is’ — hj qi ) IT (gh hos ) 
SN ig 1<i<j<r his — hjs ij 


qd) 
={ (Ghis/ figs; ) 


+}@).N;,) by applying the x; +> hig, 
r, and z +> qlkl+(Nist+-+Nrs) case of the A 
rT 


x Th gilt (Niet +Nrs)M=(9) +07 (! ) 
: hisq’t a 
ES (hiss ON, pe ( II ( 


Ajsq II (q73*his/hjs3 @) 
ae Des = hjs 
pale l<i<j<r a 


iss 7)l 
< j=l (ghis/hjs; ) 
11%, 

x IIe ; Nis+--+Nrs) [N= ('3)) +303 1 CG ) 
wit 


rig’ = r4q*3 (4,237 253 qQ)k 
.yKp=—oo l<i<g<r oe 


pny (050i /255 Dh 


ee ea 


08 ae re re sa a Mig 5 T) |] 
r 


k 
(< al) | | 
15-1 higs q ) jac 
By the z +> zq!!! case of the inductive hypothesis we obtain 
ll 1 


De II te oe I (qo his/hjsi Qt 
i=1 (hiss q) Ni 0<1:<Nis ( ( his _ hjs i,j=l (ghis/hjs; q) 
tlie 
x II hit 7 g\Nist™ +Nrs)[-(Y)4+ 
1=1 
r s—l 

(hisq” /C; q) 

«TI 


tjc, | ta a); 


= (3) 


(Azq!"l, gi“! Az: q)oo 
(Azgr tl /C, Cq-7-!!/Az; @) 
(Qe) Ly; Dj De / 0705, C2 Ys) Gs yy, 07 910/057 9) 
2 (qui/yss 0; CiYi/A5C5Y5, Xi /A4X;, b; Lj ea Doo 
= I] Ge Yad ~) - (ajyig/CiY53 Vk 
y= 00 1<i<j<r Yi = Yj i,j=1 (b; yi4/ C5453 ) 
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rT 3=— =a r+N 
higQ” ms q) |x| 11| [k| 
x ee ee ee 
Ot er (hisq”/C3 Qi ( 
TP py elias a/ Asia 

4 (hij; Q) Ni; (Azq"/C, Cq'—" /Az; q) oo 


(Chan eae 6523) Gi25. Cry: /Qiy;, bs yiq/C5Y;; Q)oo 
arias (qyi/y;, b73Ciy;/aicsy;, ti /a,0;, 0545/2553 A) co 
ie ea | 


vas k; k r 
x SS Tl (wut) [] {csvisdeamsi aes 
k1,...,kp=—00 \1<i<j<r Yi — Yj ee (05 4564/CiY55 Vk: 
—1 r : 
TT (agg / C5 1) il he 
i=1j=1 (hijg"/C3 4) 


by. = 
p= 15%, 


i r\ [ll 
x ] [7% : @ glKIW+ Nis te-+Nrs)IM= (3) + Dia ‘)) 
1i=1 


Now, we evaluate the inner multiple sum by the x; + his, nj t+ Nis, 1 = 
1,...,r7, and z rH g?tlkl+(ist-+Nrs) /C case of the A-_1 summation in Theo- 
rem 3.5. We obtain 


=a 
Nass — TT Tp See lv ak is q)N (Az, q/Az; @)o 
n his; q Ni j= a 1 his3q ) Nis (Azq"/C, Ca! /Az; Q) 00 

(qx; /xj,b;0;/ajx;, crys / iy; bj; 414/67 973 Doo 


M 
(QU6/ Uy Dy Cie] C105 Yj Es | OL 052i) 25) ce 


1,j7=1 


k1,...,krp=—00 \1<i<j<r — U5 ij=l (b5YiG/C5U53 Dai 


| T 
rT sT— 7 CO: q) |x| 


* IT 7 gq’ /C3 4) \x| a Lag 76 dn) 


i=17=1 hij 1=1 


which, after an elementary manipulation of q-shifted factorials, gives us the right 
side of (4.7), as desired. O 


Finally, we provide four more multilateral transformations of g-IPD type. Un- 
fortunately, we were not able to find multiple extensions of Propositions 2.3 or 2.4 
which are as deep as the identities in Theorems 4.2 and 4.6. The following theorems 
are obtained by combining Propositions 2.3 and 2.4 each with Lemmas 3.6 and 3.7, 
thus giving rise to four different multilateral transformations. 

THEOREM 4.7 (A multilateral A,_, g-IPD type transformation). Let a, }, 
C1, +++ Cp, G, C1,.-+5€r, £1,-+-, Lp, Y1,-+-, Yr, and hi,...,hs be indeterminate, let 
N be an integer, let m1,...,ms be nonnegative integers, let |m| = >>3_, mi, r > 1, 
and suppose that none of the denominators in (4.8) vanishes. Then 
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OO k; k. Tr 
Lid — 2jq” rki—|k 
a) ( (BS 22) Moa sonont [et 
co \1l<i<j<r J ij=l 

k 


x (—1) Dik g— (134) +r Fa (9) 


: (a, caschgg 5) ig (a)") 
(d,hy,..., he: ae ab 
(Eq’* /a, Eq’ /b, dq" /E; q) x 
(q/a, g/D, 4; q)oo 
Toe “a eit, (qui /X5, C5 YiG/€7Y53 Doo 
(qyi/Y5, CjLi/L73.Q) oo 


= (Eq")” 


i=1 Im; ij=l1 


— yight — y5 Qh 7 Tork \k| 
i rki- 
x Il Cae [] (csuea/esusi ae TL yi 


k1,..kp=—oo \1St<j<r Yj t9=1 i=l 
x (HL) Mill gC) +r Eta (I) 


(oo 1B ber] na . she [Bids (BP 
dq’) Ey hrg” | Parcs gh 2: q) || ab 


provided |Eq!~" /ab| < |q%| < |Eq'™/Cd|. 
PROOF. We have, for |Eq'~"/ab| < |q%| < |Eq'™/Cdl, 


a, b, hiq™, ae, h.q” . 1D mii 
(4.9) 2+sW2+5s | Og. d, hy, wee h, 4; ab 
vn (Eq'—"/a, Eq'—"/b, Cq/E, dq" / E39) x 11 _ TPE Op: 
(q/a,q/b, Cq'—, d; q) cx his Q)mi 


sccm. {at Ber engrome, hpo, Ea 
2+s¥2+s Cq/E,dq’/E,hiq"/E,...,hsq"/E 4; Ah : 


= (Eq") 


by the qg-IPD type transformation in (2.11). Now we apply Lemma 3.6 to the 
2+8W2+5'8 on the left and on the right side of this transformation. Specifically, we 
rewrite the 2+;¥~2+, on left side of (4.9) by the b; + c,71=1,...,r, and 


(a, b,hig™,. aitsltyG, <0) Eq 7 
(A Nisnnt5 he Qa ab 


case of Lemma 3.6. The 2;,%2;4, on the right side of (4.9) is rewritten by the 
b; = ciq/ ei; Lit Yi, ,= i rarer a and 


(ag’/E, bq" /E,hig’*™ /E,..., hog’ /E3@)n (Ao) 
(dq’/E,hiq"/E,...,hsq7/E3@)n ab 
case of Lemma 3.6. Finally, we divide both sides of the resulting equation by 
(65@4/273 Q)o0 
(4.10) 
rua S q) cx oo Care 


and simplify to obtain (4.8). 0 


f(n) = 


f(n) = 
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THEOREM 4.8 (A multilateral A,_; g-IPD type transformation). Leta,,...,a,, 
b, Cy,...,Cr, A, €1,...,€p, L1,-+-,Lr, Y1y+-+,Yr, and hi,...,h, be indeterminate, 
let N be an integer, let m1,...,ms be nonnegative integers, let |m| = pa Mi; 
r >1, and suppose that none of the denominators in (4.11) vanishes. Then 
zig’ — 259° (a3 @i/253 Q) ki 
ay YS (OT AS2)0 
ee k,=—0oo l<i<j<r ea ey 4,j=1 (¢j2i/25; Qk Qk 


(b, hag, «+ hsg™*5 9) t= ‘i i 
(d, Aigyssss Ray Q)ixg 


n (Eq'" /b, dg" /E3 )oo 7 I] ak 
(9/0, 4; 4) his d)m, 
(qyi/ U4, Cje1Yi/ iC 7Y7, Cj7Li/L5,27Q/AiL53 @) oo 


= (Eq'") 


1,j=1 


lich akr esos WIZE jar (Co¥id/€5Ys3 Dei 
r r+m, r+ms5 : ears k 
ea aT ii EE il 2 & “Y | 

(dq" /E, hig” /E,«..,hsq" /E; @) hx Ab 


provided |Eq'—" /Ab| < |\q%| < |Eq'™ /Cdl. 
PROOF. We have, for |Eq!~"/Ab| < |q%| < |Eq'™!/Cdl, 


A,b,hig™,...,heq™ Eg ® 
(4.12) 24+sW24+5 | Cq'~, d, hi, _ Vis 1; Ab 


nv (Eq'—"/A, Eq" /b, Cq/E, dq" /E; q) II (hig /E3@)m, 


= (Eq 
(Eq) (q/A, q/b, Cq1—", d; doo (his Q) ins 


i=1 
x w Aq’/E, bq" /E, hig’ t™ /E,...,hsqrt™s/E | od 
2+s¥2+s Cq/E,dq"/E,hiq"/E,...,hsq"/E 14; Ab ' 
by the q-IPD type transformation in (2.11). Now we apply Lemma 3.7 to the 


2+8W2+s'8 on the left and on the right side of this transformation. Specifically, we 
rewrite the 94,24, on left side of (4.12) by the bj +c, 1 =1,...,7r, and 


= COR TR: Meee OF hata ps Eqi-*-N n 
aca ch eee ir al (“a } 
case of Lemma 3.7. The 24,24, on the right side of (4.12) is rewritten by the 
aj aig/ei, 0 > Cig /ei, Ti Yi, T= 1,...,7, and 
(dg"/E, hig" /E,...,hsq"/Esq)n Ab 


case of Lemma 3.7. Finally, we divide both sides of the resulting equation by 


(q,Ca-"/A;Qoo Ty (¢;2i/25,2i9/0i25; Q) 00 
(Cq> G/ A454) es joi (qx;/25,Cj2i/AiL5; 9) 00 


and simplify to obtain (4.11). 0 


(4.13) 
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THEOREM 4.9 (A multilateral A,_, g-IPD type transformation). Leta,,..., ar, 
b, Cy,..-,Cr, Ad, €1,..-,€p, L1,-+-,Lr, Y1,+-+5Yr, and hy,...,h, be indeterminate, 
let N be an integer, let mi,...,ms be nonnegative integers, let |m| = >;_, mi, 
r > 1, and suppose that none of the denominators in (4.14) vanishes. Then 


au) ( II (SEH 2) TT teal) TT i 
| 


iices ky=—o0o \1l<i<j<r Py all 
x (—1)(7-Dkl g— Ca) +r 21 cS) 
(A, b,hig’™,...,hsq” >) |x| (=o) [k| 
(d, hy, av atin) hg; Da 
n (Eq'—"/b, Cq/E, dq" /E;q) x 
(a/A, q/b, 4; q) oo 
v. re iQ’ /E3Q)m Il (925 /25,€7 i / 077; 9) 00 


= (Eq'") 


7 (hi; )m; at (GUi/ Yj3Cj Ti] 2G) oo 
= yigh — yg \ Tks —[ke 
x ( II (ee ee —- ) L] eiv/asuiae, [Lu 
k1,...,kp=—00 \1<i<j<r Yi ~ Yj ij=l i=l 


 (=1) 0 Diklg— Cai) +r Dea (2) 


: (E/C, Eq‘ /d, Eq‘ /hy, bays Eq' * /hs; q) ik| (Cue |k| 
(Eqi- /b, Eqi-*-™ /hy, sss Eq)-t-™s /he; q) «| E ; 


provided |Eqi—" /Ab| < |q™| < |Eq'™!/Cd|. 
PROOF. We have, for |Eq!~"/Ab| < |q¥| < |Eq!™/Cdl, 


Ab hig™ 020, hag, Be 
(4.15) 24+sW2+45 | Ca". d, hi, are hs 1; ar 


vn (Eq’—"/A, Eq'"/b, Cq/E, dq" /E; q) ore) 11 hig "/E; d)m, 


—(Fq" 
(eq) (q/A, q/b, Cq!—", d; doo (Rid) a, 


er E/C,Eq'* /d, Eq’ /hy,..., Eq!" /hs CdqN—!m 
2+s¥2+8s Eq: /A, Eq!" /b, Eg"-™ /hy,. 7 ge r= ™s /h, 54; E ’ 
by the g-IPD type transformation in (2.12). Now we apply Lemma 3.6 to the 
9+5W2+,5'8 on the left and on the right side of this transformation. Specifically, we 
rewrite the 24,24, on left side of (4.15) by the b; +c, 71=1,...,r, and 
AD TiO stented Qn ba 
Fe) = Se aed is | 
(d Aitsycsugliss Qn Ab 

case of Lemma 3.6. The 24;¥~2+4, on the right side of (4.15) is rewritten by the 
b; ie Cc; /Qi, Lit > Yi, = | eae fe and 

Oe (E/C, Eq’ /d, Eq" /hi,..., Eq" /RssQ)n (Cdgh—!™l\" 

(EG /6, BGP iis cag g ey haa) x E 


case of Lemma 3.6. Finally, we divide both sides of the resulting equation by (4.10) 
and simplify to obtain (4.14). | O 
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THEOREM 4.10 (A multilateral A,_; q-IPD type transformation). Let a,,..., 
Gig Oy Clyning Ops Cy Ciigins Ops Liss astrs Yisndss Upp ONE Nyjc365 Ns. be indeterm- 
nate, let N be an integer, let m1,...,ms be nonnegative integers, let |m| = )>7_, mi, 
r >1, and suppose that none of the denominators in (4.16) vanishes. Then 


as ki k; 
Liq * — L5qQ? (a;@4/253 Dk Q)k; 
(4.16) Ga 
— he. ee ag Th age (C505 /L53 Q) ky 
(6, hig™,..-)heg™*5 9) (= = 7 m 
(d, hy, wey hs; q) |x| 


— ar dq’ /E}q) I: — a Q) mi 


(q/®, d; G)co hes Qn, 


(Gi) iis Cia, siecle ee Gs 


1,j=1 (qyi/Yj, Ciezyi/AjerYs, CjLi/ Xj, LiQ/A4X5; Q)oo 


ky,...,kp=—00 \1<i<j<r Yi — Yj ai (e;yi/ajy;; Q) ki 
. (Eq'"/d, Eq" /hy,...,£q'—"/hs; Q)x\ a [| 
(Eq!-* /b, Eq!-7-™1 /hy, _— bgt ea hs q) jie E ’ 


provided |Eq'~" /Ab| < |qX| < |Eq'™ /Cd|. 


PROOF. We have, for |Eq'~"/Ab| < |q%| < |Eq'™!/Cad|, (4.15) by the g-IPD 
type transformation in (2.12). Now we apply Lemma 3.7 to the 24,24,’s on the 
left and on the right side of this transformation. Specifically, we rewrite the 21,24; 
on left side of (4.15) by the b; + cj, 1 =1,...,r, and 


g(n) — (6, iQ  yacagdieg Q)n jy, pam ‘ 
(d,. Nigsstq lis Qn Ab 


case of Lemma 3.7. The 2;.%2;, on the right side of (4.15) is rewritten by the 
ai e;/cC;, b;  e;/aj, Zi Yi, T= 1,...,7, and 


(Eq! /d, Eq'-* /hy,..., Eq!" /Rssq)n (Sar ) 


g(n) _ (Eqt—" /b, Eq'-"-™ /hy, Sent Bags Ps q)n EB 


case of Lemma 3.7. Finally, we divide both sides of the resulting equation by (4.13) 
and simplify to obtain (4.16). O 


The e; = ajqg, 1 = 1,...,r, cases of Theorems 4.9 and 4.10 yield two A,_| 
extensions of W. C. Chu’s [5, Eq. 15] bilateral transformation. If we specialize these 
identities further by setting c; = q,2 = 1,...,r, we obtain two A,_, extensions of 
G. Gasper’s [10, Eq. (19)] g-IPD type transformation. 
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Completeness of Basic Trigonometric System in L? 
Sergei K. Suslov 


ABSTRACT. We discuss several results on the completeness of the basic trigono- 
metric system in £L?-spaces in the framework of a general approach to the basic 
Fourier series. 


1. Introduction 


In this paper we discuss the completeness of the g-trigonometric system as a 
part of a program on the detailed investigation of the basic Fourier series introduced 
recently by Bustoz and Suslov [5]. One can see references [5], [8], [27], [28], [29], 
[30] for an introduction to the theory of g-Fourier series and references [6], [13], 
[14], [15], [16], [25], [26] regarding to the corresponding basic exponential function 
on a q-quadratic grid [21]. The case of the basic Fourier series on a q-linear grid is 
under investigation in [4]. In the current paper we establish several results on the 
completeness of the basic trigonometric system {Eq (x; iwn)}°-_.. in the weighted 
L¥-spaces for 1 < p < ov, using methods of the theory of entire functions [3], [5], 
[18] and [19]. 

The basic exponential function on a g-quadratic grid can be introduced as 


(1) (asa) = ie 
(qa?; q?),. 
CO n*/4 on 
x > a / 7 (—i)” (—ig’t-”)/e8, sig ie a) 
qd; n 


n=0 
where x = cos@ and |a| < 1; see [5], [14], [15], [16], [25], [26], and a review paper 
[29] for more details. We assume that 0 < q < 1 and use the standard notations 
[7] for the basic hypergeometric series and for the q-shifted factorials throughout 
the paper. Analytic continuation in a larger domain can be given with the help of 
the following generating function (see, for example, [16] and [25}) 


(1.2) (90°; 4°)... Eq (tie) = D G q) 


n?/4 


a” Hy (x\q) , 
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where H,, (z|q) are the continuous g-Hermite polynomials 


(1.3) n (cos 6|q) = an rn nce ae —— 


The right hand side of (1.2) is an entire function in both variables x and a. Following 
[5] we introduce 


(1.4) =v ee a” H, (2\q) 


which is an entire function of ae zero in qa for all finite values of x by Lemma 1 
of [5]. 
Completeness of the trigonometric system {e’”” ee on the interval (—7, 7) 
n=—o0o 


is one of the fundamental facts in the theory of trigonometric series (see, for 
example, [1], [2], [17], [18], [19], [20], [31], and [32]). Bustoz and Suslov [5] 
proved that the basic trigonometric system {E€, (z;iwn)}-_.. is complete in the 
weighted £2 (—1,1) space where p; (x) is the weight function for the continuous q- 
ultraspherical polynomials C,,, (x; 3|q) with B = q!/? when wy = 0, +w 1, two, +ws, ... 
and wo = 0 < wy < Wo < w3 < ... are nonnegative zeros of certain basic sine function 
tate 1/2 
(15) nee = 
21(—quw?; q)oo 


which can be viewed as an analog of sin tw. See [5] for the details and [30] for an 
independent proof. 

These results admit an interesting generalization. Levinson [19] and Levin [18] 
had established the completeness of systems of functions {eirnzl on the interval 
(—a,7) where {\,,} is a sequence of complex numbers. Many different criteria for 
the completeness of these systems are known. We shall mention only two classical 
results here; see Chapter I of [19] and Appendix III of [18] for more details. 

THEOREM 1. Jf |An| < |n| +1/2p, n= 0,+1,+2,... , then the system {e”*} 
1s complete in L? (—1,7),1<p<o. 

THEOREM 2. If {A,} is the set of zeros of an entire function h (A) of exponential 
type and 
(1.6) lim |h(iy)|e77!! > 0, 


|y|—00 


] 


then the system {ent } is complete in L? (—1,7), 1 < p< ow. 

In the current paper we present theorems similar to Theorems 1 and 2 for the 
basic trigonometric system {e (x, iw,)} that extends the completeness results of [5] 
and [30]. The paper is organized as follows. In Section 2 we discuss analogs of 
Theorem 2 and then consider several examples including an analog of Theorem 1 


in Section 3. 


2. Completeness Theorems 


A set B of vectors of the linear normalized space V is said to be complete in V 
if every vector y € V can be approximated to any degree of accuracy by means of 
an expression of the form 


(221) aye, + ageg +... + Anen, 
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where ex, € B. We shall use the Criterion for the Completeness of a Set of Vectors 
in Linear Normalized Spaces [1]. 


CRITERION 1. The necessary and sufficient condition that a set B in V be a 
complete set 1s, that every linear functional p in V which vanishes for any vector 
er € B be identically zero. 


The completeness of the basic trigonometric system when the corresponding 
eigenvalues are the zeros of Jackson’s q-Bessel function [10], [11], 


2) (gg) = PT Doo FR give myn (= (#/2)""™ 
(2.2) Jy (23) (G3 1) oc a, CHOU Cigumsa’ em 


n=0 
has been established in [29]. The following theorem holds. 


THEOREM 3. Let 7,4 (q) be the zeros of Jackson’s q-Bessel function I?) (x; q). 


The q-trigonometric system {Eq (x; iw) },__.,, 18 complete in the weighted L? (—1, 1) 
space, where p(x) is the weight function of the continuous q-ultraspherical polyno- 
mials Cy, (x; q"\q) for0 <u < 1/2, if: (a) we = $5v-1,4 (gq), k = £1, +2,... ; (d) 
Oe =o ie (Gh a yy 2 ees 


The proof of this theorem in [29] uses an independent method based on Ismail 
and Zhang’s basic analog of the expansion formula of the plane wave in terms of 
the spherical harmonics [16] and the q-Lommel polynomials introduced in [11]. 
The most important practical case v = 1/2, when the corresponding systems are 
orthogonal, is considered in [30]. In this paper we establish more general results 
using the theory of entire functions. 

The study of completeness of the classical and basic trigonometric systems 
amounts to the study of zeros of certain entire function. We shall first extend the 
following result by Levinson [19], [18]. 


THEOREM 4. For the system (ene) an which the An, n= 1,2,3,... are com- 
plex numbers, to be incomplete in L? (—1,7), 1 < p < oc, tt is necessary and 
sufficient that there exist an entire function f (A), zero at all An, n = 1,2,3,... , 
that can be represented in the form 


2.3) fay=f e*o(e) dx, 
where d(x) € L"(—7,7) and 1/p+1/r = 1 (for p = 1 the ¢(x) is a bounded 
measurable function). 


Let p(x) be an integrable function, 


1 
(2.4) / p(x) dx < o, 
-1 

positive almost everywhere, p(x) > 0, on (—1,1). We shall assume that this condi- 
tion holds throughout the paper and consider the £7(—1,1)-spaces with respect to 
this weight function if it is not stated otherwise. The case of a more general finite 
measure can be discussed in a similar fashion. For the basic trigonometric system 
a somewhat similar theorem holds. 


THEOREM 5. The basic trigonometric system {e(z,twn)}, where {wr} is an 
infinite sequence of complex numbers, 1s incomplete in the weighted space LF (—1,1), 
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1<p<o éf and only if there exist an entire function f (w) of order zero, such 
that f (wn) = 0 for all wy, that can be represented in the form 


(2.5) Oe / e(2, iw) (2) pla) de, 


-1 
where (x) € £7 (—-1,1) not equivalent to zero and 1/p+1/r =1 (for p =1 the 
(x) is a bounded measurable function). 


PROOF. We can use arguments similar to the proof of Theorem 4 in [19] and 
[18]. If the system {e (z,7w,)} is incomplete in LF (—1,1), then by the Criterion 
for the Completeness of a Set of Vectors in Linear Normalized Spaces [1] there is 
a linear functional y in LF (—1,1), not identically zero, which vanishes for all the 
function e(2,iwn): p(e(xr,iwn)) = 0. By the Riesz Representation Theorem [1], 
[20], [23] the general form of a linear functional in £L? (—1,1), 1 <p < oo is 


(2.6) Oe : “x (2) (2) ple) dx 


where ¢(x) € £7 (—1,1) and 1/p+1/r = 1 (for p = 1 the ¢(z) is a bounded 
measurable function). Thus, 


1 
(2.7) ol e(riw,))\ = / e(x,iw,) d(x) p(x) dx =0 
= 
and the function f (w) given by (2.5) is zero at all the points wy. 
Therefore the study of completeness of the basic trigonometric systems amounts 
to the study of zeros of the function f (w). By the Holder inequality 


/ \o(x)| p(x) dx < ( / en oe is) ( f ” ao)” 


thus, ¢(x) is integrable on (—1,1) for 1 <p < ov, 


(2.8) / \d(z)| p(x) dx = A < oo. 


=4 

Let us show that the f (w) given by (2.5) is an entire function. The series in (1.4) 
converges absolutely and uniformly in x on |—1, 1] and integrating with respect to 
the finite measure du (xr) = |¢(x)| p(x)dx we obtain by the Lebesgue Dominated 
Convergence ‘Theorem 


1 O° k?/4 
fw)= / (2) (>: : uy" Heol) ) 00) 


= (GDr 


= = qs a xk : 
(2.9) =D oo / 6 (2) He (2\9) (0) de, 
(2.10) f{2)= S ck w* 
k=0 
with 


k?/4 1 
(2.11) fea a = [ o@ Acar 
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Using the uniform upper bound for the continuous q-Hermite polynomials 


ke (q; q)k 

0 a aia) ee 
when |z| < x(€) = (¢§ +q°*) /2 and 0 < e < 1/2 (see (12.5) of [27]), one gets 
(2:13) ee Bg 8, 


where B is a positive constant. The radius of convergence of series (2.9) is 


(2.12) Hp (zIq)| <q 


) 


1 
(2.14) R — Jim (\cx|)'/* < Jim (Big) ya 


Therefore the f (w) is an entire function. The order of this entire function is [18] 


klogk ; k logk 
lim (| ——-— } < lim | ——_—-~ 
k—oo \ — log |cx| ko \ — log (Bg**/4-£k) 


klogk 
1 = jj Sp 
\2:5) lim (yess cB) : 
This completes the proof. LJ 


REMARK 1. As in the classical case [18], Theorem 5 is also valid in C (—1,1). 
The corresponding entire function of order zero can be represented as 


(2.16) f(w) =| e(x,iw) da(x), 


=4 
where o (x) is a function of bounded variation on the interval (—1,1). This result 
follows directly from the general form of the linear functional in C (—1,1) [1], [17], 
[20], [23]. 
We can now prove the following analog of ‘Theorem 2. 
THEOREM 6. Let {w,,} be the set of zeros of an entire function h(w) of order 
zero and suppose that all these zeros wy, are simple. If on the imaginary axis 
FL ACAG AY CAD 
where x(€) = (¢° +q°°)/2 andO0 <e < 1/2, then the system {e (x, tw,)} is com- 
plete in £LE(—1,1), 1<p<o. 


(2.17) = 0, 


ProoF. In view of Theorem 5 the basic trigonometric system {e (x, iw,)} is 
incomplete in LF (—1,1) if and only if there is an entire function of order zero f (w) 
given by (2.5) where d(x) € £7 (—1,1) is not zero almost everywhere on {[—1, 1]. In 
view of (2.8), 


fw) < / (a) e (2, w)| pla) dx 


a1 

1 
<e(e(e),lul) f |6(@)| ele) da 

(2.18) =A e(e(e)5 |W) 
where we have used the uniform bound from Lemma 2 of [5], 


(2.19) le (cos, tw)| <e(x(e),|w]), Ee >O0. 
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Our next step is to show that under the hypotheses of the theorem the function 
f (w) is identically zero. Consider the quotient 

fv) 
2.20 = —-~ 
(2.20) g(w) hi(w) 
of two entire functions. The functions f(w) and h(w) have the same zeros, so g(w) 
is an entire function since h(w) has only simple zeros. The order of this entire 
function is zero because both f(w) and h(w) are of order zero (see [18], Corollary 
of Theorem 12 on p. 24). Moreover, this function g(w) is bounded on the imaginary 
axis. Indeed, by (2.18) 


Ae (x (€) sel) 
(2.21) a)| < Se 


and the limit |w| — oo of the right hand side exists by (2.17). But an entire 
function of order zero bounded on a line must be a constant (see Theorems 21-22 
and Corollary on pp. 49-51 of [18]). Therefore 


(222) f(w) =C h(w) 
and 
Ae (x (€) , |) 

2.23 (6) pte en ala 
ali nO) 
as |w| — oo by (2.17). Thus, f(w) is identically zero and by (2.9) 

1 
(2.24) | He (la) o(2) (a) de = 0 

=a 
for all k = 0,1,2,.... But the system {Hz (|q)};~9 is complete in C7 (—1, 1), 


1 <r < oo (see, for example, [1], [24], or [9]) and, therefore, g(x) = 0 almost 
everywhere on (—1,1) due to the positivity of p(x). This contradiction proves that 
the system {e (x, iw, )} is complete in £7 (—1,1), 1 <p <ov. el 


In order to verify the limiting condition (2.17) one can use the following uniform 
upper bounds for the q-exponential function found in [27]. 
LEMMA 1. Let —x(e) <a <a(e), where x(e) = (q° +q-°)/2,0<q< 1, and 


O0O<e<1/2. Then 

PARE se Hacly2 

| (—q¢ lwigg*) 
2:29 e (x, tw)| << —————_-—_-—__ 
C2) le ) (Gsq2.q: =g) 


and 
1/2 __,1/4-« _ Al /4t+e spelf2 
(q'/*, -—q lw] , —¢ fies?) 
2.26 Ee (zr, iwW)| << — 
oy i ) (40°55 g> =" a) 


for all real values of the w. 


(See Appendix of [27] for the proof of this Lemma.) 

The proof of Theorem 6 is based on the upper bound (2.18) for the entire 
function f (w). In the case of the £L?-space the Cauchy—Schwarz inequality leads to 
another estimate for this function. 
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LEMMA 2. Let f(w) be defined by (2.5) where ¢ (x) is in £2 (—1,1) with p(x) = 
pi(x)w (xz), w(x) > 0 is a continuous function on |—1, 1] and p1 (x) is the weight 
function of the continuous q-ultraspherical polynomials Cyn Ge qgi/ Iq). Then 


(Goa) 
(2.27) fl) < va = |6@) Vue)]), 
: (hee sol _— (esa). ) 


2Imw 


where 


(2.28) ]o@ veel = ( / 6 (2) Vw@)| pla) ir 


PROOF. By the Cauchy—Schwarz inequality 


(2.29) If (w)| < / le (asiw)) [6 (@)| ple) az 


< ( : le(2, iw)? p(x) tc) 


x ( : (2) Vw@] ole) iz 


The integral involving the g-exponential functions in the right hand side can be 
evaluated as the following special case 


1/2 


(2.30) [F e(eos 65a) e(cos6; 3) (7%, 67: 41/2 do 
0 
(q/?;q) (-a, —B;q/?)_ — (a, Bgl?) 
— (g3q)2, (a + B) 


of an integral evaluated by Ismail and Stanton [15]. By the hypothesis of the 
lemma function w(x) is bounded on [—1,1] and the integral in (2.28) converges. 
This completes the proof. a 


REMARK 2. It is worth mentioning that the special case of the Ismail and 
Stanton integral (2.30) gives rise to an independent proof of the orthogonality 
property of the basic trigonometric system {€, (a; iwn)}°-_.. on the zeros of the 


g-sine function Sy (n;w) given by (1.5); see [29] for the details. 
The last inequality leads to the following theorem. 
THEOREM 7. Let {wy} be the set of zeros of an entire function h(w) of order 


zero and suppose that all these zeros wy, are simple. If 


jes UPD 1/2 
(2.31) ee (-95a¥?)q = (19?) _9 


lee dy |h (i)I° 


9 


then the system {e(x,iw,)} is complete in L2(—1,1), where p(x) = pi (x) w(z), 
w(x) > 0 is a continuous function on |—1,1] and p; (x) is the weight function for 
the continuous q-ultraspherical polynomials Cy Gz gi/ *\q). 
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PROOF. Suppose that the system {e (x, tw,)} is incomplete in £7 (—1,1). Then 
by Theorem 5 there is an entire function of order zero f(w) given by (2.5), where 
the corresponding function ¢ (x), not equivalent to zero, is in bps (—1,1), such that 
f(wn) = 0 at all the points w,. Moreover, inequality (2.27) holds. In the same 
manner as in the proof of Theorem 6, we can see that function g (w) given by (2.20) 
is an entire function of order zero and on the imaginary axis 

f2 
f &) (=a), — (na??)50) 
(2:32) ig (es) = oe <3 > 0 


27 |h (i7)|° 


as |y| — oo by (2.31) (B is a constant). Thus, g (w) is bounded on the imaginary axis 
and, therefore, must be a constant. The value of this constant is zero due to (2.32). 
Thus, f(w) is identically zero and by (2.9) equations (2.24) hold for all k = 0,1, 2,.... 
But the system {H;, (x|q)};~, is closed and ¢ (x) = 0 almost everywhere on (—1, 1). 
Therefore the system {e (x, iw,)} is complete in £4 (—1, 1). EJ 


REMARK 3. In view of 


1/2\" 1/2\? 1/2\? 
(2.33) (-Ivka"/?) - (Iya?) < (-Irhat?) 
relation (2.31) can be replaced by a weaker condition 
[alec ly 2 
(2.34) lim tel ess —0 


In-o° fy]? [a i) 


3. Examples 


Let us discuss several examples of the complete basic trigonometric systems 
{e (x, iw,)} using Theorems 6 and 7. 


3.1. Some infinite products. Consider the entire function of order zero 


1) h(w) = (W/o%@?).. = T] (1-5), 


k=0 
where the zeros are given explicitly as 


(3:2) dag”. Wf S043 WS OnN, 2 tas 


OO 
n=— CO 


By Theorem 6 the system {e (x, iw,,) } 
(2.17) is satisfied. In view of (2.25), 


e (x, iw) (-q'/*"* wl sq") 
ne) (— \wI? /o?; 4?) 


on the imaginary axis w = iy. Consider an arbitrary sequence {7,} of real numbers 
such that |y,| — co and present these numbers in an ‘exponential form’, 


(3.4) waGa, Aleeo: 
Then, by (1.7) of [7] 


(9g)? [yl $777) 


OO 


(=%%,/ 07397) .. 


is complete in LF (—1, 1) if the condition 


(3.3) 


(3.5) 
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(—gi/4-¢ lyn ee (—gi/4-e+ne vie g-) 


. 
ey om oe (Sg yE/ 075 a"), 
~ (q)-%02)™ (cghite™*/ lela) on 
(eg ear Va). 
(ages lapels). 
(=? eyB/02;q?), 
(aa eg). (—q73/4-€; gi/?) 


Foe ).., (Lert?) .. 
as k — oo when q'~*“a? < 1. Thus, the vac {e (x, tiag~")}>_, is complete in 
LP (—1,1), 1 <p < oo, provided that 0 < a? < q™'. 

Choosing the function 


(3.6) h(w) = (w/o*sq?),, =u I(1-3@ - 


one gets that the system {1,e (x, tiaq~”)}°~_, is complete in Eel) po, 
if 0 < a* < q~?. Condition (2.34) and Theorem 7 give the same results but for 
£2 (-1, 1). 

In a similar fashion, we can establish the following result somewhat similar to 
Theorem 1. 

THEOREM 8. The system {e (x, tiwn)}°>~,, where wy = Ang 
in L(-1,1), p> 1, ifqa<a, <1. The similar system {e (x, iwn)}?__ 
Wn = Ong”, and w_yz = —Wp is complete in £L2(—-1,1), 1 <p < 00, if1< an < 
q. 


= Nk 


< (q 


1—n is complete 


where 


PROOF. Consider the first case. By the definition the convergence exponent of 
the sequence {w,,} is the greatest lower bound of numbers for which the series 
— 1 
(3.7) Da 
n=l |wr| 
converges. For the given sequence {w,} this series converges for every \ > 0 
and the convergence exponent is zero. By Borel’s Theorem [18], the order of the 
corresponding canonical product does not exceed the convergence exponent of the 
sequence of zeros. Thus, the infinite product 


(3.8) hw) =T] (1 : na ~~ 


n=1 
is an entire function of order zero. One can repeat the previous consideration to 
verify the validity of the limiting condition (2.17). Indeed, for a sequence of real 
numbers {y,} of the form (3.4) we can write 


Nk 2 Oo 2 
Yk .2n—2 I Yk .2n—2 
(3.9) h (7x) = | ¢ + a2 qd ) (1 =p ay q 


n=1 n=n,+1 ie 
2Nk >Nk(N~_—-1) Mk 2 oe) 9 
ve"* ae ag: Yk on 
= Ty 5 I] +5 q? . I] (+78 qr” " 
n=1 On n=1 Vk n=nz,t+1 On 
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and 
(3.10) (ca¥l** bela Do 
|h (ive )| 
_ ( 1-26)" I 23 (Sqttete Ye | Loe 
ae LAS) OTT + 2702/9) 


: (agit ee laa) 
1 eee 6 a get a fae) 
(Sere a. (ag Se) 


PS ee 2 ee OO 
(=07702) 5. (107) 3 
as k — o6 when 0 < € < 1/2. Thus, the system {e (x, tiang~”)}-—_, is complete 
in) (= LDS p< co, 
In the second case we repeat the same consideration for the infinite product of 
the form 


(3.11) =w TI 0-5 — pr) . 


n=1 


mice) a +0 


< (q 


This completes the proof. EJ 


3.2. Basic sine and cosine functions. The q-sine and cosine functions un- 
der consideration can be introduced as 


(—tw; Tada ee a Cot aa 


B12 Sa eo) = :; 
( ) q (7 Ww) 2i(—qu?: q2)oo 
1 ore) (k+1/2) 
ae a a el). Tea ae ee 
(—qu a Joo k=0 (q | ee 
and 
3.13 Cline) = 
(3.13) a(n) IF 
gh(k-1/2) 
= (—1)° ———_—_ ge”, 
eer ee Gi “a ee 


Functions S,(7;w) and C,(7;w) are oiled cases of the q-sine S,(z;w) and ¢q- 
cosine C,(xz;w) functions in two independent variables x and w when z = 7 = 
(q'/4 + q7'/4) /2; see [5] for more details. 

The large w-asymptotics of S,(n;w) and C,(n;w) can be investigated on the 
basis of the following expressions 


(q'/2w?, 3/2 /w?;q?) 


is Digiesn Gy 

; (q'/?; I) (G9. -G/ a4") 3. 3 Ww) 

(a? 5g) 214, =qw*,—q/w*;9") mee i 

and 

3/2, OG 0 2D 1/2 

(q ws /w + ) q 
3.15 Sq(n;w) = we 7; -— 
( ) q (q?/2; 4). (9, —qw?, —q/w?; 4), q( ie ) 
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P (qh/2w?, q3/? /w?; g) 
(q"/25q) . (@, —Gul?, =0/ 73.07) 3 w 

These formulas follow directly from (4.3) and (4.4) of [8]; see also (5.16) and (5.17) 
of [5]; when we substitute e#? = q!/4 [28]. One can easily see that equations (3.12)- 
(3.13) and (3.14)-(3.15) determine the asymptotic behavior of the basic trigono- 
metric functions S,(7;w) and Cy(n;w) for the large values of the variable w. 

Let 0 = wo < w) < we < wz < ... be positive zeros of S,(n;w) and let a < 
W2 < w3 < ... be positive zeros of Cy(n;w). We remind the reader that when 
0 <q <1 all zeros of Sy(n;w) and Cy(n;w) are real. Also these zeros are simple, 
the positive zeros of the basic sine function Sy (7; w) are interlaced with those of the 
basic cosine function Cy (n;w); see Theorems 1-4 of [5]. The asymptotic behavior 
of the large zeros of these g-trigonometric functions has been discussed in Theorems 
5 and 6 of [5]; see also [8] for numerical investigation of these zeros and [28] for a 
rigorous proof of the asymptotic formulas numerically found in [8]. 

The completeness of the basic trigonometric system {Eq (rz; iw,)}-__.. has been 
established in [5]. Here we extend this result to £? (—1,1), 1 <p < ov. 

THEOREM 9. The systems of basic trigonometric function {Eq (x;iwn)}- 
where 0 = wo < wy < wo < w3 < ... are the positive zeros of Sq(n;w), win = 
—wy, and {E, (4; i@n)}>- where WW, < W2 < 3 <... are the positive zeros of 


n=—0o0o’ 


Cy(n;w), Wn = —Wn, are complete in LF (—1,1), 1< p< oo. 


PROOF. In the case of the g-sine function consider the entire function of order 
ZeTO 


(3.16) h (w) = (—qw*;.97)oo Sq(m;w). 

We need to verify the limiting condition (2.17), say, using the sequences of the real 
numbers {7} of the form (3.4). The large asymptotic of this function follows from 
(3.15). The leading term is w (q3/?w?; q’) ,,. Which corresponds to a* = Qo? xg 
in (3.6) and condition (2.17) is satisfied. The case of the basic cosine function can 
be considered in a similar manner. We leave the details to the reader. LJ 


The systems of the basic trigonometric functions in Theorem 9 are orthogonal. 
See [5] for more details. 


3.3. Jackson’s q-Bessel functions. Let us consider an extension of Theo- 
rem 3. The Jackson q-Bessel functions given by (2.2) can be transformed with the 
help of a quadratic transformation formula [13], [22] as 


GOD Haye 
ean Peo= “a GY Ce 
_ Atl _,vt+2 
x av ( : ete ec; 2/4) 
(q’t sq), pty" 
3.18 =e 
ten) (07 @) ss (5) 


(—q’*?, —g’t? g2qvt! /4, Age” a>: q’) 
x 
Gee 4g- aa) a 


_ Pre, __Al-v Aq 
x av ( ' : ” fae -3) 


ie,9) 
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(q’*15q) ey 
(G59) x 
(—¢”, —g’t)  72q¥t?/4, dq-” /x?: q?) 
Me acre a ra ae 


_ Aa Ae Aq 
x 201 ( s . a eg, -4), 


+ 


x 


where we have used (III.32) of [7] in order to transform (3.17) to (3.18). Let us 
consider the entire function 


(3.19) h(w) =u” J), (2:4). 


Expression (3.18) shows that the leading term of the h (w) as |w| — 00 is (q’w*; q*) 
which corresponds to the case a? = q~” < q7 in (3.1) and, therefore, condition 
(2.17) is satisfied when 0 < vy <1. 


In a similar fashion, consider the entire function 
(3.20) hy (w) = wt” J) (Qu: g) 


with the leading term w (q’t'w?;q eye as |w| — oo. This corresponds to a? = 
q_’—! <q”? in (3.6) and condition (2.17) is satisfied when 0 < v < 1. As a result 
we obtain the following extension of Theorem 3. 


THEOREM 10. Let j,,% (q) be the zeros of Jackson’s q-Bessel function ie ) (a; q). 
The q-trigonometric system {Eq (xz; iwg)}p-_,, 18 complete in LP(—1,1),1<p< 
00, forO<v <1, if: (a) wR, = Sju-1,k (Q) he oy We = Su, k (q), 
b= 041.49. 

REMARK 4. Theorem 9 is, obviously, the special case vy = 1/2 of Theorem 10 
due to the relations (5.34)—(5.35) of [5] between the g-Bessel and q-trigonometric 
functions, but the systems in Theorem 10 are not orthogonal if vy 4 1/2. There is 
an independent proof of Theorem 3 in [29] where 0 < v < 1/2; the case vy = 1/2 is 
discussed in [30]. 


In a similar manner, one can prove the completeness of the basic trigonometric 
system on the zeros of the g-Bessel function on a g-quadratic grid considered in 
[12]. We leave this and other examples to the reader. 

The author thanks Joaquin Bustoz and John McDonald for valuable discus- 
sions. 
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The generalized Borwein conjecture. I. The Burge transform 


S. Ole Warnaar 


ABSTRACT. Given an arbitrary ordered pair of coprime integers (a,b) we ob- 
tain a pair of identities of the Rogers-Ramanujan type. These identities have 
the same product side as the (first) Andrews—Gordon identity for modulus 
2ab+1, but an altogether different sum side, based on the representation of 
(a/b — 1)*! as a continued fraction. Our proof, which relies on the Burge 
transform, first establishes a binary tree of polynomial identities. Each iden- 
tity in this Burge tree settles a special case of Bressoud’s generalized Borwein 
conjecture. 


1. Introduction 


Several years ago P. Borwein communicated the following observation to G. E. 
Andrews [4]. 


CONJECTURE 1.1 (First Borwein conjecture). The polynomials An(q), Bn(q) 
and C,,(q) defined by 


(1.1) [[@ - 4" 7)a - @**) = An(@*) - aBn(q°) - PCn(@) 
R=] 


have nonnegative coefficients. 


As so often in mathematics, the simplicity of the above claim is rather deceptive, 
and the conjecture still lacks proof. Following the motto ‘if you can’t prove it, 
generalize it’, Andrews [4], Bressoud [10], and Ismail, Kim and Stanton [14] have 
extended the Borwein conjecture in several directions. This is the first of a series 
of papers devoted to Bressoud’s generalization. To see how Bressoud’s conjecture 
arises most naturally from Conjecture 1.1 we follow Andrews [4] and rewrite A, By, 
and C;, as a sum over q-binomial coefficients. First we need the usual definitions 
of the q-shifted factorial 


n—-l 


(a;q)n =(@)n = | [(—-ag*) forne Zy 
k=0 
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and q-binomial coefficient 


(1.2) He Ms Pl Talahoom 


0 otherwise. 


for m,n—m € Zy 


Important later will be that for m and n — m nonnegative integers, the g-binomial 
coefficient is a polynomial in q with only positive coefficients. Also introducing the 
notation (a1,...,@k3q)n = (€1;q)n°+: (@k3q@)n, we can apply the g-binomial theorem 
[13, Eq. (II.4)] to expand the left-hand side of (1.1) as 


= bee an 

(75Q)n = d— (-1)%qi sal 

j=—n 4d q3 

; 2 

=e (1) gh On D2 S(—aysgplesten v2] n | | 
q? 


p=-l jeEZ n— 37H 


From this one can read off 


- 4(94—-1) /2 an 
(1.3) Anta) = D(-yipe-yey™ | 
jEZ 
and similar expressions for B, and C,. To pass from this to Bressoud’s conjecture 
we need to recall an important result from partition theory. 

Let be a partition and 2’ its conjugate. The (i, 7)th node of » is the node in 
the ith row and 7th column of the Ferrers diagram of A. The dth diagonal of X is 
formed by the nodes with coordinates (1,2 — d). The hook difference at node (i, 7) 
is defined as 4; — A;. In [5, Thm. 1] Andrews et al. prove the following theorem 
using recurrences. 

THEOREM 1.1. The generating function Dx i(N,M;a, B) of partitions with at 
most M parts, largest part not exceeding N, and hook differences on the (1 — B)th 
diagonal at least @ —i+1 and on the (a —1)th diagonal at most K —-a—i-—1 is 
given by 


(1.4) Dri(N,M;a, 83q) = Dki(N, M30, 8) 


= as gi (o+B)Ki+ KB—(a+8)i) M+N | got P)I+8)(K5 +4) er : 
M— Kj M—Kj-i 


jEZ 
Here the following conditions apply: a,G >0 and B-1i1<N-—M < K-—a-—i with 
the added restrictions that the largest part exceeds M —1 if 8B = 0 and the number 
of parts exceeds N—- K +1 ifa=0. 


If we follow [10] and define G(.N, M;a, 8, K) = Dox xK(N,M;a, 8), then 
ane | 5 Ki((at+B)j+a—B M+N 
(1.5) G(N, M;a, 3, K) = X14 H((at+B)j+a—#) i 7 — 
Now observe that the expression (1.3) for An(q) is exactly of this type. Explicitly, 
An(q) = G(n, n; 4/3, 5/3, 3) 
B,(q) = G(n +. 1,0 — 1;2/3, 7/3, 3) 
Cr(q) = G(n + 1,n — 1;1/3, 8/3, 3). 
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Unfortunately there is the complication that a and ( have assumed noninteger 
values so that Theorem 1.1 cannot be applied to interpret A,—C,, as generating 
functions. Although no progress has been made in proving Conjecture 1.1, the 
following generalization is clearly suggested [10]. 


CONJECTURE 1.2 (Bressoud’s generalized Borwein conjecture). Let K be a 
positive integer and N, M,ak,GK be nonnegative integers such that] <a+ 68 < 
2K —1 (strict inequalities when K = 2) and G@-K <N-—M < K-a. Then 
G(N, M;a, 8, K;q) 1s a polynomial in q with nonnegative coefficients. 

Of course, when both a and @ are integers the conjecture becomes a special 
case of Theorem 1.1. When M +N is even anda = (K-N+M+1)/2,B=(K+ 
N — M ¥1)/2 the conjecture was proven by Ismail et al. [14, Thm. 5]. We should 
also remark that not all of the polynomials G(N, M;a,@,K;q) are independent. 
Besides the obvious symmetry 

G(N, M;a, 6, K) = G(M, N; B, a, K) 
there also holds 
(1.6) G(N,M;a, B,K;1/q) 
—q “NG(N,M;K-—-a—-N+M,K-£8+N-—M,K;q) 
and 
G(N, M; a, B, K) = G(N, M - 1;0,8,K)+q“G(N -1,M;a+1,6-1,K) 
= G(N —1,M;a,8,K)+q™*G(N, M—-1;a-—1,6+1,K) 


as follows from 


(7) Be a i 
and 
ay [= [aon (at [1] ear] 


These symmetries, not all of which are independent, are consistent with the bounds 
imposed on Conjecture 1.2. 7 

This paper is the first in a series in which we apply known (the present paper) 
and new (subsequent papers) transformation formulas for simple g-polynomials to 
obtain identities for G(N, M;a, @, K) that prove its positivity of coefficients. A few 
simple examples of such identities can already be found in the literature and we 


quote 
i|L 
n 


iH 
G(L, L;1/2,3/2,2) = (1+ q”)(—@?;q7)z-1. 


The first two, which are dual in the sense of (1.6), were found by Bressoud [9, Eqs. 
(8) and (9)] and are bounded analogues of the Euler- and first Rogers-Ramanujan 
identity. The third identity is due to Ismail et al. [14, Prop. 2 (3)]. Although 


(1.9) G(L, L;1/2,1,2) = 


(1.10) G(L, L;1,3/2, 2) re 


L 
a9" 
n=0 

L 
da" 
n=0 
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we will add infinitely many new identities to the above three, we failed to obtain 
identities that would settle the original Borwein conjecture. What our results do 
suggest however is that this is perhaps more a practical than fundamental problem. 
Often it is necessary to first guess identities before proving them and it seems 
that when it comes to the (generalized) Borwein conjecture the guessing is by far 
the hardest part of the game. For example, almost anyone familiar with q-series 
will have little trouble proving the following identities for G(L,L;1,2/3,3) and 
G(L+1,L — 1;1/3, 4/3, 3): 


(1.11) Yea = ya 
jEZ n,i>0 
and 
(1.12) S “(= 1)9q29 6949) Pee = S- Ti aCe eae a), 
jEZ n,i>0 


but to guess these results is quite a bit harder. In particular we note that when 
L tends to infinity only the terms with 7 = 0 contribute to the sums on the right. 
Also using Jacobi’s triple product identity [2, Thm. “ thus yields for |q| < 1 


2 
ee Me Ceara, gq” (q,q*, 9°; 4°) 
= ——_—__——— _ and ae = A, 
“4 (q)n (95 9) x (93 9) 0 


which are the celebrated Rogers-Ramanujan identities [16]. Admittedly, we did 
not guess (1.11) and (1.12) but obtained them by transforming simpler identities, 
but since we were not so lucky with the original Borwein conjecture, a good guess 
is exactly what is needed. (See also the discussion in section 8.) 

As a bonus of our identities for G(M, N; a, @, K) we obtain many new identities 
of the Rogers-Ramanujan type. Some nice examples worth stating in the introduc- 
tion are the following four series of identities featuring the Fibonacci numbers F;, 
defined recursively as Fo = 0, Ff, = 1 and Fy = Fp_1 + Fr_o. 


THEOREM 1.2. For |q| <1 and k > 4 there holds 


= ee 


P,P R-1+1 


mit--+me_» 


ae q)2m, 


FF R-1 2F,Fe-1+1. 


2F, Fi 1 
q ee ames ee 


»q »q 


CAD Es 


(q 


Taking 7 so g™ /(q)m as the left-hand side when k = 3 includes the first 
Rogers—Ramanujan identity in this series of identities. For k = 4 Theorem 1.2 is 
(3, Eq. (5.8); k = 1). 

THEOREM 1.3. For |q| <1 and k > 4 there holds 


x 


M1 y++-;5M~—220 


g@ite tmz_stmk—smn—2 k—-3 

eae coppeme (| eae ake) = 
2m; Mkr—2 

j=2 


uke ae 


(q)amy 


PPA. wie Pend 42h eh eas 


14 »q 4 


(95 Q) oo 


(q 
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THEOREM 1.4. For |q| <1 and k > 5 there holds 


gimitma)*+mzt--+mi_» k—-3 
I] [eee ta eae 
2m; Mmk—2 


Py Feo Ae Peet! 
9 


(Q) m1 ()2me 


2F,F,-2+1. PERE Sa) 
y) CoO 


q 
(95 Goo 
The cases k = 3 and k = 4 may be included by taking 57. gr” | (q)m and 
Sear, gimitme)’+m3 /(g)_, (q)m, as respective left-hand sides. 
THEOREM 1.5. For lq| < 1 and k > 5 there holds 


q 


gimitms)* +m3+--+my,_stm—smi—2 k—3 
» i | ee 
2m; Mp2 
M1,.-.;Np~—2>0 (q)m (4)2mz j=3 
Fi. F,y-2-1 FF, Fre 2F,F,-2—1. ,2F,Fey—2-—1 
ee elec a? lca a a cea 


(45d) oo 


2. The Burge transform 


The Burge transform, which is a generalization of a special case of the Bailey 
lemma, provides an iterative method for proving polynomial analogues of q-series 
identities [11]. Before we state the actual transform let us define the polynomial 
B(L, M,a, b;q) as 


M = L = 
(2.1) B(L,M,a,6.4) = B(L,M,a,b) = |" me ‘|| nae ana 


Loa L-a 


Note that B(L, M,a,b) is nonzero iff [+a and M + b are integers such that 0 < 
|b] < M and 0 < |a| < L. Moreover, it satisfies the symmetries 


B(L, M, —a, —b) = B(L, M,a,b) 
(2.2) B(L, M,a,b) = B(M,L,b, a) 


(2.3) B(L, M,a,b;1/q) = q°*-?*™ B(L, M, a,b; q) 


and becomes proportional to the g-binomial coefficient when either L or M tends 
to infinity 


M—- co L-a 
The most interesting properties of B are however the following two transformations. 


THEOREM 2.1. For L,M,a,b integers such that not -L+a<-b<L+a< 
b< M or-L-a<b<L—-a<-b<M, 


(2.4) lim B(L,M,a,b) = | ae | (aa. 


2|2L+ M-—-i , op 
(2.5) Dy: OL [BU —i,i,,0) =4 B(L,M,a+b,b) 
1>0 
and 
;2 2L4+ M—-1 ; . __ 
(2.6) E."| si |B i,b,a) = q" B(L,M,a+b,b). 


i>0 
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These two results are known as the Burge transform [11, 12, 19], and are an 
immediate consequence of the g-Saalschiitz sum [13, Eq. (II.12)], or, equivalently, 
of [2, Eq. (3.3.11)]. The second transform of course follows from the first by the 
symmetry relation (2.2). The conditions imposed on the parameters are due to 
the fact that the left side may be zero when the right side is not. They perhaps 
appear cumbersome but are in fact quite innocent. In all our applications of the 
Burge transform a and b will have the same signature. It is not hard to see that 
the conditions then become void. For example, assuming 0 < b < M we need 
to inspect the first condition only. But a > 0 clearly avoids the occurrence of 
—b<L+a<b<L-—a. A similar reasoning applies for negative b. 


3. The generalized Borwein conjecture 


To derive manifestly positive representations for G(N,M;a,{,K) using the 
Burge transform the following lemma will be crucial. 


LEMMA 3.1. For L,M > 0 there holds 


(3.1) S°(=1)%q24@7+) B(L, M, 3,3) = 


P + - 
jEZ 


M 


ProoF. Take Rogers’ g-Dougall sum [13, (II.21)| 


n 


> L-ag*— @baT De = ‘= (aq, aq/bc;q)n 
k=0 l—a (q, aq/b, aq/c, ag? qQ)k bc (aq/b, aq/c; q)n 


and leta > 1,b—-q-“,c— ow andn— L. After some simplifications this gives 
(3.1). O 


When either L or M tends to infinity (3.1) simplifies to Rogers’ polynomial 
analogue of the Euler identity [17, §1| 


Y-1yprgerer | ses _ (Vem 


rer M—j) (4)m 


In the following we will iterate the two Burge transformations (2.5) and (2.6) 
to transform (3.1) into a binary tree of polynomial identities. First, by application 
of either (2.5) or (2.6) one finds 


(3.2)  S3(-1)'q@ FY B(L, M, 23,7) = Ta” —- : mt 


2L n 
jJEZ n>0 


This is a doubly-bounded analogue of the first Rogers-Ramanujan identity. When 
M goes to infinity we recover Bressoud’s identity (1.10) and when L goes to infinity 
we find the following well-known specialization of Watson’s g¢7 transform (see e.g. 
[9, Eq. (1.11)] or [15, Eq. (39)]) 


So (—1)iqhsGi+0 od _ (gem yg" ™: 


jEZ (q) n>0 


Without too much effort one can utilize (3.2) to also obtain a doubly-bounded 
analogue of the second Rogers-Ramanujan identity. 
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LEMMA 3.2. For L,M > 0 there holds 


Co See et =) ee Ek 
jEZ n>0 


PROOF. Suppressing their L-dependence, we denote the left sides of (3.3) and 
(3.2) by fa and gas, respectively. By application of the recurrence (1.8) 


far = So Pag | 


jEZ 
M F 8 5(74+1) (L+M49)] [L4+M-j-1 
se ala as! ees cal vse ea a 
jeEZ 
Since the second term on the right changes sign after the variable change 7 — —j—1 
it vanishes. The first term is again split using (1.8) leading to 
(3.4) fu = fu—-1+q™""'9u-1. 


Next we let fay and gyz denote the right sides of (3.3) and (3.2). A single application 
of (1.8) show that (3.4) again holds. Since equation (3.3) trivializes to 0 = 0 for 
M =0 this settles the lemma. O 


It is easy to see that by computing (3.3) + q™” (3.2) we also get 
5j+3) [L+M+ a gue n(n+1) ee ce Ne 
(3.5) So(-1)hg 289) [tay] = 2t41 In): 
jJEZ n>0 


Although the identities (3.3) and (3.5) cannot be written in terms of the polynomials 
B(L, M,a,b) they can be iterated by a simple modification of the Burge transform. 
We will not pursue this here and only take the large M limit to arrive at the isolated 
positivity result 


 Sagessony (2b L L 
G(L +1, £;1/2,2,2) = 5 (-1)4q29 9+) = aie ae 


After this intermezzo we continue to iterate (3.2). To state the general result 
some more notation is needed. Assume that (a,b) is a pair of coprime integers 
such that 1 < b < a, and define a nonnegative integer n and positive integers 


Qo,...,@,, as the order and partial quotients of the continued fraction representation 
of (a/b — 1)88"(2—-25) (sien(0) = 0), ie 
a sign(a—2b) 1 
(3.6) (5-1) = [ao,..- an] = a + ————. 
a, + ——— 
; 1 
On 


We denote the continued fraction corresponding to (a,b) by cf(a,b), and note the 
obvious symmetry cf(a, b) = cf(a,a — 6). By abuse of notation we sometimes write 
cf(a, b) = (a/b — 1)si8n(e—28) | 

Before we continue, we make the following important remark concerning con- 
tinued fractions. For any admissible (a,b) such that (a,b) # (2,1) the continued 
fraction cf(a, b) is not unique. Indeed, for c, > 2 the continued fractions |co,... , cn] 
and [co,...,€n—1,1] represent the same rational number. This means in particular 
that the order and partial quotients of cf(a, b) defined in (3.6) are not unique. In 
the following we will use these to define several other quantities, which are therefore 
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not unique either. Later we will show however, that whichever choice is made, the 
final objects of interest are independent of the choice of representation. This allows 
use to choose at our convenience the representation with either a, = 1 or ay, > 2. 
For (a, b) = (2,1) we of course only have cf(2,1) = [1]. 

We now continue by further defining the partial sums t; = Ses ax for j 
1,...,2 +1. We also introduce to = 0 and d(a,b) = tn41. Note that d(a,b) 
insensitive to the choice of representation of cf(a,b). Finally we define a d(a, b) 
d(a,b) matrix Z(a, b) with entries 


is 
x 


6; 09 he for j 4 t; 
SACRO Te ae Meee a ee ij 
Oj,k+1 +056 —9j,k-1 for j = ti 
and a corresponding Cartan-type matrix C(a,b) = 2I — Z(a,b) where I is the 
d(a,b) x d(a,b) identity matrix. Note that the matrix Z(a,b) has the following 
block-structure: 


where T; is the incidence matrix of the tadpole graph with 2 vertices, i.e., (Ti)j,~ = 
05,k4+1 +6; b-1 + 5;,40;- A change from the representation of cf(a,b) with an > 2 
to the representation with a, = 1 corresponds to the transformation 


(3.7) Ta, — 


which leaves all but two matrix elements unchanged. (Given that Z(a, b) and Ca, b) 
depend not only on (a,b) but also on the choice of representation of cf(a,b) the 
fastidious reader might prefer the notation Z(cf(a, b)) and C(cf(a, b)).) 

With the above notation we define a polynomial for each ordered pair of posi- 
tive, coprime integers (a,b) by 


d(a,b) 
(3.8) Fuo(L, M) = S- aga ewe aa I eae) 
mez”) j=l 4 
for a < 2b, and 
d(a,b) 
(3.9) Fao(L, M) = S- go Ee) Cam eels I] eat 


d(a,b) ‘—] 
meZ J 
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for a > 2b. Here 


d(a,b) ‘i res | 
(3.10) mC(a,b)m = by m,;C'(a, b); ~.mM~ = i Gee + »: (mz — mus1)*) 
j,k=1 j=0 k=t;+1 
and 7 = +++ = Ta(a,b)-1 = 2; Td(a,b) = 1. The auxiliary variables n; in the summand 
are integers defined by the (m, 7)-system 
d(a,b) 
(3.1) nel = ey C(d.b)s 0. Tor g = 1) .2«48 (a, 0). 
k=1 


We remark that the polynomials F,4(L,M) bear close resemblance to the much- 
studied fermionic polynomials arising in the quasiparticle description of c < 1 
conformal field theory [6, 7, 12, 18]. 

For each admissible (a,b) the polynomial F,,(L, M) is defined twice. To show 
that these definitions are consistent we first assume that (a,b) 4 (2,1) and that we 
have chosen cf(a, b) such that a, > 2. Making the variable change Mqa,b) ? Nd(a,b) 
then yields the representation with a, = 1. The easiest way to see this is perhaps to 
first eliminate the n;, then to make the variable change mqa,b) — ™a,a,b)—1—™d(a,b) 
and to rewrite this again in the form using the n,. Recalling (3.7) and the definition 
of JT; and C(a,b) this gives the desired result. When (a,b) = (2,1) there is only 
one continued fraction representation, but Fo 1(L,M) is defined in both (3.8) and 
(3.9). Since cf(2,1) = [1], one finds d(2,1) = 1 and Z(2,1) = C(2,1) = (1). From 
(3.11) we further find nj = L — m,. Hence, according to (3.8) 


2)/2L+ M — My L 
matin Soe 
m0 21 M1 


and according to (3.9) 


F1(L,M) = Ss gba) 


M1 20 


oe bm 


The variable change m,; — L — mj, shows these two expressions are consistent. 
We are now ready to state the identities obtained by applying the Burge trans- 
form to (3.2). 


THEOREM 3.1. For L,M nonnegative integers and (a,b) a pair of coprime 
integers such that 1 <6 <a there holds 


(3.12) S°(-1)9q2( CID BIL, M,aj,bj) = Fap(L, M). 
jeZ 

We postpone the proof till the next section and instead continue with examples 
and corollaries. 

In our first example we take (a,b) = (7,5) and explicitly calculate F75(L, M) 
and F72(L,M). As continued fraction we choose the representation cf(7,5) = 
[2, 1, 1}. Hence n = 2; ago = a aj, = aQ>= i ae 2 to = 3 and t3 = d(7,5) = 4. The 
matrices Z(7,5) and C(7,5) are thus found to be 
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Inserting this in (3.8) and (3.9) (using the symmetry cf(7,5) = cf(7,2)) yields 
Fe ye. agen ie Sree ere ale 


x [metas] [mater] ms 


2m2 2m3 m4 
and 
F792 (L, M) — ys g(E—m1)" + (mi —ma)*+m3+m, eae aees| aes 


as | a ee | 


Next we consider Theorem 3.1 in the large M limit, and with the same notation 
as above we define F,.4(L) = (q)oz lim. Fa»(L,M). Explicitly this yields 


d(a,b) 
(3.13) F,4(L) = > gine (a,b)m Tl [rarest ns) 
meZi(>?) j=l 
for a < 2b, and 
d(a,b) 
(3.14) F,(L) = S- qh (h-2mi)+mC(a,b)m prams+n3] 
meZio?) j=1 sie 


for a > 2b. Then, using (2.4), the following result arises after letting M tend to 
infinity in (3.12). 


COROLLARY 3.1. For L a nonnegative integer and (a,b) a pair of coprime 
antegers such that 1 <6 <a there holds 


2 an | oT, 
3.15 G(L,L;b,b+1/a,a) = =a) hes | = F,,(L). 
(3.15) ( /a, a) 2 ) ee p(L) 


Obviously, Fy4(L) is a polynomial with only nonnegative coefficients. This 
leads to our next corollary. 


COROLLARY 3.2. For (a,b) a pair of coprime integers such that 1 <b <a the 
polynomial G(L, L;b,b+1/a,a) has nonnegative coefficients. 


Taking the large L limit of Theorem 3.1 is more intricate due to the L-dependent 
term in the exponent of qg in (3.9). To overcome this complication one first has to 
make a change of variables expressing the kernel of Fa4(L,M) (with a > 2b) in 
terms of the variables n1,..., a9, Mag+1)-+-+)Mad(a,p) instead of m1,...,Mava,p)- To 
achieve this, first note that (3.11) implies 


ao 
(3.16) i= S_ min(j, k)n, for j = 1,...,a0, 
k=1 


and hence mj — ™j41 = May41 +Nj41+°**+Nay- (If for (a,b) = (a, 1) we take the 
representation cf(a, 1) = [a—1] then ag = d(a, 1) = a—1 in which case m,,41 := 0.) 
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Inserting this in (3.9), using (3.10) and defining N; =n; +---+7a,, gives 


Peek: M) = ye gi Nitmag +1)" +-+(Nag +Mag +1)” 


1 y.-sNag 20 
Mag +1+sMad(a,b) 20 
5 ea caans m;C (a,b); n.m~ [L+M+m 7 T7MZ+N; gc T7Mj+N; 
x gE eC snme Lenten) TT promt] TT ete, 
j=l j=aot+1 
with a > 2b. Here it is to be understood that the auxiliary variables m1,...,™a, 
and Na,+2,-+-,Nd(a,b) follow from (3.16) and (3.11), respectively. The auxiliary 
variable ng,+41 is special in that it needs both equations for its computation, 
ao d(a,b) 
Naot1 = L -— agmMay41 — S- kn, — S- C'(a, b)ay+1,.KMk- 
k=1 k=ao+1 
After these preliminaries we are prepared to take the large L limit of The- 
orem 3.1. All that remains to be done is to define the polynomials F,,(M) = 
(q)om lim p66 Fi o(L, M), 1.e€ 
mC (a,b)m 


d(a, 
(3.17) Fis(M)= > (an ghOlotin TT I pramy-+n3) 


cass Dat-milDrim joy 


for a < 2b, and 


(q)om g'Nitmag +1)? ++(Nag +Mag+1)? 


(3.18) Fy»(M) = S- 


iL Gag 20 (9) M—Ni-mag 41 (Q) ns a (Q) nag (9) rag-41Mag41 
Magtly-++1Md(a,b) 29 
Se b) m ;C(a b) 5 kMk pale T;m,+n, 
x Qk ag+1/” mids I] oe ‘| 
J=a0+2 
for a > 2b. Of course 7,,41 is always 2 except when (a,b) = (a,1) with the choice 
cf(a,1) = [a — 2,1]. 
Our next corollary can at last be stated as follows. 
COROLLARY 3.3. For M a nonnegative integer and (a,b) a pair of coprime 
integers such that 1 <b <a there holds 


=. aes , 2M 3 
G(M,M;a,a+1/0,b) = Sly gareeean P : * = F,,(M). 
jEZ 


Continuing our previous example for (a,b) = (7,5) we find 


Fi 5(M) = (gem a 


mMy1,...,m4 20 


gi t(mi—ma)*+m3 +m, fray tma—ms) eae ee 


2mM2 2m3 ma 


(q)M—m, (q)am, 


and 


(n1+n2+m3)*+(n2+ms3)?+m3z+mi3 
a qd 3 4 
F72(M) = (q)am » 


N1,N2,™m3,mM4>0 


[mal 


Next we return to Corollary 3.3 and take M to infinity. By the Jacobi triple 
product identity [2, Thm. 2.8] we then obtain the following two results. 


(q) M—ms3—ni—nz (Q)ni (Q)nz (Q)ams 
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THEOREM 3.2. For |q| < 1 and (a,b) a pair of coprime integers such that 
1<b<a there holds 


mC(a,b)m d(a,b) 


» _ aa I] [ams tns] = Chany AY aS a 
aes 
mez ,b) (Q)rimi pe i CHE 
for a < 2b, and 
3 g(Nitmag +1) ++(Nag +Ma +1)” 
U1 gees, Nag >0 (q)n1 = (1) mao (Q) rap41Mag 41 
Magtlorrrs Md(a b) 20 
d(a,b) b ab+1 ,2ab+1. ,2ab+1 
< phere m;C(a,b)5,.4h™Mk I eral = (q* ,q° + 9 ao+ g ab+ Ves 

, oe (93 9) x 
j=agot+2 

fora > 2b. 


The simplest case of the theorem is (a,b) = (k,1) or, by symmetry, (a,b) = 
(k,k —1). Choosing cf(k,1) = [k — 1], one finds n = 0, ag = k—1, d(k,1) =k —-1, 
and Z(k,1) = T;,_-1. Hence 


N2+--+NR_1 2k+1. g2k+1) 


ia, ee ee 
(3.19) > Ce ee (95 9) oc 


N10. Me—1 20 


for k > 2 where N; =n; +--+ +7g-1, and 


3 i mitts 


M1 ,...,;NM~—1 20 


M?+--+Mz_, 


oe sto 


(gh(R-2) gk(R-1) +1, g2k(k-1)+1 


4 
(95 9) oc 
for k > 3 with M; = m; — mj-1 (mo = 0). The first of these two results is of 
course the (first) Andrews—Gordon identity for modulus 2k + 1 [1] which we have 
now embedded in a much larger family of Rogers-Ramanujan-type identities. 
Another simple case of Theorem 3.2 occurs when (a, b) = (Fx, Fx_-1) or (FR, Fe—2) 
where Fy, = ((1+ V5)* — (1 — V5)*)/(2*/5) is the kth Fibonacci number; Fo = 0, 
F, = 1 and Fy = Fy_1 + Fe_2. Using the recurrence for the Fibonacci numbers 
and F)/F, = 1 this yields 


, g2h(k-U+1) 


Fy, ne 3) | 1 
{(Fi., F,-1) = —] = — =] — a ener | 
cf( ky“ k 1) Cw ) Fics of Pins BF ’ 
xe k—2 
for k > 3. Hence n = k — 3, a9 = --- = GQg_3 = 1 and d(Fy, Fy_-1) = k — 2. 


Inserting this in Theorem 3.2 and renaming n; as m, in the second equation yields 
the Theorems 1.2 and 1.4. 

As third and final example we take (a,b) = (2k — 1,2). Then cf(a,b) = [k — 
2,1, 1] leading to [3, Eq. (5.8)] 


ghit+Ne 


Cy 2.30. 


Nig (93:0) cs 
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for k > 2 with N; =n;+---+n,. (For k = 2 this follows from the first and for k > 3 
from the second equation of Theorem 3.2, where we have changed mzp_1 — Ne_1+Nk 
and Mk Nk): 

Before we continue to explore the consequences of ‘Theorem 3.1 we should per- 
haps remark that in the Andrews—Gordon identity (3.19) we can freely choose k. 
This means that we can always tune its right-hand side to coincide with the right- 
hand side of the first or second identity of Theorem 3.2. So what we have actually 
obtained are new representations for the sum side of the Andrews—Gordon identi- 
ties. Specifically, if we consider the Andrews—Gordon identity for modulus 2k + 1 
then we have found new sum sides for each ordered pair of coprime integers (a, b) 
such that ab = k. The most spectacular aspect of this is perhaps the fact that 
these new sums sides, though being considerably more cumbersome to write down, 
are much more efficient. In particular, the Andrews—Gordon identity for modulus 
2k+1 has a (k—1)-fold sum on the left-hand side whereas for (a, b) such that ab = k 
(and b > 1) we obtain a sum side consisting of a d(a, b)-fold sum, where d(a, b) is 
the sum of the partial quotients in the continued fraction of (a/b — 1)8#8"(¢-25), For 
instance, from our on-going example we find 


S- gmt (mi—ma)+ms tin, ieee em) ee oe a ae | 
(q)am, 2M2 2Mm3 m4 
eo 


(q35,, q36, 71: g7) 
(95 9) x 
and the modulus 29 identity corresponding (3.20) with k = 4, which are to be 
compared with 


N24--+4+N3, 36 gl. 71) 


_ @,4 q"* 00 


ae elie ee e 
p> > (Q)n1 ee () naa (q; Gis 


and 
N2+..-4+N2, 29) 


ys Cla ma me 
io me ee (93 9) c0 
The most efficient sum sides of course occur in the identities involving the Fibonacci 
numbers, with log(2ab+ 1) /d(a, b) = log(2F,.F,_1 + 1)/(k— 2) — 2log((1 + V5) /2) 
when k tends to infinity. 

We have not yet come to the end of our list of corollaries to Theorem 3.1 
and next we are going to exploit the fact that the polynomials in (3.12) are not 
reciprocal. If we define the polynomials f,.4(L, M) exactly as in (3.8) and (3.9) but 
change the term mC{(a,b)m to mC(a,b)m with m = (m1,...,Mava,b)-1,9), ie., 
mC (a, b)m = mC(a, b)m + Ma(a,b)(Ma(a,b)—1 — Md(a,b)) and define the special case 
fa. (L, M) as 


foa(L,M) = 5°’ 


m>0 
then the gq — 1/q version of Theorem 3.1 can be states as follows. 


ie 


COROLLARY 3.4. For L,M nonnegative integers and (a,b) a pair of coprime 
integers such that 1 <b <a there holds 


$5 (18g? (CP -VF BL, M, aj, bj) = fao(L, M). 
jJEZ 
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The proof is obvious and merely requires (1.7) and (2.3) and the observation 
that MC(a,b)m = eae (td mig CO (ab) ee 

The case (a,b) = (3,1) deserves special attention. Taking cf(3,1) = [1,1] and 
replacing m,; — L—1i—n and mz — 2 gives 


S-(=1)2 q+ DBL, M,33,3) = S gr ti(L+n) bee a espe eee 
jEZ n,i>0 


This is our second doubly-bounded analogue of the first Rogers-Ramanujan iden- 
tity, reducing to (1.11) in the large M limit. More generally, when (a, b) = (k+1, 1) 
we obtain new doubly-bounded analogues of the Andrews—Gordon identity (3.19) 


N° (=1)5q2(CR+DI+) BCL, M, (k+1)3,9) = S- Nite tNE_1ti(L+Ne) 
jEZ Wasesis Nk—1,12>0 
~ k—-1 es 
5K ee | peer ee I] inci 


2L 1 n; 
j=l 


with N; = 0 and N, =N,+---+ Nj-1 = Ss min(j = 1,1)nj. 

We now proceed exactly as before. First, defining f,,4(L) as in (3.13) and (3.14) 
but with mC(a,b)m replaced by mC(a, b)m (and f21(L) as the right side of (1.9)) 
we find the following large M limit result. 

COROLLARY 3.5. For L a nonnegative integer and (a,b) a pair of coprime 
integers such that 1 <6 <a there holds 


7 , 2L 
21 G(L,L;b=1 = S_(-1)ig2i@ar-Dath) = Pach), 
(3.21) (L, L;b—1/a,b, a) 2 "ae ae fa,o(L) 


A different route to this corollary is to take (3.15), replace q by 1/q using (1.6) 
and (1.7), and to then replace b by a — b. From this remark it is clear that (3.21) 
does not yield new positivity results independent of (3.2). 

To take the large L limit in Corollary 3.4 we define f,5(M) as in (3.18) 
and (3.17) but with the usual mq(a,) (™ad(a,b)-1 — Ma(a,b)) added to the exponent 
of q. There is one exception, namely, fai(M) = Fy-11(M) (with foi(M) = 


(q)2m/(@)m)- 


COROLLARY 3.6. For M a nonnegative integer and (a,b) a pair of coprime 
integers such that 1 <b <a there holds 


G(M, M;a—1/b, a,b) = S.(—1)5q24(@ae-2s+) Baal = fao(M). 
jEZ 


Letting M tend to infinity we have reached our last theorem of this section. 


THEOREM 3.3. For |q| < 1 and (a,b) a pair of coprime integers such that 
1<b<a there holds 
ab—1 ,ab ,2ab-—1. 


3 q pramytny) — (q q°’,g 
egies) (D2m. jg (9; 9) 00 
+ 


mC (a,b)m d(a,b) 


gree 1 ) s 
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fora < 2b, and 


giNitmag41)"+--+(Nag +Mag+1)” 
(Q)ni o (Q) na, (Q)2may41 

Hanis d(a,b) 

Daj, keag +1 M5 C(G,b) 5,6 Mk Il ee = (q 


J=a0t2 


ab—1 2ab—1. ci 
) oe 


gg 
(9; q) co 


q 


fora > 2b #2 with mi = m;(1 = Opatacny) 


As examples one finds Theorem 1.3 when (a,b) = (Fx, Fe_-1), Theorem 1.5 
when (a, b) = (Fy, Fe_-2), 


> q 


_1>0 (q)om, 


M?24--+M?_.—mp_2Mp-1 k-2 
(T] pee) ee 
2m; Mk—1 
j=2 
(ghbaDat gk(k-1) | g2k(k—1)—1. gre et). 
(9; oo 
with M; =m, — m;-1 (mo = 0) when (a,b) = (k,k — 1) (k => 3), 


3 q (q 


39 Dm (Da (GOA (5 4) ce 


with N; =n; +---+n, when (a,b) = (2k —1,2) (k > 2), and 


> q 


N24+--4+N2_14+Ne—i Nz 4k-3 _4k-2 _8k—5 8k—5) 
) ) CO 


m?2+(m1—m2)?+m3+m3ma4 
m1+M2—m3] [M2+m3—mM4] [M3 
2m2 2m3 bal 


(q)om, 


Nee aa) 


CO 


(93 Yoo 
when (a,b) = (7,5). 


4. Proof of Theorem 3.1 


Throughout we assume that (a,b) is a pair of positive, coprime integers such 
that a > b. When (a,b) 4 (2,1) we will, for definiteness, choose the representation 
of cf(a, b) with a, > 2. Now recall the definition of d(a, b) as the sum of the partial 
quotients of cf(a, b) and note that d(2,1) = 1 and d(a,b) > 1 if (a,b) ¥ (2,1). Also 
note that for (a,b) = (2,1) the theorem is nothing but the identity (3.2). (To see 
this recall that we already calculated F ,(L, M) and that it coincides with the right 
side of (3.2).) We may use these facts to set up a proof by induction on d(a, b). 

Let us now assume that the theorem is valid for all (a’, b’) such that d(a’, b’) = d 
and use this to prove its validity for all (a,b) such that d(a,b) =d+ 1. There are 
four different cases to be considered depending on the relative values of a and b. 
Since we already dealt with (a,b) = (2,1) we may assume that a 4 2b. For brevity 
let us denote the left-hand side of (3.12) by B,(L, M). 
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4.1. Proof for a < 2b. Let (a,b) be a pair such that a < 2b and d(a,b) = d+1. 
Since a < 20 it follows from (2.6) that B,.4(L,M) satisfies the recurrence 


2f2L+M —i | , 
(4.1) Bae(L,M) =~ q | | Boo-oisb— 9) 
i>o 


4.1.1. Proof for 5b <a < 2b. If we write a’ = b and b’ = a — b then the 
condition 3b < 2a translates into a’ < 2b’ and hence cf(a’, b’) = b//(a’ — b’) which 
we denote by |ao,...,a,,]. Since cf(a, b) = b/(a — b) = 14+ 1/cf(a’, b’) we conclude 
that cf(a,b) = [1,a5,...,a/,,] and d(a’, b’) = d(a,b)—1 =d. (Note that by excluding 
(a,b) = (3,2), which gives (a’, b’) = (2,1), we avoid complications due to the fact 
that, by our choice of representation, cf(3,2) = [2] = [1 + a6] and not cf(3,2) = 
[1, 1] = [1, ap].) Consequently we may use our induction hypothesis to replace Ba’ y 
in (4.1) by Fa» defined in (3.8). Abbreviating Z(a’, b’) and C(a’,b’) by Z’ and C’ 
this yields 


d 
Bytiins og | ae ee, 


i>0 m' ext j=l 


with 
d 
(4.2) n, = 1651 — S "Ch emi, fOr 9 = Teed) 


Next rename 7 as m; and m/, as m;41, and define 


(4.3) T= a 


and C = 2] —Z with I the (d+ 1) x (d+ 1) identity matrix. Observing that 
T = T(a,b) and C = C(a,b) thanks to cf(a,b) = 14+ 1/cfla’,b’] = [1,a6,...,a/,], 
this gives 


d+1 
with 
d+1 
(4.5) nj = Lj, — S| Cpn(a, b)m, forj =1,...,d+1. 
k=1 


Since the right-hand side is exactly expression (3.8) for Fy,(L,M) with d(a,b) = 
d+ 1, this establishes (3.12) for 3b/2 <a < 2b and d(a,b) =d+1. 

4.1.2. Proof fora < 5D. Again we write a’ = b and lb’ = a — b but this time 
the condition 2a < 3b yields a’ > 2b’. Hence cf(a’,b’) = (a’ — b’)/b! which is 
denoted by [ag,...,a/,,]. Since cf(a,b) = b/(a — b) = 14 cf(a’,b’) we conclude 
that cf(a,b) = [ag + 1,...,a/,] and d(a’,b’) = d(a,b) —1 = d. We may thus 


use the induction hypothesis to replace Bay in (4.1) by Fay defined in (3.9). 
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Abbreviating Z(a’,b’) and C(a’,b’) by Z’ and C’ this yields 
d 
Ba (L, M) = aa Pee | : >) git 2m1)+m'C'm' ea ITI eae ve 


with n, again given by (4.2). Once more we change 1 — m, and mj}; — mj41, and 
define 


(4.6) 7 


and C' = 2] —Z. It follows from cf(a,b) = 1+ cfla’,b’/] = [ag +. 1,...,a/,] that 
T = T(a,b) and C = C(a,b), again leading to (4.4) and (4.5), thus establishing 
(3.12) for a < 3b/2 and d(a,b) =d+1. 


4.2. Proof for a > 2b. Let (a,b) be an admissible pair such that a > 2b and 
d(a,b) = d+1. Since a > 20 it follows from (2.5) that By »4(L,M) satisfies the 
recurrence 

52 2L+M—-i a 
(4.7) Ba»(L, M) = d 4 Pe | Baso(L i) 
1>0 

4.2.1. Proof for 2b < a < 3b. If we write a’ = a—band 0’ = b then the condition 
a < 3b implies that a’ < 2b’, and we may copy the first part of the first paragraph 
of section 4.1.1 and replace By’ » in (4.7) by Fa» defined in (3.8). With the same 
notation as before this leads to 


d 
7 r2L+M—i se ca ¥ 
Bap(L,M)= > @° | es | S- q”™ ‘ee en ILI wih Ms 
120 m' EZ? j=l 
with 
d 
(4.8) ni, = (L—1)b31- S Chm, for j=1,...,4. 


This time we relabel 1 as L — m, and m‘. as mj41, and define TZ as in (4.3) and 
C = 2I —T. Since J = T(a,b) and C = C(a,b) thanks to cf(a, b) = 1+ 1/cfia’, 0] 
this gives 


d+1 
(4.9) Ba»(L, M) = > qh (b-2m1)+mC(a,b)m ae as ITI [ramstnsy, 


mezst* jal es 
with n; given by (4.5). Since the right-hand side is exactly expression (3.9) for 
d(a,b) = d +1, this results in (3.12) for 2b < a < 3b and d(a,b) =d+1. 

4.2.2. Proof for a > 3b. Writing a’ = a — b and b’ = 6b the condition a > 
3b becomes a’ > 2b’, and we may copy the first part of the first paragraph of 
section 4.1.2 and replace Bay in (4.7) by Fy» defined in (3.9). With the same 
notation as before this leads to 


d 
BoM = Selo | a a a 


120 m/ EZ4 j=l 
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with nj given by (4.8). Renaming 1 > L — m, and m, — mj;4+1, defining T as in 
(4.3) and C = 2I — 7, and observing that J = Z(a,b) and C = C(a,b) because 
cf(a,b) = 1+ cfla’, b’], this again gives (4.9) and (4.5) establishing (3.12) for a > 3b 


and d(a,b) = d+ 1 and completing the proof. 


5. Further positivity results 


So far we have no identities for G(N, M;a, 8, K) with both a and £ noninte- 
ger. To obtain such results our starting point will be yet another doubly-bounded 
analogue of the first Rogers-Ramanujan identity. 


LEMMA 5.1. For L,M > 0 there holds 
(51) S019 BL, M, 25 +13) = SO a” Pe 7]. 
jJEZ n>0O 
ProoF. As a first step we add zero in the form 
EH 5 5(j+1) [L+M+35] [L+M—j-1 
art alae eae 
jEZ 
to the left side of (5.1). By the recurrence (1.8) we are then to prove 
} a g(59+1) (L+M+4+j] [L+M—-j-1) _ n? f2L4+M—n-1]SL-1 
(5.2) > (-1)%¢ ve) | vaealll M43 J=do¢ 2L—1 II n |: 
jEZ n>0 


Suppressing their L-dependence, we denote the left sides of (5.2) and (3.2) (with 
CL — L—1 in the latter) by fiz and gy, respectively. Using (1.8) we then get 


iene yea eS a 
JEZ 
Sou e pee” I el a 
jEZ 


= Gar ea ts 


Next we let fxg and gy denote the right sides of (5.2) and (3.2) (with, of course, 
L — L—1 in the latter). One application of (1.8) shows that the same recurrence 
again holds. Since (3.2) holds and (5.2) is true for M = 0, we are done. O 


Now that (5.1) has been proven we closely follow the work of the previous 
two sections. The present situation is, however, notationally more involved and 
further definitions related to continued fractions are needed. Let (a,b) be the usual 
ordered pair of coprime integers with associated continued fraction cf(a, b) = (a/b— 
1)sign(2—26) — Jag,..., an]. In principle we could still allow for both representations 
of cf(a, b) but many of the equations below are sensitive to the chosen representation 
and to avoid unnecessary complications we demand that a, > 2 for (a,b) 4 (2,1). 


Given (a,b) we define a second pair (4G, b) of positive, coprime integers as follows 


a eae =1+1/|ao,...,an—1] for a < 2b 


od = 
ee) b lag + 1,€1,-..,@n-1] = 1+ [ap,...,@n-1] for a > 28, 


with special cases (@,b) = (1,0) for (a,b) = (a,1) (a > 2) and (@,b) = (1,1) 
for (a,b) = (a,a—1) (a > 2). Since 1/[1,c9,...,en} + 1/[co + 1,..-,¢n] = 1 it 
readily follows that for (a1, 6,) and (a2, b2) such ae a, = ag ana oe =a,—b, 
there holds @1 = @2 = 6b; + bg. It is also easy to see that if a < 2b then a < 2b 
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and if a > 2b then @ > 2b. We also observe that [1,ag,...,an] = a/b (a > 2b) 
and [ag + 1,a1,.--,@n] = a/b (a < 2b). In the language of continued fractions 
this means that G@/b is the nth convergent of the continued fraction of a/b (which 
itself is of order 2 + 1). Care should however be taken with the anomalous case 
(a, b) = (a, 1) for which a/b = a = [a] and (4, b) = (1,0). As an example of the above 
definitions let (a,b) = (19,12). Then cf(19,12) = [1,1, 2,2], a/b = [1,1,1,2] = 8/5 
and a/b = [1,1,1,2,2]. Similarly, if (a,b) = (19,7), then cf(19,7) = [1, 1, 2, 2], 
a/b = [2/1,2) = 8/3-and a/b = 2, 1,2, 21. 

We further need to define the analogues of the polynomials F,.,(L,M), which 
will be denoted by H,»(L,M). For (a,b) = (2,1) we take it to be the right-hand 
side of (5.1) and for all other (a, b) 


d(a,b) 
(5.4) A, y(L, M) — S- gC (a,b)m+ Am lees [7375 +5 23,a(0.0)] 


T3™5—95 d(a,b)—1 


for a < 2b, and 
(5.5) 


= L(L—2m,1)+mC(a,b)m+Am aa ie mtn as 
H»(L, M) = ) q ( 1) (a,b) 1 IL ae i, Bau al 


mez”) j=l 


for a > 2b. Here mC(a,b)m and n, are still given by (3.10) and (3.11). The term 
A, denotes the linear term 2mqa,b) — 2Ma(a,b)—-1 + 1. Since an > 2 we thus have 


n tjt1—1 
mC(a,b)m+ Am = Gee a3 S- (Me — Meq1 — 5,a(a,b)—1)”) 
j=0 k=tj;+1 


The analogue of theorem 3.1 now breaks up into two separate statements. 


THEOREM 5.1. For L,M nonnegative integers and (a,b) a pair of coprime 
integers such that 1<b<a there holds (i) 


(5.6) — S0(—1)4qh¥((Pab+1)9+400+0 +25 B (7, Maj +a, bj +8) = Has(L, M) 

jEZ 
fora < 2b and cf(a,b) a continued fraction of even order (i.e., n even), ora > 2b 
and cf(a,b) a continued fraction of odd order, (11) 


(5.7) J (-1)iq2 i Gabt iat sab) +a BT, M,aj + a, 67 + b) — Aap (L, M) 
jeZ 
fora < 2b and cf(a,b) of odd order, or a > 2b and cf(a,b) of even order. 


Instead of boring the reader with a complete list of analogues of the results of 
section 3, we restrict ourselves to the analogue of Corollary 3.2. This follows after 
letting M tend to infinity in Theorem 5.1 and using (2.4). 


COROLLARY 5.1. Let (a,b) be a pair of coprime integers such that 1 <b <a, 
with (a,b) = (2,1) excluded. Then (1) G(L +4, L — a; b — 2ab/a, b+ 1/a+ 2ab/a, a) 
is a polynomial with nonnegative coefficients 1f a < 2b and cf(a,b) has even order, 
or a > 2b and cf(a,b) has odd order, (ti) G(L + a, L — @;b — 2b,b + 1/a + 2b, a) is 
a polynomial with nonnegative coefficients if a < 2b and cf(a,b) has odd order, or 
a > 2b and cf(a,b) has even order. 
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No further positivity results arise from Theorem 5.1. If we replace q by 1/q and 
then let M tend to infinity we get results which are equivalent to those obtained 
by exploiting the duality (1.6) in Corollary 5.1. Although this is similar to the 
situation encountered in section 3 it is more cumbersome to prove this. A brief 
derivation proceeds as follows. Start with (5.7) and replace q — 1/q using (2.3). 
This gives the polynomial identity 


J (-1)5q27ab-Ls ab +05 BCT, M, aj+a,bj + b) = 7 ace Con M: 1/q). 
jEZ 


Letting M tend to infinity establishes the positivity of G(Z — a, +4;b-—1/a+ 
2b, b — 2b,a). All of this is of course for a < 2b and cf(a,b) of even order, or a > 2b 
and cf(a,b) of odd order. Next replace b — a — b which has the effect of changing 
b— a@—b. Hence G(L —a4,L4+4;a —6-—1/a+ 2(a — b),a — b — 2(4 — Db), a) is 
positive for a > 2b and cf(a, b) of even order, or a < 2b and cf(a,b) of odd order. 
Letting g — 1/q in item (ii) of the Corollary 5.1 using (1.6) yields the same result. 
Starting with (5.7) instead of (5.6) reproduces the gq — 1/q analogue of item (i) of 
the corollary in much the same way. 

Before we come to the proof of Theorem 5.1 let us consider the example (a, b) = 
(3,1). Then (a,b) = (1,0) and cf(3, 1) = [2] which is of order 0. Since also a > 2b 
we are to use (5.7) leading to 


(5.8) So (-1)9q24F+Y BCL, M, 37 +1, 3) 
jEZ 
= ae) Bm [ma] 
m1,m2>0 


The reason for giving this rather atypical example with trivial (@, b) is its q — 1/q 
counterpart, which after the replacements m,; — L—1—n and m2 — L—2i-n-1 
becomes 


S 2 (=1)9q?999) B(L, M, 37 + 1,9) 
JEZ 
= S- greeh eioreet) pee) po Pete sale 
n,i>0 


This doubly-bounded analogue of the second Rogers-Ramanujan yields (1.12) of 
the introduction in the large M limit. 


6. Proof of Theorem 5.1 


Though considerably more involved, the proof proceeds along the same lines 
as the proof of Theorem 3.1 given in section 4. Again we carry out induction on 
d(a,b), but the first difference is that the case (a, b) = (2,1) which has d(2,1) = 1, 
is special and is not included in either (5.4) or (5.5). We therefore have to first 
prove the cases (a, b) = (3,1) and (3,2) which are the only solutions to d(a, b) = 2. 
These can then serve as starting point for our induction. Applying (2.6) to (5.1) 
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gives 


(6.1) S°(-1)9q2487+9) +1 B(L, M, 37 + 1,27 +1) 


jEZ 
=o PTE 
z,n>0 
For (a,b) = (3,2) one finds cf(a,b) = [2] of even order, a < 2b and (a,b) = (1,1). 
Hence the left side of (5.6) for (a,b) = (3,2) agrees with the left side of (6.1). To 
see that also the right sides agree we rewrite the right side of (6.1) in terms of the 
summation variables m, = 1 and mz =1—n-—1. This gives 


, eorers ae 


m1 ,™M2 20 


in accordance with the (a, b) = (3, 2) case of (5.4). Similarly, applying (2.5) to (5.1) 
gives 


Ya) B(LM35 41,9) = So Pe Pea Ie. 
jEZ i,n>0 


Introducing m, = L —1 and mz = L—1—n-—1 on the right transforms this into 
(5.8) which is the (a, b) = (3,1) case of Theorem 5.1. 

Now we are prepared for the induction step, and we assume the theorem to 
be correct for all (a’,b’) such that d(a’, b’) = d in order to prove its validity for all 
(a,b) such that d(a,b) = d+ 1. There are eight cases to be considered depending 
on the relative values of a and b and on the order of cf(a,b). For convenience let 
us introduce the notation BY, (L, M) for the left side of (5.6) when a < 2b and 
cf(a,b) has even order. In the same way we define B?'; (L,M), B7;(L,M) and 


Bry (L, M). 


6.1. Proof for $b < a < 2b with cf(a,b) of even order. Let (a,b) be a pair 
such that 3b/2 < a < 20, cf(a, b) of even order n and d(a,b) = d+1. For such (a,b) 
we will show that 
6.2) Bes(t,M) = Soa aes 6-3), 

i>0 
with d(b,a — b) = d. First write a’ = b and b’ = a — b. Then 3b < 2a gives a’ < 2b’ 
(in accordance with (6.2)) and hence cf(a’, b’) = [ag,...,a/,,] = b’/(a’ — 0’). Since 
cf(a, b) = b/(a — b) = 14 1/cf(a’, ’) one finds cf(a, b) = [1,a9,...,a/,,]. This yields 
n’ = n—1 is odd and d(a’, b’) = d(a,b) —1 = d. We may now conclude that at least 
the labels in (6.2) are correct. Next we use the definition of Bay and the Burge 
transform (2.6) to compute the right-hand side of (6.2) as 


Sig Cee eh eee) 
jeZ 
x B(L, M,(a’ + 0')j +a’ 40,07 +4’) 
Since @/b-=. Gyrus Qgaa) = Ll agpesgeeea) = Lae l/l atypavagei) = 
(a’ + b’)/a’ we find that a’ = b and b'! =a —b. Also using a’ = b and b' =a— b we 
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can simplify the above expression to 


S$ (1) qhi(Cartts+400+) +25 BT, Maj + a, bj +). 
jeEZ 
This is precisely the left side of (6.2) as we set out to prove. 

The remaining part of the proof proceeds exactly as the proof given in sec- 
tion 4.1.1. In a few words, we can use the induction hypothesis to replace the right 
side of (6.2) by Ha» (i, L—12) given in (5.4). Making the necessary variable changes 
gives the expression claimed by the theorem. 


6.2. Proof for 3b < a < 2b with cf(a,b) of odd order. Let (a, 6) be a pair 
such that 3b/2 < a < 2b, cf(a,b) of odd order n and d(a,b) = d+1. Then (6.2) is 
replaced by 


(6.3) BY, (L, M)= So q 


;2 ue —4 
i>0 


OL | Bes ali = i), 
with d(b,a — b) = d. Again we define a’ = b and b’ = a—b. Copying the paragraph 
below (6.2) replacing the one occurrence of ‘odd’ by ‘even’, shows that the labels 
are again correct. Computing the right-hand side of (6.3) using a’ = b and b’ = a—b 
results in - - 

J (— 18g 2h (Gabtiis+4ab+1) +26 30 7, M,aj +3, bj +5) 

jEZ 
in agreement with the left-hand side of (6.3). The rest of the proof follows that of 
section 4.1.1. 


6.3. Proof of the remaining six cases. The proofs of the remaining cases 
are simple modifications of the previous two and are therefore omitted. For com- 
pleteness we just state the six key-identities 


2|\2L4+M—-1 
BeS(L,M) = Sa*| hall 


BP .(i,L—1) for 2a < 3b 


and 
2[2L+M-—i]_; 
BE Lda) g pe ] BPS (L-i,1) for 2b<a < 3b 
i>0 
2f2L+M —i 
Be (LD) ¢ . ] Bee (baa): for a> 3, 
i>o 


where p = e,o, € = 0 and 0 = e. 


7. Rogers-—Ramanujan-type identities for even moduli 
Closely related to the Andrews—Gordon identities (3.19) are Bressoud’s identi- 
ties for even moduli [8] 
2 eee 2 
Nake eed aoe 2 Je 


74) 3 Qo, = 


(Ding O75 9 ney CHE 


for k > 2, N; = nj +--+ + 7g-1 and |g] < 1. An obvious question is whether 
also these identities can be embedded in an infinite tree of Rogers-Ramanujan-type 
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identities. The answer to this is ‘yes’ and is already implicit in Burge’s original 
paper on-his transform. In [11, page 217] Burge states the following identity for 
L,M > 0: 
S-(-1)¢@ B(L, M,j,j) = 
jeEZ 
This identity is very similar to (3.1) and if we define I, ,(L,M) by (3.8) and (3.9) 
but with each g-binomial coefficient dressed with a subscript g™ where 7; = 3—7;, 
then the following theorem is immediate. 


. a 
M @? 


THEOREM 7.1. For L,M nonnegative integers and (a,b) a pair of coprime 
antegers such that 1 <b <a there holds 


S$ (—1)%q%" B(L, M, aj, 69) = Tao(L, M). 
jeEZ 
As far as the generalized Borwein conjecture goes this is not interesting, but 


letting both LZ and M tend to infinity yields an even modulus version of Theo- 
rem 3.2. 

THEOREM 7.2. For |q| < 1 and (a,b) a pair of coprime integers such that 
1<b<a there holds 


mC(a,b)m d(a,b) 


ye DD ein), -<$ Cee i ee 
egi\>-”) (q)2m, j=2 ii (9; 9) cx 
nara 


fora < 2b, and 
3 g Ni tmag 41)? +-+(Nag +Mag 41) 
Crag Q)igens (L0G ng (QO OO ae arrests 


N15-+-,Nag 29 
Mag+1s-+-)Mad(a,b) 29 


d(a,b) a oe 
x queakcag+1 M5 O(a,b)5,47& TL (emte] = CaaS a: aK 
jJ=agt2 


for a> 2b. 

For (a, b) = (k, 1) this is Bressoud’s (7.1). The most interesting other examples 
again feature the Fibonacci numbers, and for (a,b) = (Fy%, F,-1) and (a,b) = 
(F,, Fe—2) one finds 


> : Saeee 


m4. -+me_» 


1 Ue i ares) ee 
ose k—2 q? 


M1 ,.+4,5N~—2>0 q)2m 
PePant: pF ePiaa., g2hk Fexitn poh le 
(qretk-1, qrkek-lg kik-1: g ee 
(9; 9) 00 
for k > 4, and 
(mi +m2)?+m2+4---+m?2_, ,k=3 
a q ( (eons |) 
2m; = 
mi .yNp—2>0 (q)m, (d)2me ae m4 Mk—2 q2 
FuyFe—2 )FeFr-2 72FrFR—2- (2F RFR 
(qretk-2, grktk-2\ g kik—-2- @ kek 2) 


CHES 
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for k > 5, where we have replaced n,; — m, in comparison with Theorem 7.2. These 
2 
two series can again be extended to all k > 3 by taking >, g™ /(q7;.9q7)m as left- 


hand sides when k = 3 and )7,,, n,>0 gimitma) +m (9), (q2:9q2)ms as left-hand 
side of the second series when k = 4. We also note that if k = 4 in the first series 
one can perform the sum over mg by the q-binomial theorem to yield (—q; q7)m,- 
The resulting identity is [20, Eq. (29)] in Slater’s list of Rogers-Ramanujan-type 
identities. 


8. Outlook: how tractable is the Borwein conjecture? 


Using the Burge transform we have established two types of positivity results 
for G(N, M;a,G,K). The first type has N = M with either a or G being an integer, 
and the second type has N # M where both a and £ can be noninteger. This might 
lead one to suspect that proving the positivity of coefficients of G(n,n; a, 3, K) for 
noninteger a and is perhaps a much more difficult problem. The sceptical reader 
might even doubt that nice identities for such G exist in the first place, casting 
doubt on the claim made in the introduction that our failure to prove the positivity 
of An(q) = G(n,n; 4/3, 5/3,3) is possibly just a practical and not a fundamental 
problem. 

Indeed we believe that the original Borwein conjecture is quite a bit deeper 
than the positivity results proven in this paper. However, in our subsequent pa- 
pers on this topic we will introduce new types of transformations that settle more 
complicated cases of Bressoud’s conjecture. Some appealing examples are the final 
entries of the following two sequences of identities: 


G(n751/2;2/2,.2)= 0 a "] 


m,—>0 
—m,)? —mz)? | + M2} |™M1 
G 4 = (n—m1)?+(m1—mz2)? | 
(n,n; 3/3, 4/3, 3) S- q ae | oe 
mM 1,m220 
G “5/4-6/4.4) = n(n—m),)+m2(m2+m3) nm my ma 
(n,n; /4, /4, ) y qd ll Ol lie 


m1 ,7N2,7M3 20 


and 


G(n, nj 2/2,3/2,2) = > g™ : | 


my >0 


G(n,n; 4/3, 5/3,3) = An(q) = 22? 
G(n,n;6/4,7/4,4)= Sgt (rom tra tm; . | bos | ieee 


m 2m m 
m,,m2,m3>0 : : ° 


The pattern is of course clear and we leave it to the reader to fill in the missing 
item. 


Note. Alexander Berkovich kindly informed me that he has independently ob- 
tained several of the results established in this paper. In particular he has obtained 
the corollaries 3.1 and 3.2 and all results implied by these. 
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Mock v-Functions and Real Analytic Modular Forms 
S.P. Zwegers 


ABSTRACT. In this paper we examine three examples of Ramanujan’s third 
order mock VJ-functions and relate them to Rogers’ false J-series and to a 
real-analytic modular form of weight 1/2. 


1. Introduction 


Mock ¥J-functions were introduced by S. Ramanujan in the last letter he wrote 
to G.H. Hardy, dated January, 1920. For a photocopy of the mathematical part 
of this letter see [Ra, pp. 127-131] (also reproduced in [A2]). In this letter he 
provided a list of 17 mock J-functions (4 of “order three”, 10 of “order five” and 3 
of “order seven”), together with identities they satisfy. 

In [AH] we find a definition of the concept of a mock J-function. Slightly 
rephrased it reads: a mock v-function is a function f of the complex variable q, 
defined by a q-series of a particular type (Ramanujan calls this the Eulerian form), 
which converges for |q| < 1 and satisfies the following conditions: 


(1) infinitely many roots of unity are exponential singularities, 

(2) for every root of unity € there is a ¥-function V¢(q) such that the difference 
f(q) — Ve(qg) is bounded as gq — € radially, 

(3) there is no J-function that works for all €, ie. f is not the sum of two 
functions, one of which is a J-function and the other a function which is 
bounded in all roots of unity. 


(When Ramanujan refers to J-functions, he means sums, products, and quotients 
of series of the form )/.¢z ergan’+bn with a,b € Q and e€ = —1,1). 

The 17 functions given by Ramanujan indeed satisfy condition (1) and (2) (see 
[W1], [W2] and [S]). However no proof has ever been given that they also satisfy 
condition (3). Watson (see [W1]) proved a very weak form of condition (3) for the 
“third order” mock J-functions, namely, that they are not equal to v-functions. 

In section 3 we will see that condition (3) is not satisfied if we weaken it slightly. 
Indeed, we shall discuss a vector-valued third order mock ¥-function F' for which 
there is a real analytic modular form H such that Ff’ — H is bounded in all roots of 
unity. 
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Before that, we discuss in the next section a connection between mock ¥- 
functions and Rogers’ false J-series. Again we look at the behaviour of a mock 
theta function when q approaches a root of unity radially. But now we extend the 
function across the unit circle. 


2. False J-series 


We will consider the mock v-function v, which is not mentioned in Ramanu- 
jan’s letter, but which was found by Watson in [W1], and can also be found in 
Ramanujan’s “lost” notebook [Ral: 


cs Ge 21m 
v(q) = Dera i 
(2.1) nao | ; : 
1 q q 


I+q G+gd+e) G+a0d+H0 40) * 
We can easily see that the defining sum for vy converges not only for |q| < 1, but 
also for |q| > 1. We will now study the function that is defined by the sum outside 
the unit disk. In order to do so, we replace g by q~+ in the sum, take |q| < 1 and 
call this new function v_. We = 


(22) 0 
2d. sa [eee Lee, 
I+q (li+q@)(l+q@*) (+q)0+¢°) +4") 
In Ramanujan’s “lost” notebook [Ra] we find the following identity for |q| < 1 
(which was proved by Andrews in [A1]): 


(2.3) v_(q) = Pek alia anger) 
Ne go” +4n+1_ 3 = n+1 —3 2? 
(2.4) oe y Jin =q3 \-(-1) (=) 4 


From these identities we see that v_ has a very simple power series expansion. ‘This 
expansion looks very much like a J-function, only the signs are somewhat different. 
Rogers uses the term false 0-series for this type of functions (see [Ro, pp. 328}). 

The following proposition (see [LZ]) shows that for every root of unity € the 
function v_ is bounded as gq — € radially. We can even compute the complete 
asymptotic expansion. 


PROPOSITION 2.1. Let C : Z — C be a periodic function with mean value 0. 
Then the associated L-series L(s,C) = )-°_, C(n)n7* (Re(s) > 1) extends holo- 


morphically to C. The two functions ~°, C(n)e~"* and 37°, C(n)e~” * (t > 0) 
have the asymptotic expansions 


> C(n)je—™ 
S-C(njer tw 3 L(—2r, aa 


n=1 


(2.5) 
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ast \,0. The numbers L(—r,C) are given explicitly by 


(2.6) Lanse 


Mr <2 . 
—— em@Bai (gz) @=GL--) 
n=1 


where By,(x) denotes the k'® Bernoulli polynomial and M is any period of the 
function C. 


In order to get the asymptotic expansion of v_ as q — € radially, with € a 
root of unity, we write g = €e~*. Thus we have to find the asymptotic expansion of 
yee (=) £3r e— gin” as t \, 0. We can now use the proposition provided 
we check that C(n) := (—1)"t! (=3) £3” is a periodic function with mean value 0. 
Indeed, if K is the order of € then 6K is a period for C’, while C(6K—n) = —C(n). 
Hence the mean value of C is zero. 

The behaviour of v outside the unit circle is thus completely known. A question 
that now arises is whether the behaviour of v outside the unit circle is related to the 
behaviour of v inside the unit circle. Numerical computations in this and related 


examples led me to the following: 


CONJECTURE 2.2. If € is a root of unity where v is bounded (as q — € radially 
inside the unit circle), for ecample € = 1, then v is C™® over the line radially 
through €. 

If € is a root of unity where v is not bounded, for example € = —1, then the 
asymptotic expansion of the bounded term in condition (2) in the introduction is 
the same as the asymptotic expansion of v as q — € radially outside the unit circle. 


Let us proceed a bit, assuming this conjecture. Let v be a function which 
is defined in- and outside the unit circle and also at all roots of unity, such that 
(a) v is holomorphic in- and outside the unit circle, (b) v is C’° over all radial lines 
through roots of unity and (c) v = v outside the unit circle. If we can find such a 
function v, then v — v is zero outside the unit circle, it has asymptotic expansion 
zero for q — € if € is a root of unity where v is bounded, and the bounded term in 
condition (2) for mock J- functions also has asymptotic expansion zero for gq — €. 
Because of this one might expect v — v to be modular. If indeed this is the case we 
have written v as the sum of two functions vy — vy and V, one of which is a J-function 
and the other a function which is bounded in all roots of unity. This contradicts 
condition (3) in the definition of a mock J-function. 

Ramanujan probably had this idea in mind when he wrote in his letter to 
Hardy: “... I have constructed a number of examples in which it is inconceivable 
to construct a J-function to cut out the singulartities of the original function. Also 
I have shown that if it is necessarily so then it leads to the following assertion—viz. 
it is possible to construct two power series in z, namely }) a,x” and > b,x”, both 
of which have essential singularities on the unit circle, are convergent when |z| < 1, 
and tend to finite limits at every point x = e?'"/*, and that at the same time the 
limit of S*anx” at the point x = e?'""/* is equal to the limit of }> b,x” at the point 
r= e2itr/s » 

Although it’s possible to construct two such power series (see |[A2, pp. 284]), 
it might not be possible to construct a function v that satisfies the conditions (a), 


(b) and (c). 
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3. Mock v-Functions and Real Analytic Modular Forms 


In this section we will consider the following third order mock ¥-functions: 


q 
CB ir ere 
@) 2 (—9;9)2 
4 
q q 
= Ee + 
(lan g)= > (leg) 
(3.1) sped gar +2n 
‘ )= Geen a ee 
1 q’ g!? 


“Gg? G-9*0-@ | G-g2d - ed - ee 


Ramanujan mentioned f in his letter, and w can be found in [W1] and [Ra]. 
DEFINITION 3.1. Define F = (fo, fi, fo)? b 


q 
(3.2) fi(r) = 2q?w(q?) 
2 


with g = e277, TEH. 

In [W1] Watson gave the modular transformation properties of f and w. If we 
rewrite them in terms of F’ we get 

LEMMA 3.2. Fort € H we have 


Gy O O 
(3.3) F(ir+l)={ 0 O 63) F(t) 
0 ¢; 0 
and 
i 01 O 
(3.4) —F(—1/r)={1 0 0 | F(r)+R(r), 
=e 0.0. 1 


with Gy = e?™/", R(t) = 4V3V—i7(ja(r), —51(7), J3(7))", where 


OO bd 
_ 28sin27Tzx 
q(T) =| eee a ade 
0 


sin 30772X 
OO 
‘2,2 COS TTL 
(3.5) jo(t) = | ebtite? SET ae 
0 cos 387T2X 
[eo @) . 
ep? SINATL 
53 (r) a edtiTz dx 
0 sin 3772 


PROOF. The transformation formula for 7 — 7 + 1 is trivial. 
If we take the first formula from the set of transformation formulae on p. 78 in 
[W1], with a = —27i7, and multiply both sides by —1, we get 
1 4/3 _ v3 
=1/T) = jolt 7), 


which is the second component of equation (3.4). 


(3.6) 
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If we take the last formula from the set of transformation formulae on p. 78 in 
[W1], with a = —7i7, and multiply both sides by —2, we get 


1 2V3 TUT 4V/3 
(3.7) ae =filt) = Onl 7 OF alt) 
where we have replaced x by 2z in the integral. ‘This equation is the first component 
of equation (3.4). 
If we take the formula on the middle of p. 79 in [W1], with a = —7i7, and 
multiply both sides by 2, we get 


yi a3 


1 
3.8 —] + = Je(—miT) = 
( ) Wark /T) fo (7) J-ir 3( iT) 73 (T) 
which is the third component of equation (3.4). a 


In a moment we will define a (nonholomorphic) function G that satisfies the 
same modular transformation properties as F’. Before that, we rewrite R in terms 
of period integrals of the following theta functions of weight 3/2: 


go(z) = S(-)"(n as 1/3)e8rnt3)"2 


neEZ 
(3.9) gi(z) Seon Si(n 4 1/6)e2™i(n+ 6)" 
neZ 
g2(z) ae So (n 4 1/3)e3t#(rt 3)°2 
neZ 


These theta functions have the following modular transformation properties, which 
can be verified using standard methods: 


go(z + 1) 0 0 6\ (g90(z) 
(3.10) gi(z Sm 1) = 0 C24 0 gl (z) 
g2(z + 1) Co O OF \galz) 
and 
go(—1/z) 0 1 0O)\ /go(z) 
(3.11) gi(—1/z) | =—(-iz)/?7 11 0 0 gi(z) 
92(-1/z) 0 0 —1/ \ge(z) 


From these transformation properties and the Fourier expansions, we see that the 
g;'8 are cusp forms. 


LEMMA 3.3. Fort € H we have 


(3.12) 


A) = -2iv3 [ es dz, 


where g is the vector (go, 91, 92)1, and we have to integrate each component of the 


vector. 
PROOF. (sketch) 
If we replace 7 by —1/7 in equation (3.4), multiply both sides by == (3 6 0) 
and subtract equation (3.4), then we see that 
_, (9 1 0 
(3.13) RG) = — {1 0 0O | R(-1/r7). 
TF \0 0 -1 
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If we now take 7 = 2t with t € R, t > 0, we have 


4 fo 1 0 | a3 ( Al/t) 
(3.14) Rit) = = * R(i/t) = == Fa 


We now consider the first component: 
(3.15) 
ae _ 4v3 = fe _3ra2/tSinh 20a/t 2rx/t a =1v3 [" ¢ _3nty? Sinh 2ay F 


—— L 
j(e/t) sinh 372 / ra sinh 37ry 


Y, 


where we have substituted x = ty in the integral. 
From the theory of partial fraction decompositions (see [WW, pp. 134—136]) 
we get 
sinh 2ry iV3 (—1)" iV3 (—1)” 
(3.16) Se ee ee eee 
sinh 37y 67 oe yn + 3) 6m oe —y — i(n + 3) 


Using this we see 


ass 2 * -3mty? (—1)” f=)" 
at Jo (s Pte) 


neEZ y 


neZ 
(3.17) i - ee 
Z —1)" 
eee eo 3nty? >: ( ) — | dy 
: oe) —3rty? 
=-= (-1" | + dy. 
i oes -co ¥— (n+ 3) 


It’s not immediately clear that interchanging the order of integration and summa- 
tion in the last equation is justified. However, it can be proven rigorously if we con- 
ee i eo arty? (Xnez(-1)" (abe + mi) dy (here we can interchange 
the order of integration and summation because of absolute convergence). 

We have for r € R, r #0 


Oo erty? Oo grrr u 
3.18 — dy =r ———. du 
oa Looe | 


(both sides are solutions of (-¥ + rr?) 7o:= 7 and have the same limit 0 if 


t — oo, and hence are equal). If we use this with r = (n+ 1/3) and t replaced by 
3t, we obtain 


Ay/3 | oe et (n+1/3)*u 
——irli/t) =2S (-1)"(n+1/3) | —————— du 
(3.19) neZ ee 
aay” Ynez (—1)"(n + 1/djeW"t a) 4 
Vut 3t 


Again it’s not immediately clear that interchanging the order of integration and 
summation in the last step is justified. It can be proven rigorously by first using 


du. 
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partial integration on the integral 


(3.20) 
00 4 —m(n+1/3)*u F 1 1 1 O° e—m(n+1/3)°u q 
—————_——. du = —__ — - ———_| a a, 
A Ju + 3t a(n + 1/3)? /3t 2n(n+ 1/3)? / (u + 3t)3/2 . 


then interchanging the order of integration and summation, which is justified by 

absolute convergence, and finally using partial integration again. By partial inte- 

gration we introduce some “boundary terms”. ‘To get rid of them we have to use 

Abel’s theorem on continuity up to the circle of convergence, see [WW, pp. 57-58]. 
If we now substitute u = —32z in the integral we get 


(3.21) WV8 i (i/t) - -rivs | 902) 
\/—t(z + it) 
so we have proven the first component of equation (3.12) for 7 = it. Since both 
sides are analytic on H, the identity holds for all 7 € H. 
The second and third component of equation (3.12) can be proven along the 
same lines. Here we have to use 


cosh ry _iv3 1 iV3 a 


1 
cosh my 6 ez Yn g)  6n an. a &) 
(3.22) | 
sinh ry = _iv3 1 iV3 Ss 1 
sinh3ry 6n EF Sore owes 67 a —y —i(n +4)’ 
where S~ means lim S- LJ 
neZ n=—m 


DEFINITION 3.4. For 7 € HUQ we define 

100 _ T 
Gt) = 2iV3 (g1(2), go(2), =92(2))" ga(2)) dz 

7 —i(z+T) 
The integrals converge, even if 7 € Q, because the g;’s are cusp forms. 
The function G satisfies the same modular transformation properties as F: 
LEMMA 3.5. Fort € H we have 


(3.23) 


Gy O 0 
(3.24) Gir +1)={1 0 O 3] G(r) 
0 ¢, 0 
and 
; 0 1 0 
(3.25) —G(-1/r)=|{1 0 0 | G(r) + R(r). 
ae 00 -1 


PROOF. The first equation follows from (3.10) by replacing z by z — 1 in the 
integral. We have 


Lg(-a/r) = 28 [Pn @). 902) = 922)" 
—1T Jit 1/7 —i(z ns 1/7) 
=2iv3 | " (g1(=1/2), 9o(=1/2),=92(=1/2))" dz 


Jitrfz (“iz 


dz 
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where we have replaced z by —1/z in the nceT a o equation (3.11), we get 


(3.27) ==¢ (—1/r) = -21V3 5 


hence, by Lemma 3.3 we get 


gas z+T) 


; 01 O 
—G(-1/r)—{1 0 0O | G(r) 
as 00 -1 


(3.28) dz — 2iV3 


= -2iv3 i Pe ere 


gz) 
= —2V3 3 | CE a = R(r). 


0 
THEOREM 3.6. The function H definied by 
(3.29) H(r) = F(r) — G(r), 
is a (vector-valued) real-analytic modular form of weight 1/2, satisfying 
Gy 0 0 
H(r+l1l)=]{ 0 O 6] H(r), 
0 0 
(3.30) ‘3 
1 0 1 QO 
—H(-1/rT)=|{1 0 O | A(z), 
mad 00 -l 
and His an eigenfunction of the Casimir operator 9); /2 = —4y? o a5 iyZ So ri 


= i 2 23.1 [2 0 ES epee a (ak ao 
with eigenvalue 2 ig, WhereT = 2+ 1y, ZF (2 - ig) and y= = 5 (Z +if). 


PROOF. The modular transformation properties of H are a direct consequence 
of the transformation properties of F’ and G given in Lemma 3.2 and Lemma 3.5. 
Since F’ is a holomorphic function of 7, we have ZF (7) = 0; hence 


ae) = Gi _ _ 94/5 I(=7) Gol=7), —g2(—F))* 


OT OT —i(7 —F 
(3.31) AE) 
8 u(—7), 90-7), 90-7)" 
ENGIN Te GO 1) ga 
ii 1 0 
We see that Juz: H(r) is anti-holomorphic, so 
0 0 
3. —,/y— H(r) = 0. 
es ar VU ge ti) = 0 
We can write the operator 92/2 = —Ay? os F an oe * as 
3. = 437? 
(3.33) Qi j2 = i6 4y Vie. 
Hence we get 02) /2H = 2H. O 


Writing Ff as H + G, we get the following: 
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COROLLARY 3.7. The vector-valued third order mock v-function F can be writ- 
ten as the sum of a real analytic modular form H and a function G that is bounded 
in all rational points. 


4. Other mock ?-functions 


In the previous section we have only dealt with the third order mock ¥-functions 
f and w. However, I have found similar results for most other mock v-functions, 
and I expect that it can be done for all known ones. I hope to present these results, 
and the details omitted in the previous section, in my Ph.D.-thesis, which should 
appear somewhere near the end of 2002. 


References 


[Al] G.E. Andrews, An introduction to Ramanyujan’s “lost” notebook, Amer. Math. Monthly 86 
(1979), 89-108. 
, Mock theta functions, Theta functions—Bowdoin 1987, Part 2 (Brunswick, 1987), 
Proc. Symp. Pure Math., vol. 49, Amer. Math. Soc., Providence, RI, 1989, pp. 283-298. 
[AH] G.E. Andrews and D. Hickerson, Ramanujan’s “lost” notebook: the sixth order mock theta 
functions, Adv. Math. 89 (1991), 60-105. 

[LZ] R. Lawrence and D.B. Zagier, Modular forms and quantum invariants of 3-manifolds, Asian 
J. Math. 3 (1999), no. 1, 93-107. 

[Ra] S. Ramanujan, The lost notebook and other unpublished papers, Narosa Publishing House, 
New Delhi, 1987. 

[Ro] L.J. Rogers, On two theorems of combinatory analysis and some allied identities, Proc. 
London Math. Soc. (2) 16 (1917), 316-336. 

[S]} A. Selberg, Uber die Mock-Thetafunktionen siebenter Ordnung, Arch. Math. og Naturviden- 
skab 41 (1938), 3-15. 

[W1] G.N. Watson, The final problem: an account of the mock theta functions, J. London Math. 
Soc. 11 (1936), 55-80. 

[W2] , The mock theta functions (2), Proc. London Math. Soc. (2) 42 (1937), 274-304. 

[WW] E.T. Whittaker and G.N. Watson, Modern Analysis, Fourth Edition, Cambridge at the 
University Press, 1927. 


[A2] 


MATHEMATISCH INSTITUUT, UNIVERSITEIT UTRECHT, POSTBUS 80010, 3508 TA UTRECHT, 
THE NETHERLANDS 
E-mail address: zwegersQmath.uu.nl 


This page intentionally left blank 


q-Series with Applications to Combinatorics, Number Theory, 
and Physics 


Bruce C. Berndt and Ken Ono, Editors 


The subject of q-series can be said to begin with Euler and his pentagonal number 
theorem. In fact, q-series are sometimes called Eulerian series. Contributions were made 
by Gauss, Jacobi, and Cauchy, but the first attempt at a systematic development, especially 
from the point of view of studying series with the products in the summands, was made 
by E. Heine in 1847. In the latter part of the nineteenth and in the early part of the twen- 
tieth centuries, two English mathematicians, L. J. Rogers and F. H. Jackson, made funda- 
mental contributions. 


In 1940, G. H. Hardy described what we now call Ramanujan’s famous ; YW, summation 
theorem as “a remarkable formula with many parameters.’ This is now one of the funda- 
mental theorems of the subject. 


Despite humble beginnings, the subject of q-series has flourished in the past three 
decades, particularly with its applications to combinatorics, number theory, and physics. 
During the year 2000, the University of Illinois embraced The Millennial Year in Number 
Theory. One of the events that year was the conference q-Series with Applications to 
Combinatorics, Number Theory, and Physics. This event gathered mathematicians from 
the world over to lecture and discuss their research. 


This volume presents nineteen of the papers presented at the conference. The excellent 
lectures that are included chart pathways into the future and survey the numerous appli- 
cations of q-series to combinatorics, number theory, and physics. 


ISBN 0-8214-2?74b-4 


9"780821"827468 


CONM/291 AMS on the Web 


www.ams.org 


